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THE INSTITUTE OF THE 


AERONAUTICAL SCIENCES 


Extends Congratulations to 


DR. THEODORE VON KARMAN 


on the Occaston of Hts 


SEVENTY-FIFTH BIRTHDAY 


May II, 1956 





O* SEPTEMBER 24, 1926, Theodore von Karman 
came to the United States for the first time at 
the invitation of the Daniel Guggenheim Fund for the 
Promotion of Aeronautics, to lecture at many universi- 
ties and research institutions. A few years later, he 
established his residence in California, becoming a 
United States citizen in 1936. 

No other man has had so great an impact on the 
development of aeronautical science in this country. 
Hundreds of young men became his students and 
scientific collaborators and were inspired to greater 
creative effort. They were taught by him to analyze 
technical problems in terms of fundamental physical 
concepts and to apply mathematical analysis, striving 
for simplicity but retaining adequate accuracy for 
engineering purposes. Many of these men are now 
leaders of aeronautical science and engineering. 

Von Karman’s influence on aeronautics has by no 
means been confined to the United States, for he was 
an international personality at the time of his first 
visit. He has promoted international cooperation 
and collaborated in scientific work with men from many 
nations. Throughout the world one finds thousands 
0! men who treasure his friendship and kindly counsel. 

On May 11, von Karman celebrates his seventy-fifth 
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birthday. He is still active in creative scientific work, 
and in the stimulation of the reviving aeronautical 
sciences in the NATO countries as Chairman of the 
NATO Advisory Group for Aeronautical Research and 
Development (AGARD). The Institute of the Aero- 
nautical Sciences decided to take special notice of this 
anniversary by making the May issue of the JOURNAL 
the Theodore von Karman Seventy-Fifth Birthday 
issue. The detailed arrangements were made by the 
undersigned planning committee. In each of the tech- 
nical areas in which Dr. von Karman has made major 
contributions, one of his former students was invited to 
submit a paper summarizing the present status of the 
field. Because of scheduling problems, it was necessary 
to limit these invitations to Dr. von Karman’s students 
now residing in the United States. 


On behalf of the members of the Institute, the plan- 
ning committee expresses appreciation to Dr. von 
Karman for his inspiring leadership and friendship for 
the past 30 years and wishes him good health, happiness, 


and prosperity for many years to come. 


HuGcu L. DRYDEN FRANK WATTENDORE 
WILLIAM R. SEARS ROBERT R. DEXTER 





Theodore von Karman 





CLARK B. MILLIKAN* 
California Institute of Technology 


IFTEEN YEARS AGO, on the occasion of a happy din- 
F ner celebrating von Karman’s sixtieth birthday, 
the writer had the privilege of preparing an ‘‘Apprecia- 
tion’’ as an introduction to the Anniversary Volume 
containing scientific papers by a few of his colleagues 
and former pupils. In this Appreciation, reference was 
made to the profound influence which von Karman had 
had during the preceding 30 years on the development of 
applied mechanics, in particular in its aeronautical as- 
pects. Although his travels had always been wide and 
his interests far flung, his work up to this time had been 
largely done in a more or less conventional academic 
framework, either in Germany or in this country. 

Within a few months, Pearl Harbor thrust the 
United States into the center of the international strug- 
gle in which much of the rest of the world was already 
involved. For the first few years of the war, von Kar- 
man’s headquarters remained at the Guggenheim 
Aeronautical Laboratory at the California Institute of 
Technology where, in addition to his normal academic 
activities, he directed special training courses for civil- 
ian engineers and Armed Forces technical officers re- 
quired by the emergency. During this period, he or- 
ganized and became director of the Jet Propulsion 
Laboratory operated by the California Institute for the 
Army Ordnance Department and Air Corps. In 1942, 
he founded and became Chief Consultant to the Aero- 
jet Engineering Corporation, whose initial purpose was 
the further development and manufacture of the rocket 
devices—primarily JATO—originally conceived at the 
Jet Propulsion Laboratory. He was also frequently 
called upon as consultant to the armed forces and in- 
dustry in connection with scientific and technical as- 
pects of the war effort. 

In 1944, General H. H. Arnold, sensing the tremen- 
dous aeronautical developments on the horizon, asked 
von Karman to set up a program which would ensure 
that the Air Force received the best possible scientific 
advice and direction. The latter promptly assembled 
an outstanding group from the leading scientists and 
engineers of the country, and, thus, the same year the 
Scientific Advisory Group of the Army Air Force was 
created. With the establishment of the Department 
of the Air Force, this became the Air Force Scientific 
Advisory Board (SAB), of which von Karman re- 
mained active chairman until 1954, when his title was 
changed to Chairman Emeritus. 

The undertaking of this new responsibility required 
that von Karman center his activities in Washington 
rather than Pasadena, and he was accordingly granted 


* Director, Guggenheim Aeronautical Laboratory. 


a leave of absence from Caltech in the fall of 1944 
For the next five or six years, although his scientifi 
productivity remained as great as ever and the number 
of his internationally famous lectures did not dimin- 
ish, the major focus of his activities was the Air Force 
Scientific Advisory Group and Board. During 1945, 
von Karman led teams of scientists from this group in 
on-the-spot studies of the German and Japanese aero- 
nautical developments and advances during the war 
period. The immediate result of these studies was a 
small volume, Where We Stand, comparing the 
American and foreign positions in a number of critical 
technical areas. This was followed by a collection of 
some thirty volumes under the general title Toward 
New Lorizons, which looked in detail into all the major 
scientific and technological fields which might have im 
pacts on the future development of air power and sug- 
gested procedures by which the Air Force might stim- 
ulate and utilize them most effectively. A few years 
later, another SAB study, the famous Ridenour 
Doolittle Report, resulted in basic changes in the Air 
Force organizational structure which raised the research 
and development function to the highest levels of com- 
mand and staff in the Air Force. This in turn made 
possible the effective implementation of many of the 
earlier recommendations stimulated by von Karman. 
The establishment of the Air Force Institute of Tech- 
nology for the training of technical officers and of the 
tremendous laboratories of the Arnold Engineering 
Development Center at Tullahoma were also direct 
consequences of studies and recommendations by von 
Karman and his group. 

During this period von Karman was frequently in 
Europe and was deeply impressed with the disruption, 
and in many cases devastation, which the war had 
caused European laboratories and scientists. He be- 
came increasingly concerned with two aspects of the 
problem: the frustration and near hopelessness of 
countless able European scientists who had no op- 
portunity of properly exercising their abilities; and the 
tremendous scientific potential of the free world, which 
was unused in the growing struggle with the com- 
munist power behind the iron curtain. Accordingly, 
in 1950, he recommended that the Scientific Advisory 
Board sponsor a meeting of directors of the major aero- 
nautical research institutions of NATO countries te 
discuss the topic, ‘Mobilization of Scientific Effort 
Western European Countries.” As a result of this 
meeting and much additional planning and labor, the 
Advisory Group for Aeronautical Research and De 
velopment (AGARD) «was established as a NATO 
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agency, with the USAF as Executive Agent. Head- 
quarters with a permanent Secretariat were established 
‘s Paris, where the first meeting of AGARD was held in 
May, 1952. Von Karman was there chosen as chair 
“on and has since continued to occupy this position. 

Under von Karman’s leadership, AGARD has had a 
profound and ever-growing influence on the develop- 
ment of aeronautical science and technology in the 
Western world. Panels dealing with the nonclassified 
aspects of wind tunnel design and testing, combustion, 
fight testing, and aeromedicine were initially estab- 
lished and have since met in technical sessions once or 
twice a year. Numerous General Assemblies have also 
been convened in various NATO countries at which 
scientific papers have been presented and discussed. 
Proceedings of these meetings, as well as scientific 
papers and monographs, have been published in the al- 
ready famous AGARDOGRAPH series. A Docu 
mentation Committee has been active in studying, and 
has made important contributions to, the complex prob- 
lems of the effective interchange of scientific informa 
tion. One of the most significant AGARD activities 
has been the International Exchange Program, under 
which Western European students and mature scien- 
tists are afforded opportunities to visit countries other 
than their own either for short visits or for extended 
periods of study and creative research. 

This magnificent and effective AGARD program is a 
splendid example of the extraordinary combination of 
qualities of its founder and only chairman: the 
altruism and human sympathy which led to a deep con- 
cern over the tragic status of many European scientists, 
the profound consciousness of the vital importance of 
strengthening the Western world’s scientific capabilities 
under the existing conditions of world tension, the vi- 
sion and organizational insight which created the con- 
cept of a solution for both problems simultaneously, 
the diplomatic and even political skill which made pos- 
sible the translation of this concept into a workable and 
effective mechanism and organization, and the per- 
sonal leadership and inspiration which have resulted in 
the distinguished and dedicated team which so effec- 
tively carries out the AGARD missions. 


During this period of intense activity on the national 
and international scene, von Karman has also con- 


tinued his lifelong interest in and assistance to the 


world of practical engineering. He has served as con 
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sultant and adviser to numerous industrial and en 
gineering firms in this country and abroad and has 
played a large role in the modernization of several 
European aircraft and power-plant projects. In fact, 
in the field of rocket motors, he has been primarily re 
sponsible for the initiation of industrial activity in 
several European countries. 

With all of his other interests and activities, the cen 
tral core of von Karman’s life has always been his 
creative scientific work. The 60th Anniversary Vol 
ume, mentioned above, included a list of his papers 
totaling, as of that date, 91 titles. It is an almost in 
credible fact that, during the past 15 years of intense 
and far-flung activities, his scientific productivity has 
continued undiminished, so that his publications now 
include more than 135 books and papers. Through 
countless lectures in this country and abroad, he has 
stimulated and inspired hundreds of young scientists 
and students, many of whom have collaborated with 
him in original researches. His publications during 
this period show that he has continued to illuminate 
and clarify fields of his earlier interests and that he has 
also, as in the past, unlocked the doors opening to new 
territories which had not been explored before. In 
particular, he has recently laid the groundwork for the 
new subject of aerothermodynamics and combustion, 
which had hardly been conceived of before his investi 
gations and which is now being intensively studied by 
many scientists. 

It is hardly surprising that the tremendous range and 
effectiveness of von Karman’s activities should have 
been widely recognized. Technical and learned so 
cieties, educational institutions, national governments, 
and the Roman Catholic Church have presented him 
with honorary memberships, fellowships, degrees, 
awards, and medals. 

Those of his colleagues and former students who are 
privileged to participate in this Anniversary Issue feel 
themselves deeply honored in being afforded the op 
portunity of paying tribute to the unquestioned Dean 
of aeronautical scientists, who has made such incom 
parable contributions not only to science, learning, and 
education but also to industrial, national, international, 
and human affairs in their broadest sense. The present 
contributors join with von Karman’s countless admirers 
and friends throughout the world in hoping for many 
more years of his unique inspiration, wisdom, and warm 


fellowship. 








Applied Mathematics 


An Art 


M . A. 


and a Science 


BIOT* 


Cornell Aeronautical Laboratory and Shell Development Company 


Wuat Is APPLIED MATHEMATICS? 


into 40 
question of 


- HAS BEEN SAID that France is divided 
million Frenchmen. To the 


definition for applied mathematics is to invite perhaps 


raise 


as many answers as there are applied mathematicians 
or rather people who call themselves by that name. 
There have been numerously quoted remarks on this 
subject, some by individuals bearing great names in 
mathematics. I personally recall a lecture by the 
late Harry Bateman in which the applied mathema- 
tician was characterized as a ‘“‘mathematician without 
mathematical conscience."’ There is no doubt that the 
statement reflects the existence of a deep and insoluble 
conflict—the contradiction between the ideal of clarity, 
precision, and rigor of mathematics as a science and the 
adventurous and imaginative urge of the mind, whether 
it is striving for the ultimate in its impatient search for 
truth and artistic expression or laboring under the fierce 
compulsions of the pragmatic and competitive world 
of technology. One could understand the feelings of 
the artist who undoubtedly benefits from the scientific 
study of colors but who would be constantly reminded of 
proceeding with rigorous conformity to the dictates of 
physics and psychology. 

An excellent illustration of the conflicting mental 
attitudes referred to here is given by Sir Geoffrey 
Taylor in a recent witty essay.t His advice to those 
who would seek counsel from a mathematician is to use 
the approach one would make to a child: ‘‘Make your 
question as simple as possible and don't be disappointed 
if he finds that he cannot answer the exact question 
you put to him but can answer a related but rather 
different one.” 

Evidently it would be a drastic fallacy to envisage 
this conflict as opposing the pure and the applied 
sciences. Indeed it has generally been the rule that 
many significant discoveries in pure mathematics were 
made by a process of trial and error which did not 
exactly reflect a spirit of conformity with the conven- 
tional requirements of rigor. This is not to say, of 
course, that rigor lies outside the realm of aesthetics, as 
mathematicians well know, but simply that many 
times, because of human limitations, it cannot be 
attained except through lengthy and laborious meth- 


ods. 


* Research Consultant. 
Tt Taylor, G. I., Rheology for Mathematicians, Proceedings of 
Rheology; 


the Second International Congress on Academic 


Press, Inc., New York, 1954. 
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If mathematicians were to be assembled to agree 
on a formal definition of the field of applied mathematics, 
I believe the result would bear a rather embarrassing 
the 


resolutions that the present generation has resigned it- 


similarity to emasculated and noncommittal 
self to accept as the normal product of international 
political gatherings. As a definition would surely be 
presumptuous, is it not preferable to recognize that we 
are dealing here not with an established body of science 
but rather with a way of life of the scientific mind in 
general, best understood by a description of its actiy- 
ities and of its peculiar creative tools and processes? 
It may be truly said that mathematics today is not 
only the very fabric and soul of the physical sciences 
but also their universal language, providing the essen- 
tial symbols through which the key concepts are not 
merely conveyed, but created, molded, and refined. 


If there is a conflict, we should recognize that it is not 
between people but that it arises in the individual and is 
reflected with all the gradations and shades of a spec- 
trum-—between those whose preoccupation is mainly 
with the creation of a systematic and rigorous body of 
those whose interest in mathematics is 


science and 


purely pragmatic. Such disharmonies may be some- 
times trying, but we should look upon them as a sign 
of inner vitality. For in this dual aspect and con- 
flict lies the most fertile source of progress, from the 
early attempts at land surveying in primitive agri- 
cultural societies and their influence on the develop- 
ment of abstract geometry to the complexities of pres- 
ent-day technology. The contrast is reflected on many 
planes in the teaching and practice of applied mathe- 
matics, as it is only partly a science and mainly a craft 
and anart. This is particularly apparent in the teach- 
ing, for, as experience shows, it is usually much easier 
for a student to acquire the formal trappings of a theory 
than the ability to use it and adapt it to a particular 
situation. 


In this respect, the achievements of von Karman 
as an applied mathematician are perhaps better ap 
praised by stressing the imponderable rather than by 
referring to specific contributions that are amply dis- 
cussed elsewhere in this issue. He gives innumerable 
examples of how to tackle difficult and complex prob- 
lems in widely different fields, providing the student 
with the opportunity of living through the same creative 
experience and inspiring him with an indelible vision 
and an enduring faith in the effectiveness of such 
methods in pure and applied science. 
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THE INTERRELATION BETWEEN PURE AND 


APPLIED MATHEMATICS 
We can best characterize the relationship between 
nure mathematics and the surrounding sciences as a 
continuous From the 


ipplied fields questions constantly arise-—problems of 
| : 


process of cross-fertilization. 


precise dle finition, existence, unicity, convergence, 
and others that are a challenge in pure logic and belong 
In fact, 
itis sometimes difficult to say whether some questions of 
this type belong to the pure or applied category. Take, 
for example, the problem of unicity of solution of the 


We may 


to the classical realm of pure mathematics. 


Navier-Stokes equations in fluid dynamics. 


consider this as a problem for a specific equation 


concerned with a physical problem, but obviously 
the question immediately arises of the properties of 
equations of a similar type, devoid of any physical 
application and of the possibility of generalizing par- 
ticular theorems to more general classes of objects. 
One can cite innumerable occurrences of this process. 
One of the most striking is the recent impressive de- 
velopment of theories in the functional and abstract 
spaces which found their origin and inspiration in the 
familiar eigenvalue problems of classical and quantum 
physics. As another example in a totally different 
branch of physics we could mention the boundary- 
layer theory, whose progress is closely associated with 
the name of von Karman, and which has led to a new 
and interesting study of the properties of differential 
equations when a high-order derivative is multiplied by 
a vanishingly small coefficient. 

In turn, such progress in the domain of pure form 
and concept suggests new viewpoints and novel ways in 
the The 
calculus, a primary conceptual tool in the creation of 
the theory of Relativity, was itself the result of abstract 
from the 
Here we have a typical 


formulation of physical problems. tensor 


developments and generalizations arising 
study of geometric surfaces. 
example of the stimulation and the molding of physical 
thinking by purely mathematical concepts. 

In this sense, the 
looked upon as providing not only an indispensable 


mathematical sciences may be 
and universal language for our description and under- 
standing of nature but also the spark for the imagina- 
tion, casting the experimental facts in a new light and 
suggesting totally new viewpoints and relationships 
which would otherwise have remained unnoticed. 


Tue HEURISTIC AND QUALITATIVE FUNCTIONS 
OF MATHEMATICS 


This leads us to an even more striking influence of the 
mathematical viewpoint on physical discovery, one 
that is often overlooked but is becoming more apparent 
every day as modern physics reaches deeper into the 
nature of matter and energy itself. We refer to what 
might be called the heuristic function of mathematics 
Le., that by which it operates as a Catalytic agent for 
new discoveries of physical laws. There exists a com- 
mon misconception embodied in the popular belief that 
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science always proceeds in steps, from the collection 
of unbiased and precise empirical facts to their general 
The 


prevalence of this viewpoint, due perhaps to the per 


ization in the form of systematic scientific laws. 


vasion of our elementary and undergraduate teaching 
by the positivism of Auguste Comte, has had an im 
ponderable but pernicious influence on the layman's 
conception of creative scientific thought and on scien- 
There are numerous instances of 
the is actually 


tific progress itself. 
scientific discoveries where pattern 
reversed, and where mathematical theories determine 
directly the type and scope of physical measurements 
and observation. One of the earliest and most striking 
examples is the discovery of radio waves. The exist- 
ence of these waves was not suspected and could not 
be derived mathematically from the laws of electro 
dynamics as formulated by Faraday and Ampére. It 
took Maxwell's addition of a term known as the dis 
placement current in the equations to make it possible 
to derive theoretically the existence of electromagnetic 
radiation, later confirmed in most striking fashion by 
Hertz’s famous experiment. It must be emphasized 
that Maxwell's brilliant intuition was esseutially a 
modification of the physical laws motivated solely 
mathematical con 


by considerations of symmetry, 


sistency, and aesthetics. Some of the most spectacular 
advances in physics have been consequences of this 
type of thinking. Its latest triumph is the experi 
mental confirmation of the existence of the antiproton, 

Having considered what we have called the heuristic 
value of mathematics in the discovery of physical 
laws, let us turn our attention to another aspect 
which can be characterized as the qualitative in con- 
trast with the quantitative. It is represented by the 
approximate laws and the mathematical models whose 
object is to give a compact and simple mathematical 
representation of basic phenomena. In this category 
we have, for example, sources and sinks, the radiation 
of a Hertzian dipole, ete. They may or may not be 
realizable physically, but they furnish a precise formu 
lation of an intuitive concept, combining the advantage 
of simplicity while containing the essence of the physics. 
Such models are further useful as building blocks in the 
representation of a more actual and complex situation. 
We are referring here more particularly to the use of 
such models in mathematical physics as a powerful 
We 


shall have occasion to come back to this later in con 


method for acquiring insight and understanding. 


nection with the subject of engineering sciences, where 
the greater complexity of the problems increases the 
need for such models and requires an unusual skill 
on the part of the applied mathematician. 

One might argue that it should be simple for a mathe- 
matician and an applied scientist to join efforts in such 
attempts, each as a specialist in his own field; but in 
fact this always proves to be extremely diflicult be- 
cause of the high degree of compromise required be- 
the mathematical 


techniques and the 


tween use of sufficiently simple 


inclusion of the most significant 


physical parameters. 
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Before ending these remarks, I should like to add a 
slight note on the critical side. It may occur, and it 
has happened, that physical thinking has been confused 
by a choice of inappropriate mathematical techniques. 
Such occurrences, however, are fairly infrequent and 
usually quickly corrected by subsequent investigators. 


THE ROLE OF NUMERICAL ANALYSIS AND COMPUTERS 


Finally, let us consider the more obvious applications 
of mathematics, those that are primarily of a computa- 
tional nature. This is a field in which, as a rule, the 
student trained in the techniques of pure mathematics 
I do not wish to enter into a 
detailed field 
quired a tremendous impetus since the advent of 
I wish merely to point out two 


finds his way more easily. 
discussion of this vast which has ac- 
electronic calculators. 
aspects of the numerical approach to scientific prob 
lems, which are not always given clear recognition. 


One function of numerical analysis is to act as an 
instrument for empirical discovery. As an example we 
may cite the law of asymptotic distribution of prime 
numbers which was formulated — tentatively 
by Gauss after a study of prime number tables. The 
power of modern computing machines opens vast new 
Recent numerical work on 


first 


possibilities along this line. 
the evolution of a complex dynamical system with non- 
linear coupling terms promises to throw new light on 
the validity of the axiomatic foundations of statistical 
mechanics. 


Aside from this role in fundamental science, another 
important function of the numerical work—and one 
which does not seem to have reached its full develop 
is to act as a substitute for elaborate physical 
This is of particular importance in 
known 


ment 
experimentation. 
areas where the fundamental laws are 
and when it is desired to develop new principles appli- 
This is, for 


well 


cable directly to more complex situations. 
instance, the case if we want to derive from the ele- 
mentary laws of particle interaction some understand- 
ing of the general behavior of groups of particles such 
as atoms and crystals. Calculation of a sufficient 
number of cases may lead to the formulation of general 
laws much as they would arise from a systematic 
experimental program. There are of course drastic 
limitations in this approach. 
the advantage over the purely experimental methods 


It does, however, possess 


of enormous flexibility in the choice of parameters and 
variables. Furthermore it opens the way to the study 
of phenomena under conditions unattainable under 
physical testing, such as those of extremely high pres- 


sure and temperature. 


As we shall have occasion to point out below, there 
seems to be a whole field as yet unexploited which lies 
at the borderline of 
As an example among hundreds, I might mention the 


pure science and engineering. 


calculation of electromagnetic radiation and scatter by 
various objects and antennas of elementary geometrical 


shape. 


AERONAUT 


ICAL SEIENCES MAY, 1956 

Finally, it cannot be too strongly emphasized that 
no matter how powerful the numerical tools of analysis 
and the computing devices, they may predict the by 
havior of a particular system, but they never as such 
furnish an understanding or a grasp of the qualitatiy, 
effect of each of the factors involved. They can neyer 
therefore substitute for the necessity of mathematica] 
models and simplified theories. In fact, such simpli 
fied models not only are essential in the efficient plan- 
ning of computing programs but act as the prime source 


of invention and imaginative design. 


MATHEMATICS AND ENGINEERING EDUCATION 


It is perhaps in engineering that the most exciting 
challenge arises for broadening the use of mathematica] 
methods. We can distinguish two major roles to be 
played by mathematics in the engineering field. One 
With the ever- 
increasing complexity and the expanding domain of 


can be characterized as conceptual. 


technology, it is essential for those engaged in research 
and development to possess broad knowledge and in 
sight in connection with the problems investigated 
It is in the very nature of mathematics to be syn- 
thetic and to provide compact formulation for a vast 
body of learning in widely different and apparently 
unrelated fields. We have in recent years become more 
familiar with what has come to be known as analog 
computers. However, it is not so much in its applica- 
tion to computing that the concept of the analog is most 
There are innumerable phenomena obeying 
Familiarity 


useful. 
laws formulated by the same equations. 
with one type of phenomenon immediately leads to 
understanding of a large class of others falling in the 
same analog category. One of the well-known ele- 
mentary examples is the theory of the electric circuit 
with capacity and inductance. The differential equa 
tion for the electrical variable is identical with that of a 
spring-miass system, thus bringing the invisible elec- 
grasp of 


trical phenomenon within the immediate 


comunon experience. 


What I wish to emphasize here is a point that seems 
to have been generally overlooked not only by the 
layman but also by some who are interested in the 
promotion of mathematical courses in the engineering 
mathematics as an 


namely, the power of 


It is clear that the example of the 


schools 
educational tool. 
cited above 


circuit be multiplied ad 


To cite only a few, such models as the beam 


electric may 
infinitum. 
on elastic foundation occur repeatedly in a wide variety 
of problems governed by the same simple differential 
equation. Phenomena that involve diffusion, heat and 
electrical conduction, laminar viscous friction, etc., may 
all be explained rapidly if the student possesses the 
mastery of a differential equation 
Aeronautical engineers are well acquainted with the 


single type of 
far-reaching analogy between the laws of electrostatics 
and magnetism, and the basic principles of subsonic 
aerodynamics. The more recent developments in the 
field of compressible flow have shown the usefulness 0! 
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the Lorentz transformation in airfoil theory, thereby 
‘amiliarizing the student of aeronautics with one of the 
fundamental aspects of a remotely different subject 
the theory of Relativity. 

This interrelation goes even further than is usually 
apparent because many courses have been taught as 
specialized fields, and the classroom presentation has 
usually been encumbered by the addition of unessential 
features required by traditional approaches in form and 
concept. Enormous strides could be made in the 
training of engineering students if a unified treatment 
of science subjects could be introduced, eliminating 
much duplication and confusion while reaching simul- 
taneously the dual goal of timesaving and a deeper 
understanding of the subject. 

No doubt not all students possess the ability to grasp 
the abstract concepts involved or the imagination to 
master the techniques and a change in the direction 
indicated would certainly require a rather basic re- 
orientation of our present way of thinking in engineer- 
ing education, if only in the selection and encourage- 
ment of the more gifted student, and the creation of 
more than one level in the quality and scope of training. 

We should realize that there has been a gradual break- 
down of the barriers between the various branches of 
engineering and an enormous expansion of the knowl- 
edge in all fields. A more extensive use of the mathe- 
matical tool furnishes the only hope of coping with the 
educational problems involved in these two trends, and 
in our losing battle against increasing specialization. 

From the viewpoint of the teacher, the job of pre- 
senting the subject matter in such fundamental fashion 
is also not an easy one. Many subjects have to be 
completely rethought. 
physical theory so that all its essential features are 
in the simplest mathematical 


Formulating a problem or a 


properly represented 
model is an art. It cannot be taught in systematic 
fashion but, like all craftmanship, must be acquired 
from example and mastered through practice. The 
difficulty lies not generally in the mathematics but 
in the proper evaluation of the various factors in a 
physical situation as to their essential or secondary 
character—a point that we have already stressed above 
in connection with mathematical models. 

Not the least contribution of von Karman to the 
the engineering sciences has been 


His lectures here and abroad 


advancement of 
through his teaching. 
have left their imprint on the thinking and outlook 
of generations of students. They have learned by 
direct example how complex phenomena could be re- 
duced to the essential the mathematical 


language can be made to express ideas and formulate 


and how 
scientific problems with simplicity, elegance, and pre- 
cision, by a skillful balance between sophistication and 
misleading crudeness. The fact that many of these 
former students, at present in leading and influential 
positions, have thus come to realize the power and 
practicability of mathematical methods is in itself a 
substantial factor in the progress of our present ad- 


mimstration of engineering research and development. 


T 
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During the years preceding World War II, an attempt 
was made to crystallize this approach to engineering 
problems and applied mathematics in the form of a 
textbook by von Karman in collaboration 
with this writer. As its title ./athematical Methods in 
Engineering infers, the emphasis was not on the teach 


written 


ing of mathematics or engineering but on the art of 
formulating mathematically. As such it 
constituted perhaps a pioneering attempt. 
in appraising the effectiveness of such writings, one 


problems 
However, 


should remember that, especially in the learning of a 
craft, the written word is never a substitute for the 


teacher. 


MATHEMATICS IN ENGINEERING RESEARCH 
AND DEVELOPMENT 


We should also keep in mind that, while the subject 
of engineering mathematics bears strong resemblance 
to mathematical physics, there are also some differences 
in both the scope and the methods. It is clear, of 
course, that much of the fundamental knowledge in 
physics is of immediate use in the engineering sciences. 
However, there have been many areas of physics which 
have been left undeveloped. This has happened to 
problems that did not lie directly in the path of the 
namely, the quest into 


major objective of physics 
It is 


the fundamental nature of matter and energy. 
especially true for such problems as those of boundary 
layer and turbulence, which, in addition to being on the 
sideline of fundamental physics and exhibiting con- 
siderable theoretical difficulty, have been investigated 
primarily because of their great technological interest. 
This also explains why applied mechanics and applied 
mathematics have been closely associated in their 
historical development. 

And this leads us to another difference between engi 
neering mathematics and mathematical physics. 
Many engineering systems are exceedingly complex. 
Furthermore the theoretical 
simplicity and accuracy generally lies at a different 


compromise between 
level from that of pure science because of the engineer’s 
greater emphasis on the practicability of a theory and 
the margins of error usually accepted in technological 
problems. Therefore the degree of simplification re- 
quired in the mathematical formulation of an engineer- 
ing problem is often greater, with the accompanying 
demand of unusual specialized ability on the part of 
the analytical engineer. 

One of the usual mathematical difficulties that occur 
in the problems of the engineering sciences in contrast 
to those in mathematical physics is nonlinearity. Only 
an extremely small class of nonlinear differential equa- 
tions has been successfully treated by the mathematician. 
This is especially true in the case of partial differential 
equations, and much progress has been achieved in 
this field by the ingenuity of the individual worker in 
applied mechanics and the engineer. Among these von 
Karman stands in a unique position. 
an excellent review of such problems and methods, 


He has given 
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including many original viewpoints, in the article 7he 
Engineer Grapples with Nonlinear Problems.* It is also 
in connection with such problems that the art of linear 
ization has its greatest value and makes the largest de- 
mand on the ingenuity and flair of the applied mathe- 
matician. The remarkable success of the linear airfoil 
theory, particularly in the nonstationary case, is an 
outstanding example of the power and fertility of this 
approach. Along the same line, one of the most 
ingenious discoveries is the so-called Kutta-Joukowskt 
principle, which approximates the effect of viscosity on 
the flow around an airfoil by a potential flow with 
circulation, transforming an insuperable mathematical 
problem into a simple one and leading to many new 
and fruitful physical viewpoints. 

The importance of the conceptual and _ theoretical 
approach should also be emphasized in connection 
with experimental programs in engineering research 
and development. A huge amount of experimental 
data has been accumulated in the past at enormous cost 
in time and energy. A large portion of this data, now 
buried in files and forgotten, has contributed little 
to technological advances because of the absence of 
coordinating theoretical concepts. 

Having discussed the conceptual role played by 
mathematics in engineering, let us now consider the 
more evident one that can be characterized as that of a 
super slide rule. While this viewpoint is familiar and 
might be said to constitute the popular notion, I 
believe there are also some current misconceptions. It 
is true that electronic computers are fast becoming 
instruments of enormous power and flexibility. This, 
however, requires of the engineer an even higher 
standard in scientific training. A keen appreciation 
of the capabilities of the machines in terms of other 
available tools is necessary, as well as a competent 
evaluation of the reliability and accuracy of the input 
data. As experience shows, it is often possible to 
solve complex problems by skillful simplified analysis, 
statistical methods, or synthetic mathematical theorems 
without recourse to the expensive brute force procedure 
of the large computers. This type of approach has the 
added advantage of bringing out certain general prin- 
ciples that afford a better understanding of the problem 
and may contribute unexpected and useful results. 

Everything points to an ever-increasing extension 
of theoretical and numerical methods versus trial-and- 
error testing in design and development. There are 
several reasons for this trend: first the availability 
of the new computing tools themselves, then the in- 
creasing cost and complexity of prototypes, and finally 
the constant advances in all fields of macroscopic 
physics and a better knowledge of the laws and prin- 
ciples applicable in the engineering sciences: This 
last factor has often been underestimated in discussions 
among engineers about the relative merits of the so- 
called theoretical and ‘‘practical’’ approaches. 

* Fifteenth Josiah Willard Gibbs Lecture of the American 
Mathematical Society, 1940, Bulletin, Amer. Math. Soc., Vol. 46, 
No. 8, 1940. 
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In addition to the factors cited above, it may try) 
be said that a new dimension has been added to the 
analysis of engineering systems by the application oj 
the methods of operations research and _ programing 
through which difficult design problems may be treated 
analytically for optimization, under conditions jy 
volving a high degree of compromise between varioys 
technological and even human factors. 

A well-conceived development program should x 
duce the most expensive phase— the actual physical 
testing—to the minimum required by our inevitable 
ignorance of certain factors in the physical laws, the 
hazards of materials quality, and operational uncer 
tainties. 
more in the nature of a spot check and verification or g 


As a consequence, testing becomes more and 
means of answering definite and specific questions. 
THE FUTURE 


We stand at the threshold of a new era, and the 
future presents unlimited horizons. We have referred 
only casually to the applications of mathematics to 
systems analysis, operations research, and programing 
and have made no mention of information theory, the 
theory of games, economics, or the biological and social 
sciences. In some of them, the role of mathematics 
is still in its early stage but holds tremendous promise 

It must be expected that the rapid progress and 
expansion of electronic calculators will considerably 
enhance the practical value of mathematical theories 
With wider application of new inventions, such as the 
semiconductor elements, miniaturization, and _ the 
introduction of automatic coding, we may visualize 
the development of small-size analog and digital com- 
puters of enormous speed and flexibility, requiring no 
specialized skill for their operation. The widespread 
use of such powerful calculating tools will certainly 
promote new interests and advances in pure mathe 
matics. Many problems that were only of academic 
interest in the past now become key questions related 
to the applications of the new computers. 

In the educational field we should recognize three 
distinct areas—the teaching of mathematics to science 
and engineering students, mathematics as a cultural 
subject, and the teaching of pure mathematics and its 
techniques as a distinct science and _ specialization 
We have already discussed the advantages of a more 
unified outlook in the training of science and engineer- 
ing students. There is no doubt that considerable 
difficulties shall be encountered in raising the present 
standards, but should we not pay more attention to 
the selection of students particularly gifted to benefit 
from such a change? We must keep in mind that a 
important purpose of advanced teaching, as opposed to 
mass education, is to stimulate existing talent and help 
it discover itself. 

In the field of research and development, progress 
will depend not only on the technical personnel but also 
to a great extent on those at the policy-making and 
levels. Here again improved educa 


(Continued on page 489) 
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The Behavior of Nonlinear Svstems 


e 


FRANCIS H. CLAUSER* 
The Johns Hopkins University 


SUMMARY 


Many of the phenomena that occur in the world around us are 
sverned by nonlinear relationships. In the development of the 
mathematical sciences, the difficulties of nonlinear analysis have 
indered the formulation of nonlinear concepts that would per 
iit us to understand such phenomena. In the present article, 
ur progress in understanding the behavior of nonlinear systems 
s reviewed and an attempt is made to present the resulting con 
cepts in such a way that they may be applied with some gener 


lity to other problems 


INTRODUCTION 


I ONE LOOKS BACK over the long history of accom- 
plishment in the sciences, he is struck by the fact 
linear 


that most of our effort has been centered on 


systems and linear concepts. If, at the same time, one 
takes a look at the world around us, he is everywhere 
confronted by phenomena that are nonlinear in their 
behavior. Linear concepts give only a superficial under- 
standing of much that we see in nature. If we are to 
make our analyses more realistic, we must acquire 
greater facility in comprehending and using nonlinear 
concepts. 

In recent years, we have developed large computing 
machines, and, in many instances, we have fed nonlinear 
problems into these machines in the hope that the re- 
sulting solutions would give us a better understanding 
of nonlinear behavior. In general, we have found that 
simply grinding out solutions gives us little more 
understanding of nonlinear behavior than, for example, 
watching nature herself grind out solutions for such non- 
linear problems as the weather. Understanding lies not 
in terms of equations or solutions but rather in terms 
well-understood For 


of fundamental and 


example, two engineers sit in an airplane during take- 


concepts. 


off. The ash tray starts to buzz. One looks at the 
other and says ‘‘Resonance!"’ The other nods and 
both believe they understand the phenomenon. We 


understand nature only when we can piece together its 
behavior in terms of concepts so simple they may be 
well understood and so broad they may be stated ab- 
stractly without reference to a particular situation. 
The list of such concepts is long and includes such 
terms as resonance, hysteresis, waves, feedback, bound- 
ary layers, turbulence, shock waves, buckling, weather- 
fronts, contagion, immunity, inflation, and depression. 
Many of our most useful concepts are nonlinear in 
character, and a part of our inability to express in the 
exact language of mathematics such everyday phe- 
nomena as the flow of water in the gutter or the curling 
ol smoke from a cigarette lies in the fact that we have 
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been reluctant to plunge in and understand nonlinear 
mathematics. 

We search for simplicity in nature but we are not 
We find that 


there are certain nonlinear concepts which at first 


always sure what we mean by simplicity. 


appear complex, but which, when understood, are 
found to have universal applicability. In such cases 
it is more profitable to master the concept in its non 
linear aspect than to patch together strained linear con 
cepts on the ground that linear concepts are inherently 
simpler. It appears to be imperative to increase our 
store of nonlinear concepts and to put them on a firmer 
mathematical foundation. It is the purpose of the 
present article to review a few of the nonlinear con 
cepts that we have succeeded in establishing and to 
present them in a way that they may be used with 
reasonable generality. 

What is it we expect of mathematics in the sciences? 
All around us we see action and interaction that is sub 
ject to quantitative statement. Since we can not hope 
to analyze all we see in one grand analysis, we are 
forced to view the universe as a collection of systems 
which we can analyze individually. When we carvé 
out such a system, we sever the interactions with the 
rest of the world, and these must be replaced as inputs 
and outputs of our system. Each system can be viewed 
in the light of the analogy suggested by Maxwell of a 
machine in a closed room, the only connection to the 
exterior of the room being by means of a number ot 
ropes which hang through the floor into the room be 
low. Our desire is to determine the behavior of the 
machine overhead, but this may be done only by 
manipulating the various ropes which hang through 
the ceiling. The question is whether by pulling on the 
ropes and by correlating their response in an intelligent 
way, the complete behavior of the rope system may be 
predicted when an outsider comes in and pulls on the 
ropes in any manner he pleases. Modern electronics 
people have replaced Maxwell’s room by a “‘black box 
and have taken the additional step of designating some 
of the connections as inputs and others as outputs 
during a given operation. 

In well-established areas of science, if we look inside 
the room or black box, we can recognize the elements we 
see inside; and since we know their individual behaviors, 
we can frequently synthesize these behaviors to give 
the behavior of the entire collection. However, on the 
forefronts of knowledge, we do not recognize what we 
see when we look inside a system such as an atomic 
nucleus or a virus or turbulence or the human brain, 
and we are forced to join theory and experiment into 


the operational approach described by Maxwell 
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Fic. 1. Loaded flat arch 


CLASSIFICATION OF SYSTEMS 


Linear and Nonlinear Systems 


What do we mean by a linear system? Linear of 
course implies a straight line relationship between cause 
and effect—i.e., between input and output or between 
independent and dependent variables. A system is 
linear if all the effects are in proportion to the causes. 
In a looser terminology we say that an effect is pro- 
portional to a cause if both simply increase or decrease 
together. Justification for such usage lies in the fact 
that by distorting the scale for measuring either vari- 
able, the relationship can be made linear. Non- 
uniform marks placed on a stick can indicate directly 
the volume of liquid in a spherical tank. However, 
departure from linearity cannot always be handled so 
easily. The flat arch shown in Fig. 1 deflects pro- 
portionately to the load as long as the load is small. 
However, at a critical load, the arch will ‘“‘pop through”’ 
from A to B on the force-deflection curve of Fig. 2. 
Upon removing the load, the return jump does not 
occur from B to A but from D to C. Such a system 
is ‘‘essentially’’ nonlinear in that no change of scales 
While such 
jumps and hysteresis cannot occur in linear systems, we 
shall see that they enter quite naturally in nonlinear 


can eliminate the jump or the hysteresis. 


phenomena. 


Kinematic and Dynamic Systems 

If a system contains only such elements as gears, 
pulleys, resistances, rectifiers, relays, etc., the relation- 
ship between inputs and outputs is of a kinematic 
nature which can be stated in algebraic terms without 
derivatives or integrals. Such a relationship can be 
presented as a surface in a many dimensional space 
whose coordinates are the inputs and outputs. If we 
add masses, springs, inductances, condensers, and the 
like, we have a dynamical system which needs dif- 
ferential equations rather than algebraic equations to 
express the relationship between inputs and outputs. 
If we move the inputs and then hold them fixed, the 


outputs will continue to move. The system has ac- 
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quired a memory and its present behavior is influenced 
by its past history. Its behavior can no longer be re, 
resented by a surface in a many dimensional space but 
must be expressed in terms of integrals which sum yy 
all past influences on the system. . 

Along with this change in the behavior of the systey 
we must alter our concept of independent and depend. 
ent variables. The flat arch is a kinematic system jp 
which the load is the input or independent variable and 
the deflection is the output or dependent variabk 
Now consider a system represented by 

di l a 

t— ++ | idt = V 

dt ee 
where the voltage, I(t) is the input forcing functior 
and the current 7(¢) is the output response. For , 
kinematic system, we should call |’ the independent 
variable and 7 the dependent variable. But what rok 
does ¢ play? 
different from IV. 


t the independent variable, and we allow |” to achieve 
independence by acquiring the right to be any function 


of t. That is, we now seek to determine the response, 
i(t) for all possible programs for the input, |'(¢). 
Linearity now takes on a more subtle meaning. The 


electrical system given above is still linear even if the 


coefficients L, R, and C vary with the time. Note 
that they must vary according to an explicit program 
If L, R, and C are influenced 
the system 


determined beforehand. 
by the action taking place—i.e., by 7 or |’ 


is nonlinear. 


The Properties of a System 


The human mind so readily grasps the notion oj 
linearity that we endow the coefficients of proportion- 
ality of a linear system with special significance and 
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Fic. 2. Deflection of a loaded flat arch 


It is an independent variable, but quite 
We resolve this situation by calling 
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call them the properties of the system. Thus, the 
stiffness of a spring is the constant of proportionality 
between force and deflection, resistance is the constant 
between voltage and current, mass between force and 
acceleration, viscosity between stress and rate of 
strain, conductivity between heat flow and temper- 
ature gradient, and so on. 

We have just seen that a system may be linear even 
though its coefficients of proportionality—.e., its prop- 
erties—change with time. This concept of the proper- 
ties of a system is so important that we sometimes 
cling to it even when the system is nonlinear and the 
coeflicients vary with the behavioral variables. Thus 
in a saturable inductor we say that the inductance de- 
pends on the current, or in a discharge tube we say the 
resistance depends on the current. Strictly speaking, 
it is nonsense to say that we may write a function a(x) 
as xb(x) and then call b(x) a property of the system. 
However, it is worthwhile to retain the intuitive ad- 
vantages of a linear coefficient when it can be put on a 
firm foundation by such stratagems as local linearization 
when the changes are small or slow or by an overall or 
equivalent linearization when the changes are large 


or fast. 


Independent Variables 


Other independent variables than time occur in 
physical problems. If an elastic column with bending 
stiffness B is loaded with axial forces P at each end, 


the differential equation for the deflection y is 


d*y Py | dy\?* 

ae? BY ea _ 
Here the independent variable is x, the distance along 
the column. The input to the system is P and the out 
putis y. Notice that even if we neglect (dy dx)* com- 
pared to unity and write the above equation as d*y dx 
+ Py B = 0, so that we may treat it by linear meth- 
ods, it is still a nonlinear equation between input P and 
output y. As the load is increased, no deflection takes 
place until a critical value is reached, and then the col- 
umn buckles. The resulting nonlinear relation between 
the input P and the abridged output Vm, is shown in 
Fig. 3 for both the approximate and the exact equa 
tions. The nonlinearity of the approximate equation 
manifests itself as an eigenvalue problem which singles 
ut a discrete set of values of P which satisfy the end 
conditions. 

When physical systems have several independent 
variables, we must turn from ordinary to partial 
differential equations. At first glance, one would sup- 
pose that the lore built up for systems of one indepen 
dent variable would be readily carried over to systems 
with several independent variables. Historically such 
does not appear to be the case with nonlinear phenom- 
ena. Work on nonlinear systems with a single variable 
usually time) developed largely in the field of analyti- 
cal mechanics and electrical engineering. Work on 


nonlinear systems with several independent variables 
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developed primarily in the fields of solid and fluid me 
Few concepts from either of these separate 
Moderate 


chanics. 
efforts have been carried over to the other. 
progress has been made in abstracting and generalizing 
the concepts developed for ordinary differential equa 
tions so that they may be used with some universality 
However, because of the greater difliculties involved, 
most nonlinear concepts of partial differential equa 
tions still are in encyclopedic form. Their genera 
lization presents a challenge to the physical scientist. 
It is sometimes convenient to use more sophisticated 
quantities than space or time as independent variables 
In fluid mechanics, a hodograph space in which the 
velocities are independent variables is frequently used 
The list of possible independent variables also includes 
such quantities as energy, momentum, frequency, 
wave number, and a large collection of dimensionless 
variables. For simplicity in what follows, we shall 
deal with independent variables as though they are in 
space and time even though the class of such variables 


is much larger. 


Autonomous and Nonautonomous Systems 


If the properties of a system are not affected by the 
dependent variables, we say that the system is linear 
On the other hand, if the properties of a system are not 
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Fic. 4. Typical nonlinear damping function 


affected by the independent variables, we say the system 
is autonomous. This may be described physically as 
saying that if the action of the inputs or outputs does not 
change the properties of a system, it is linear; and if the 
system possesses no clock* that changes the properties 
according to a fixed program, the system is autono- 
mous. For example, an ordinary pendulum swinging 
through small angles is a linear device. When the 
amplitude is large it becomes a nonlinear device. In 
both cases it is autonomous. If the length of the 
pendulum is shortened according to a fixed program 
of the time, it is nonautonomous. As such it can either 
be linear or nonlinear. 

In general, it may be said that if a system is autono- 
mous, its behavior is uninfluenced by when or where 
it takes place in time or space. This is because the 
independent variables enter only as differentials, and 
consequently they may be shifted by a constant amount 
without any effect. It will at once be recognized 
from this criterion that many familiar systems are 


autonomous. 


BEHAVIOR OF SYSTEMS WITH A SINGLE INDEPENDENT 
VARIABLE; ORDINARY DIFFERENTIAL EQUATIONS 


Behavior of Isolated Autonomous Systems 


One of the simplest questions that can be asked con- 
cerning the behavior of physical systems is whether 
it is possible for a system to exhibit an interesting be- 
havior if it is isolatedf in such a way that it receives no 
input stimuli from outside. It is likely that everyone 
will not agree on what constitutes interesting behavior 
of such a system. A reasonable definition would appear 
to be that any spontaneous or self-sustaining action 
would be interesting, whereas a lack of action would be 
uninteresting. 


* Here, the word “‘clock”’ is used to denote any generic device 
for establishing functions of the independent variables whether 
they be time, distance, or other quantities. 

+t Here we mean isolated in an information-theory sense of the 
word rather than in an energy sense of the word. 


First let us see what linear systems have to offer 
Regardless of how many variables a linear autonomoys 
system has or how high-order derivatives are inyolyed 
its behavior must fall into one of three patterns, [fs 
action must die out, or grow without limit, or oscillat, 
with a combination of sine waves. The last two possj 
bilities must be ruled out for physical systems. \ 
system can exhibit an action that grows without limit 
Eventually it must strike stops, burn out a fuse, or 
otherwise become nonlinear. For a linear system t 
oscillate without damping, it must have certain grou 
ing of its coefficients precisely equal to zero, which js 
impossible in real systems. Consequently, all auton 
mous linear systems show no interesting behavior by 
themselves. 

When we introduce nonlinearity, the picture js 
changed completely. Consider a system whose equa 
tion is m*& + f(x) + kx = O where /(X) is a nonlinear 
function of the type shown in Fig. 4 having a slope 
which is negative through the origin and is positive for 
numerically large values of ¥. For small amplitude 
oscillations, the damping is negative and the oscillations 
will grow. On the other hand, large oscillations will be 
diminished by positive damping. The motion will be 
trapped somewhere in between, and the system will 
necessarily perform a self-sustained action, which puts 
it in the interesting class. 

To investigate the behavior of such systems in mor 
detail, let us suppose that /(*) has the polygonal shape 
shown in Fig. 5. Nonlinear solutions may be obtained 
by patching together known linear solutions. How 
ever, a simple bookkeeping difficulty develops in trying 
to understand the general behavior of the system. Ii 
we plot our results as x vs. f, the graph becomes co\ 
ered with a maze of patched curves for different initial 
conditions and it is difficult to deduce any overall 
behavior pattern. However, since the system is auton 
omous, t may always be replaced by ¢ — c. Thus we 
know how one constant of integration occurs, and we 
are able to use this knowledge to reduce the order ol 
the equation and hence the complexity of the initial 
conditions. We write our original equation as my = 
—kx — f(y) with = y. We view these as two 
simultaneous equations for x and y. If we divide one 
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BEHAVIOR OF N¢ 
hy the other, we eliminate f¢ giving dy dx = kx + 
my which is an equation of lower order. If we 


plot our results in an x,y phase plane, a single family 
f curves gives the behavior pattern of the system for 
ny combination of initial values of position v and ve 
locity \ 
If the damping were zero, we could integrate the 
ibove equation directly to give the energy equation 
2+ kx?/2 EK with E 


2 being the constant of 
In the phase plane, with proper scales, 


integration 
this solution is a series of circles for different / as shown 
in Fig. 6. If this solution is substituted back into the 
equations above, we obtain the familiar result 


Asin(Vkmt+@? 


AVk mcos(Vkmt+o6 


lf linear damping is added, the trajectories spiral in to 
the origin. 

For the polygonal damping function of Fig. 5, we 
may piece together spirals corresponding to the three 
linear segments of f(y). In each of the three regions, 
the appropriate trajectories are drawn and joined at 
the boundaries as shown in Fig. 7. In the central band, 
the trajectories spiral outward while in the upper and 
lower regions they spiral inward. At an intermediate 
amplitude, there is a closed curve which spirals as much 
outward as inward. All other trajectories approach 
this limit cycle which represents a stable oscillation 
performed by the system of its own accord. 

The above type of behavior is not confined to the 
specific damping function of Fig. 5 but exists for a great 
variety of nonlinear functions as we shall see presently. 
As we increase the complexity of the nonlinearity, we 
obtain ever more fascinating patterns of behavior. One 
of the first to explore the behavior of such nonlinear 
systems was Poincaré whose work!:* was so far 
reaching that it has formed a base for almost all that 
has followed. 

In linear systems, the concept of stability has mean 
the 


linear example, the system performs a stable motion 


ing only at equilibrium points. In above non 


even though it is not in equilibrium. It is not easy to 
formulate this new concept with mathematical exacti 
tude and physical generality. Those interested in this 
‘spect should consult the pioneering work of Liapou 
noff. 

In order to explore more complex ways in which 
nonlinearity can effect the behavior of systems, con- 
sider the following graphical method which is an ex 


tension of that given by Liénard.‘ It covers a wide 
range of interesting cases. We start with the two 
equations dx dt y d(x), dy/dt = —x + Wy 


Nonlinearity enters through the two functions $(x 
id ¥(y) whose only restriction is that we be able to 
draw them. If coefficients occur on the linear terms, 
they may be eliminated by rescaling x, y, and f¢. 

In the x,y plane, we plot ¢(x) and y(y) using the y 
axis for @ and the x axis for y. 


} : = : . 
Horizontally from a typical point x,y to the y 


In Fig. 8S, we move 


curve 
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Fic. 6 Phase trajectories of an undamped oscill 


pian 


and then down to meet a similar line which drops down 


from x, y to @ and then goes horizontally to the inter 


section. A short are through x, y with center at this 
intersection has the slope, dy dx Viv vr] 
¢(x)] as required by the above equations* with 


eliminated. In this way, trajectories may be quickly 
drawn for any ¢ and y. 

Now let us consider the case of the sliding friction 
between a block and the surface on which it is resting 
If the block is stationary, the frictional force can be 
any value between the plus and minus limits of static 
friction. Once the block begins to move, the dynamic 
friction drops to a value somewhat less than the static 
friction and is nearly constant. Actually, it usually 
drops a little for moderate speeds and then eventually 
rises for larger speeds as shown in somewhat exagger- 
ated form in Fig. 9. 

If the block is restrained by a spring, its oscillations 
How 


ever, if the surface on which it is placed 1s moving 


will be so highly damped as to be uninteresting. 


steadily, its motion can be quite interesting. It 1s 
relatively easy to put the equations for the resulting 
motion in a form so that trajectories may be drawn by 
means of the graphical method just given. Such tra 
jectories are shown in Fig. 10 in which the x and y axes 
have been interchanged so that the frictional curve 
may be readily compared with Fig. 9. The steady 
velocity displaces the curve by an amount |’ and shifts 
the equilibrium position to the point A. Because of 
the negative slope of the friction curve, this equilibrium 
point is unstable and any small motion will spiral out 
ward until the velocity becomes great enough to bring 
the block to rest on the moving surface The block is 
then carried to the point B where the spring force 
overcomes the static friction and the block goes through 
generalized for different 


* The above construction is readily 


combinations of + x, + y on the right-hand side of the above 


equation 
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a evele of oscillation until it is again trapped on the 
moving surface and the process repeats itself. If the 
block is given a large initial displacement or velocity, it 
quickly slows down so that it oscillates on the limit 
evele. The nonlinearity of the sliding friction thus 
serves to drive the block in a sustained stable oscilla- 
tion, a latent possibility that would not have been 
anticipated from its behavior on a stationary surface. 

We now see why a violin string is forced to vibrate 
when it is stroked with a bow, why doors creak, brakes 
chatter and groan, how crickets chirp, and why a finger- 
nail, rubbed on a blackboard, gives an unpleasant 
sensation. 

The behavior of many of the common oscillators 
around us such as clocks, buzzers, blinkers, radio 
oscillators, whistles, musical instruments, and the like 
can be explained by nonlinear analyses similar to the 
one just given. All these show that nonlinear systems 
can exhibit interesting behaviors even when they are 
isolated. 

One of the simplest analytic expressions for non- 
linear damping is that used in the much studied Van 
der Pol equation * — wx(1 — x?) + x = 0. This 
equation has the property that when x is small, the 
damping is negative, but becomes positive for large 
v. Trajectories of the Van der Pol equation may be 





mapped out by our graphical procedure using p(y) = 0, 

g(x) = px(1 — x?/3) or by the method of isoclines 

used by Van der Pol.’ In Figs. 11, 12, and 13, 

are given the phase trajectories for u = 0.1, 1, and 10 
PTY TT \ 
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Fic. 13. Phase plane for Van der Pol oscillator with u = 10. 
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Fic. 14. Displacement-time curves for Van der Pol oscillators 


corresponding to small, moderate, and large influences 
of the damping function. In Fig. 14 is given the cor 
responding plots of amplitude versus time for motion 
growing into a limit cycle from a small disturbance 

In the Van der Pol equation, the nonlinear term is 
uxx?. It is of interest to consider the effect of more 
complex nonlinear terms involving several derivatives 
of various orders. If the effect of the nonlinearity is 
not large, we may follow the method of equivalent 
linearization of Kryloff and Bogoliuboff, and write 
the equation of motion as m¥ + uw f(x, &, ¥) 4 
kx = O where u is sufficiently small that the motion in 
phase-plane coordinates, 1/m * and 1/k x, is nearly 
circular. After one cycle of the motion, the effect of 
the nonlinear function, /, will prevent the phase point 
from returning to its starting point on the original 
circle. We may interpret this change in radius—1.e., 
amplitude—as caused by an equivalent linear damping 
and the change in angle—1i.e., delay—as caused by a 
change in the mass or spring constant. By integrating 
around a cycle, it can be shown that the equivalent 


linear damping is 


A = (u/7A) cos wt f(A sin wt, Aw cos wt, 


—Aw?* sin wt) dt 


and the change in mass or spring constant is 


Ak = w*Am = (nw/7A) [ sin wi f(A sin wf, 


Aw cos wl, —Aw? sin wt)dt 


Vk/m 


is the circular frequency. If we adopt electrical engi- 


Here A is the amplitude of the motion and w 


neering terminology, the nonlinear function has an 
equivalent complex impedance given by 
Qn /w 
Z = (u/7A) } e ‘f(A sin wt, Aw cos wt, 
—Aw’ sin wt) dt 


As examples, the Rayleigh damping function, 


—x(1 — *°/3), has an equivalent resistance of —(1 — 
A*w*/4), and the Van der Pol function, —%(1 — x’), 
has an equivalent resistance of —(1 — A?*/4). By 


equating these resistances to zero, we obtain the ampli- 
tude of the corresponding stable limit cycles. In linear 
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iG. 15. Nonlinear damping function — 7 (1 x? 


systems, the impedance varies only with the frequency 
whereas in nonlinear systems it depends on both fre- 
quency and amplitude. In the above analysis, we are 
ascribing properties to nonlinear systems similar to 
those we use for linear systems. If used with care, 
such nonlinear properties can be treated in the same 
analytical and intuitive ways as linear properties except 
it must be remembered they are amplitude dependent. 

Consider a nonlinear term of the form (d*x/df*)- 
(d°x ‘dt”)-(d°x/dt’) where negative a, 8, or y is to be 
interpreted as integration. It is not difficult to general- 
ize the above analysis to include such a term, and the 
equivalent impedance is found to be o-1°(iw)**?*7~' 
where o is a numerical factor depending on a, 8, and 
y. Such a term acts as a resistance or a reactance 
according to whether a + 8 + y is odd or even. As 
far as amplitude characteristics are concerned, such a 
term is equivalent to x* or x* depending on a + 8 + y. 
Similarly, a product of any » derivatives is equivalent to 
x” or x” as far as amplitude characteristics are con- 
cerned. We readily build up nonlinear functions 
by forming sums of products of the various derivatives. 
Let us consider the behavior of systems having as 
damping terms the following sequence of functions: 


—xX(1 — ax"); x(1 — ax? + bx4); 4(1 — ax? + bxX4 — cx5) 


These functions have been plotted in Figs. 15, 16, 
and 17. We have seen that a function such as the one 
in Fig. 15 will lead to a stable limit cycle similar to that 
of Fig. 7. The function in Fig. 16 will yield two limit 
cycles, one stable and the other unstable as shown in 
Fig. 18. This system will act quite lifeless near the 
origin, but if disturbed violently, it will break into a 
stable oscillation that might otherwise go completely 
unnoticed. Such “‘hard”’ oscillators requiring a thresh- 
old disturbance to set them off are not uncommon in 
nature. 

The function of Fig. 17 provides negative damping 
near the origin and a succession of regions of positive 
and negative damping such that the system will have 
two stable limit cycles separated by one unstable limit 
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cycle as shown in Fig. 19. This system will exhib 
“soft’’ oscillations which start from the origin and ap 
proach the inner limit cycle. However, if the systen 
is violently disturbed, it will jump over the barrier oj 
the unstable limit cycle to the large stable limit eve 
and oscillate in a quite different way. 
In a similar manner, we may determine the effect oj 
sums of terms involving products of derivatives of any 
order. Furthermore, we may obtain an indication oj 
system behavior even when the functions are not ana 
lytic but are merely topologically similar to analytic 
functions with regard to the location of their zeros and 


maxima. 


Before we finish our discussion of isolated autonomous 
systems, it is of interest to discuss the phenomenon 
called ‘‘relaxation.’’ We use as an example the neon tub 
circuit of Fig. 20. If A is the ionizing voltage of the 
tube, then for any initial lesser voltage, no current will 
flow through the tube. However, if the voltage -1 is ex 
ceeded, the steady-state current is as shown in Fig, 21, 

If the switch of the circuit is closed, current will flow 
through the resistor, charging the condenser. Initially 
no current flows through the tube, but if the battery 
voltage exceeds the ionizing voltage, the tube eventually 
willstart toconduct. At this point it might be expected 
that the voltage-current relationship of the tube would 
follow along the solid curve of Fig. 21. However, here 
we have a situation similar to the flat arch discussed 
earlier. The voltage across the tube must continue 
to rise because the battery is still charging the con- 
denser, but the voltage can not rise if it follows the 
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Fic. 16. Nonlinear damping function of form J (1 
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Nonlinear damping function of the form l 


Ca 


solid curve 
dition at B, analogously to the buckling of the flat 


rhe system abruptly jumps to the con 


arch 

When current is flowing through the resistor, it re 
duces the voltage from the battery along the dashed 
line EF 
and the voltage falls to the point C. 
The voltage must continue to fall, but it 
At this point, 


At B, the tube must discharge the condenser 
Here we have a sec 
ond dilemma. 
can not do so and stay on the solid curve. 
the flow discharge ceases, the system jumps to D, and 
the cycle starts over again. In this way a passive non- 
linear element can lead to a self-sustained oscillation 
involving jumps and hysteresis. 

During the jumps from .! to B and C to D, we 
neglected any inductance in the circuit containing the 
tube. Such inductance may be small but it is not zero. 
If we call this inductance L and designate the steady 
nonlinear voltage-current relationship of the tube by 
U(), the equations for the system are d\/dt = (Ek — 
’ — iR)/RC and di/dt = [V — U(i)]/L. 


I’ and 7 as phase plane variables and rescale them to 


If we use 


absorb the constants, we can use the graphical method 
given earlier to trace out the trajectories. Because of 
the smallness of L, the rescaling will greatly compress 
the scale for 7, and after the trajectories are obtained, 
this scale must be reéxpanded to obtain an undistorted 
picture of the system’s behavior. This has been done 
for a typical case in Fig. 22. The trajectories are 
nearly horizontal everywhere except near the curve 
"= U(i). Here they bend rapidly to channel into 
the limit cycle previously discussed. 
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If we eliminate ¢ from the two equations, we have 
dV LC[E—iR l 
a ”~ RL V-t@ 


If L is extremely small, then d|’/d7 is nearly zero except 


very near the curve |’ U(a Consequently the 


equation has the simple solution | constant every 
where except within a thin boundary layer on both 
sides of the curve |” l'(1) where the complete equa 
tion must be used. 

If in the above equation, Z is made vanishingly small 
and the possibility of large di/d\I’ is excluded, the 
equation reduces to |’ ('(2), implying that the sys 
tem must follow the characteristic curve of the neon 
tube. However, in passing to the limit we have lost 
the possibility of assigning a constant of integration, 
since we now have an algebraic equation rather than a 
differential equation. When the system jumps or when 
it is started off the characteristic curve, the differential 
equation must be used to obtain a proper picture of the 
behavior. A similar situation exists for the flat arch 


described earlier. During the buckling of the arch, 
the load-deflection relation changes from a kinematic 
equation to a dynamic equation, 

How can we tell ahead of time that a system will ex 
perience discontinuous jumps in its behavior and that 
some essential terms of higher order are being neg 
lected ? 


lows. 


The symptoms of such behavior are as fol 
We have a relationship between the variables of 


») 


the problem such as shown in Figs. 2 or 


») 


20 where a 
iInaximum or minimum exists for one of the variables. 
In addition, we have the requirement* that this vari 
able, in passing through its maximum, must continue 
to increase (or decrease for a minimum Since such 
a requirement is an apparent impossibility and yet 


since the requirement is real, the answer invariably 


* Imposed from outside in the case of the arch, self-imposed 


in the case of the neon tube 
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is that another degree of freedom is called into play and 
a jump occurs. Such phenomena are called relaxation 
phenomena. Usually such jumps occur in pairs and 
the system exhibits hysteresis. Mathematicians call 
these problems singular perturbation problems. We 
shall discuss them again in connection with partial dif- 
ferential equations. Relaxation phenomena occur in 
light switches, in structures that ‘‘oil can’’ and buckle, 
in certain involuntary muscular contractions, in elec- 
trical multivibrators, in flip-flop circuits used for count- 
ing and computing, in certain controls for automatic 
transmissions, and in various warning blinkers such as 
turn signals and road construction lights. 


Behavior of Stimulated Autonomous Systems 


At this point we turn our attention from isolated 
systems to systems that receive stimuli through their 
inputs. In such cases, our interest in a system increases 
in proportion as the output is unexpectedly related to 
the input. We saw that isolated linear systems are 


generally uninteresting. However, stimulated linear 
systems have a chance of competing with nonlinear 
systems in interest. Linear systems with small damp 
ing exhibit resonance in which, to the uninitiated, the 
response is unexpectedly great when compared to the 
input, as shown in Fig. 25. Let us see what a non 
linear system can do under similar circumstances 
Suppose that the spring force of an oscillator is pro 
portional to x + x* so that the stiffness of the spring 
increases with deflection. This will distort the res- 
onance curves so that at higher amplitudes the reso 
nance peaks are shifted to higher frequencies as shown in 
Fig. 24. Let us examine what happens if we gradually 
increase the frequency of the stimulating signal. At 
low frequencies, the response is similar to that of the 
linear system. As we increase the frequency, the re- 
sponse nears the bent-over peak of the curve, and we 
are faced with a now familiar dilemma. The fre- 
quency will continue to increase but the curve turns 
back on itself. Our system jumps from .1 to B with an 
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Fic. 19. Phase plane of an oscillator that can perform either of two independent oscillations. 
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Fic. 20. Circuit containing neon glow tube 
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Nonlinear voltage-current relationship of neon glow 
tube 
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Fic.24. Resonance curves of a system having a “‘hard"’ nonlinear 
spring. 
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Fic. 23. Resonance curves of a linear system, 
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abrupt decrease in the output signal. It then continues 


outward along the curve through B. If the frequency 
is now decreased, the response does not jump froin B 
to Al, but from C to D. In a manner reminiscent 
of the flat arch and the neon tube, nonlinearity has 
added jump phenomena and hysteresis to resonance. 
Ii Rand ¢ are the amplitude and phase angle of the 
system's response to an input of amplitude / and rela 
tive frequency w, then for a linear system with damping 


coefficient 6, these quantities are related by the equa 


tions R(1 a)” F cos $, Réw F sin @. For the 
nonlinear system, these equations become R(| w” 
3R?/4 F cos ¢, Réw F sin ¢. If we distort the 


R,w coordinate system by the transformation @ 


Vw? — 3R?/4 


/ 

| I ( i w- _ 3R? 1) 7 te § “Ws 
r= s : : : oa : 
(1 — w? + 38R*/4)? + &(w? — 3R?/4 


as shown in Fig. 25, then the response of the nonlinear 
system may be obtained by plotting the linear response 
curves of Fig. 2: 
If we had used a “‘soft’’ spring with force pro 


directly on the distorted grid of ) 


and . 
portional to x x’, the resonance peaks would have 
been bent toward lower frequencies. 

Now let us consider more general forms of analytic 
nonlinearity. A term of the form (d*x/dt*)-(d°x- 
dt®)-(d°xv/dt’) causes a distortion of the R, w coordinate 
system similar to that for x* if a + 6 + y is even, 
with the pattern of the distortion depending only on 
ar Br ¥: 


ag+®e6c Y is odd later. 


We shall investigate the cases where 
Suppose that instead of 
multiplying three derivatives together to form a non- 
linear term, we multiply derivatives together. If n 
. are both even, the term 


andm=atBt+ayt 
merely introduces higher harmonics into the response 
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me direction, but it has no 


primary influence on the resonance phenomenon, Jj 


n is odd and m is even, the 
with the frequency lines, f 


cording to the law 2 \ 


numerical factor depending on » and m 


even, the nonlinear term ac 

will be discussed later. 
The effect of nonlinearit 

modifying linear resonance. 


unknown in linear systems. 


R, w grid is again distorted 
or example, being bent 

Ww — hw’ R’ where A 1S 
When » 

ts as a damping term whic! 
y is not limited simply t 
It introduces phenome 1 


Whenever two oscillating 


waves are multiplied together, higher harmonics ar 


produced; so it is at once 


apparent that nonlinearity 


should introduce the possibility of resonance at higher 


harmonies of the impresse¢ 
deed the case. For exainpl 


the spring force law x + 4 


1 frequency, and this is in 
e, a dynamic system having 


will resonate when the third 


harmonic (or any higher odd harmonic) of the input 


signal coincides approxima 


of the system. If the sys 


tely with the fundamental 


tem has a response ampli 


t 


tude and phase of R; and ¢; at the fundamental of th 


input signal and R; and ¢; < 


quantities satisfy the equa 


R,[1 w? + (3/4)R; 


3/2)R F cos 
R5o F sin @, 
R | Qw ) ‘ R; 
(3/4 R (1/4 R, c 
3R bw 1/4 R, S 


The first pair of equations 
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nd pair are for the third harmonic. The solutions of 


juations have been plotted in Figs. 26a and 26b 


show that nonlinearity not only bends over the 


resonance peaks of R, and induces minor resonance 


iks in R; near w 1, but neara | /3,it induces large 
resonance peaks in R; and completely changes the be 
havior of R If we kad included terms in R;, R;, ete. 
is same general pattern would have repeated itself 


a i, Gee. 


When we look at the equations used in the above dis- 


ussion of superharmonic resonance, we are tempted to 


i 


ike the ollowing speculation. In the second pair 


s, there are terms in R,* which provide a 


equation 


iving force for the third harmonic whenever the 


indamental is excited. In the first pair there is a re 


set of terms that gives the reaction of this third 


monic on the fundamental. Might it be possible 


r the coupliig to work in a reverse manner—that 


ic, might the fundamental excite a resonant response 


subharmonic frequency? If we investigate this 


issibilitv, we are led to the following set of equations 


9) + (3/4)R,27 4 
»/ & R 4 R R COS (QD _ 1p 
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26b. Response of the fundamental for a system having a 
spring force proportional to x + x 


Their similarity to those for the superharmonic r¢ 
sponse is immediately apparent. The solutions to thes: 
equations have been plotted in Figs. 26b and 2t« 
which show that a subharmonic resonance is induced 
near w 3. The subharmonic response offers at 
alternate mode of oscillation rather than a modificatio1 
of the harmonic response. Since the subharmonk 
response is unstable at the junction with the harmon: 
response, the transition to the subharmonic oscillatio: 
requires a threshold disturbance as in the case otf 
‘hard”’ oscillator. 

Similar resonances will occur at other subharmoni 
multiples of the fundamental frequency. It can readil 
be shown that subharmonic resonance will occur for th: 
various types of analytic nonlinearity previously dis 
cussed as well as for a large class of topologically simu 


lar nonanalytic functions 


At this point we turn our attention to differe1 
aspect of the effect of nonlinearity on resonant syste1 
Thus far we have consicered only nonlinearities tha 
were reactive in nature—1.e., those that acted as no1 


linear springs, masses, inductances, ete. Now we 1 
vestigate in a similar manner resistive nonlinearities 
Interest here centers on the case where nonlinearit 
gives the system the capability of performing sel 
sustained oscillations as discussed in the section « 
isolated systems. The question is what happens whe: 
such a system is subjected to an external signal havi 
a frequency near the natural frequency of the systen 
Instead of imposing an external signal, we may as! 
what happens when two nonlinear oscillators, tuned 1 
neighboring frequencies, are mutually coupled together 
A system capable of oscillating by itself has thre 
parameters that describe its performance and « 
the amplitude and angular frequency of its oscillation 
and 7, the characteristic time for the steady oscillation 
to be established. When the Van der Pol oscillator 1s 


described in these terms, its equation becomes 
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Fic. 27. Beat frequency of a linear oscillator. 
¥/wo” — 7rX(1 — 4x7/r”?) + x = O 


If such an oscillator is subjected to an external signal, 
its equation is 


¥/wo? — 7¥(1 — 4x?/ro?) + wx = F sin ot 


In what follows we could equally well use the Rayleigh 
nonlinear term 47X*/3wo’ro or any term of the form 


AT d% d®x d%x 
ro2ug?* PTV! di* dt® dt 


provided a + 8 + y is odd and X is an appropriate 
numerical constant. 

Let us see what would have happened if we had 
analyzed this problem from the linear point of view. 
First, we should have had to postulate an undamped 
oscillator in order to get it to oscillate steadily. Second, 
when an external signal is added, it would superimpose 
without influencing the existing oscillation and would 
cause the usual linear resonance phenomena. Near 
resonance, the two oscillations would produce a beat 
note, and this beat frequency could be made as slow 
as desired by making w approach w) as shown in Fig. 27. 

Let us return to our nonlinear analysis. The primary 
response of the oscillator will be of the form 


x = Rsin (wt + ¢) + Ro sin (wot + do) 


where RX and ¢ are the amplitude and phase of the re- 
sponse at the frequency w of the external signal and 
R, and ¢» are corresponding quantities for the oscillation 
at the system’s natural frequency w. We readily ob- 
tain the following equations for these quantities. 


R[1 — (w?/a”)] = F cos ¢ 
TwR[1 — (R?/ro?) — (2Ro?/ro?)] = F sin o 
(2R?/ro2) + (Ro?/ro?) = 1 


In Figs. 2Sa and 2S8b, the response amplitudes R/rp and 
Ry/ro have been plotted against the frequency differ- 
ence (w — wo) /[Twa?/(w + wo)] for constant values of 
the amplitude of the input signal, F/rwro. 

The behavior of the oscillator divides itself into two 
patterns. When F/rwr) is large, the response of 
R/ro to the external signal looks very much like a 
However, the amplitude of 


linear resonance curve. 
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the natural oscillation, R,/ ro, experiences a very jp. 
teresting change. When (w 
is far from resonance, there is little influence of the 


we) / [tww?/(w + y 
external signal on Ro/ro, but as w approaches wy, th, 
amplitude of Ry drops to zero and stays there until , 
recedes from wy on the other side of resonance. Thy: 
there is a finite range of frequencies near resonan 
where the oscillator will be locked or entrained so that 
it oscillates exactly with the frequency of the externa] 
signal. In this region, the beat frequency will disappear 
completely as shown in Fig. 29, which should be com 
pared with the linear case of Fig. 27. 

In a similar fashion, two coupled oscillators will lock 
in step when tuned to neighboring frequencies. Such 
frequency lock-in is of rather common occurrence 
The sweep oscillators in television sets lock in with a 
signal from the sending station to keep the picture 
steady on the screen. When several alternators are 
connected to a power line, they lock together rather 
than cause beats in the line voltage. When two clocks 
are hung on the same wall, they fall into exact syn- 
chronism as do the multiple strings of a piano key 
Lock-in occurs when the induced oscillation is approxi 
mately 70 per cent of the strength of the natural oscilla 
tion. 

The oscillator exhibits a second pattern of behavior 
when F/rwro is less than (2/3)*/? and (w — apo) / [rway?+ 
Here, the 


(w + we)] is numerically less than (1/3 
response curves are multiple-valued and more than one 
stable-state of affairs exists, some with lock-in and 
soine without. Hysteresis and jump phenonena occur 
Such behavior is quite different from anything pre- 


dicted by linear theory. 





Behavior of Nonautonomous Systems 


Consider for a moment the system represented by 
the simple equation, x + /f(t)x = 0. In our thinking, 
f(t) can stand for either of two quite different entities. 
If f(t) is fed into an input of the system from outside, 
then it has a status akin to an independent variable. 
Our interest is to determine the output, x(f), for any 
f(t), thus x(t) = exp [—f* f(r)dr]. In this case, the 
system is nonlinear and the combined effect, .;(f), of 
two causes, f;(/) and f(t), is not the sum of their indt- 
vidual effects, x,(f) and x(t). The system is autono- 
mous because its behavior does not depend explicitly 
on the time. 

However, if f(t) is generated internally, then it repre- 
sents not any possible function, but a specific function 
generated by a clock or its equivalent within the system. 
This function is a characteristic part of the system which 
is now nonautonomous. In such a case, the system, 
x + f(t)x = 0, is isolated and linear. 

It is clear that the ‘‘clock”’ inside a nonautonomous 
system can cause the system to exhibit a spontaneous 
behavior of its own, even when nothing is fed into 
the inputs. Because of this internally generated be- 
havior, the concepts of equilibrium and stability be- 
come meaningless and, except in special cases, must be 
abandoned when analyzing nonautonomous systems. 
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_— _ —— variable singled out for presentation is the magnityd, ,™ 
cies of the velocity. The airfoil is an internal boundary line 
| FREQUENCY which acts as an input to the system. In the case of g ten 
membrane subjected to a varying lateral pressyy, 
| the input may be applied throughout the field. gal 
| | The problem of understanding the nonlinear behayjor ISC 
| | of systems involving partial differential equations js r 
| considerably more difficult than for those involving illu 
| ordinary differential equations. The work that has de 
“4 been done on nonlinear partial differential equations Pre 
l represents more of a collection of solutions to problems the 
7 W, " than an attempt to abstract broad principles of be. cou 
havior. Perhaps the best discussion of the efforts t th 
= understand the effects of nonlinearity in various fields js lar 
Fic. 29 Seat frequency of a nonlinear oscillator given by von Karman in his Gibbs Lecture, ‘“The Engi- \ 
neer Grapples with Nonlinear Problems. sys 
Asan example, consider a guided missile which is closing ‘ ' is 
on a target at a fixed rate so that there is a direct rela- Behavior of Isolated Autonomous Systems el 
tionship between separation distance and time. The Here we may ask the same question that we asked Bek 
missile has a seeker head which observes the range and about systems having a single independent variable 
relative movements of the target. The missile uses namely, can isolated autonomous systems exhibit an F 
these data to redirect its own path toward collision. interesting behavior of their own? For linear equa- ree 
Here we have a self-contained or closed-loop system tions, the mathematicians have been able to assembl rity 
whose characteristics depend explicitly on the range an impressive list of theorems to the effect that if the He 
1.e., the time to collision. Such a system is nonautono- response variable is zero on the boundary, it is zero ms 
mous and we are unable to tell whether an increase in everywhere in the field or, in our tcrims, the response of idl 
the violence of the missile’s maneuvers as it approaches a linear system comes from its inputs and not from any “" 
the target indicates instability or simply an increase in self-generation in the field. si 
. anc 
reSpOnsiveness. Although this question has not been explored ex- bot 
. In nonautonomous systems, we are usually interested tensively for nonlinear partial differential equations, ( 
in how a specific system s behavior depends on certain we know the answer is quite different. For example, ail 
nonautonomous functions rather than a general picture consider the case of a blunt cvlindrical ob‘ect in a flow dia 
° nd neohntnid a pumctone amect Che eyetem. A ing fluid having a moderate Reynolds Number. The rive 
meqneen discussion of ROnAOMOMOUS systems would be flow will begin to oscillate spontaneously and a vortex at 
quite lengthy, even for linear systems, and is outside trail will be shed periodically as shown i Fig. 32. Far re 
the scope of the present paper. downstream, remote from any boundaries, the vortex con 
; : trail settles into a periodic pattern as shown in Fig. 33, flor 
BEHAVIOR OF SYSTEMS WITH SEVERAL INDEPENDENT a phenomenon which was first discussed by von Kér- [| giy, 
VARIABLES; FARTIAL DIFFERENTIAL EQUATIONS 2. 6 16 
man. is 1 
Thus far we have discussed dynamic systems having A second example is the case of a boundary layer de- pla 
only a single independent variable. Now let us con- veloping on a solid wall. Tollimien'! and Schlichting’ | 
sider what happens when the behavior of a system showed that at a critical Reynolds Number, such a [| & 
must be described in terms of several independent boundary layer will become unstable, and if slightly Og 
variables. Instead of considering a single continuous : , tre 
sequence of events in time or in space, we must now —- | 
consider a multidimensional field of such events. Sup- AN t 
pose that our system is a taut string whose response is fi VV } has 
given by the equation O*y/Of = a*0*y/Ox*. The dis- Fs / ‘ poi 
placement of the string, y, as a function of x and f, j \ eXxl 
is the output of our system. In Fig. 30, the string was L a, S 6 Oy 
plucked at A, and its resulting response is represented pol 
by a three-dimensional surface. Ata later point, B, one ver 
end of the string was abruptly set in motion and eget ih dif 
the effect on the string’s behavior is shown. In this je ar 
geometrical picture, the input to the system comes Pa ing 
through the boundaries of the system’s response field. ae mt 
These input boundaries need not always be external 
boundaries as shown by the example in Fig. 31 for a ™N y tie 
Ci 


thin airfoil in a supersonic stream. Here the response Fic. 30. The response field of a taut string 
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disturbed, will begin to oscillate and, through non- 
jinearity, will become turbulent and exhibit a persis- 
tent random motion whose amplitude is self-stabilizing. 

Additional examples may be found in the singing or 
galloping of wires and cables in a steady wind and in the 
scillations induced by combustion in a rocket motor 
or by a heated grid in a Rijke tube. A beautifully 
illustrated example is that of the spinning detonation in 
a tube as seen in Fig. 34 which is a picture from Bone, 
Fraser, and Wheeler.'® In some of these examples, 
the oscillatory behavior is controlled by a nonlinear 
coupling or feedback through the boundary, while in 
thers it may come from the equivalent of nonlinear 
damping terms in the field. 

We know in a general way why most of the above 
systems behave as they do, but in none of them can 
we say that we truly understand the nonlinear con- 


cepts involved. 
Behavior of Stimulated Autonomous Systems 


For stimulated systems, interest lies in the ways that 
such systems respond to stimuli fed in through the 
boundaries in the space of the independent variables. 
Here we shall focus attention, not on solutions with 
particular boundary conditions, but on the general re- 
sponse characteristics of various systems. It will be 
seen that, in many cases, we specify a system by giving 
a fixed set of conditions for a portion of the boundary 
and the inputs come through the remainder of the 
boundary. 

Consider the movement of flood waters in a river 
such as the Mississippi. If x is the distance along the 
river, g the flow rate, and k the amount of water in the 
river per unit distance, then the equation of continuity 
at any point is Ok/Ot + Og/Ox = 0. Seddon" has 
shown that for the of flood 
contrasted with more local dynamic behavior) the 
flow, g, is a function of the stage or flood height of the 
This means q 


movement waters (as 


river which, in turn, is a function of k. 
is related to k, a relationship which may vary from 
place to place in the river and from time to time, thus 
7 = g(k,x,t). Using this relation, the differential 
equation becomes Ok/Of + c Ok/Ox = a where c = 
0g/0k and a = —0gq/Ox. This problem has been 
treated by Lighthill and Whitham® with quite inter- 
esting results. 

Let us suppose that a solution of the above equation 
has been plotted in k, x,t space, and we select a given 
point on the solution surface for examination. There 
exist two vectors at this point whose components are 
l,c,a, and Ok Of, Ok/Ox, —1. The first vector’s com- 
ponents are the properties of the system. The second 
vector is the normal to the solution The 
differential equation says simply that these two vectors 
are mutually perpendicular, which is equivalent to say- 
ing that all solution surfaces passing through this point 


surface. 


must lie along the vector 1, c, a, as shown in Fig. 35. 
If we move away from this point, the different solu- 
tion surfaces fan out except along the vector, 1,c,a. 


Consequently, if we proceed along a line, df/1 = 
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Fic. 31. The linearized field of a diamond airfoil in a supersonic 
stream 
dx/c = dk/a, which always points in the direction, 1, 


c, a, all solution surfaces through the original point 
will stay together and follow this line. Since the same 
is true for any other starting point, we may visualize 
the f,x,k space as being filled, spaghetti-like, with 
characteristic lines whose local directions are 1,c,a, 
and we may form a solution surface by singling out a 
collection of these lines that pass through an initial 
value line as shown in Fig. 36. 

Physically, this means that when a disturbance given 
by the curve, I, II, III, enters the system through the 
initial value boundary, it will propagate out as waves 
along the characteristic lines to determine the behavior 
of the rest of the field. For example, if at a given point 
on the river, the progress of the flood movement from 
t = atot = bis given by I, then this behavior will 
propagate downstream along the characteristic lines 
going out from I. The initial progress of the flood 
may also be specified by its distribution along the river 
at a given instant, as III, or as recorded by a moving 
observer along the curve IT. 

The behavior of the waves is given by the character- 


istic wave lines, dt/1 = dx/c = dk/a. The speed of 
the wave is dx/dt = c, and its change of amplitude is 
dk/dt = a. Since both c and a are variable, the wave 


experiences both horizontal and vertical distortion as 
it propagates. 

Let us consider the very instructive case of a river 
for which the relationship between g and k does not 
change with x or ¢. We then have 0k/Ot + c(k) 0k+ 
ox = 0 and our system is nonlinear and autonomous. 
A given point on a wave will stay at the same height 
and will travel with constant speed, but different points 
on the wave will travel with different speeds so that 
horizontal distortion will For most rivers, 
the flow increases ever more rapidly as the river rises 
so that the wave speed, c = 0q/Ok, increases with in- 
In general, flood waves move down- 


occur. 


creasing g or k. 
stream faster than the speed of the river so that the 
flood moves ahead of the water that produces it. An 
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Fic. 36. Solution surface determined by wave lines emanating cou 
from initial value curve 











Fic. 34. Slit camera photograph of spinning detonation:'* Bone, or 
Fraser, and Wheeler (1936). — 
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important effect of this wave phenomena results from 
the horizontal distortion of the wave shape. Con- 
sider the rise and fall of a flood as represented by the 
hump of Fig. 37. Because the wave velocity increases 
with increasing k, the flood crest will move faster than 
the ebb plateaus and the wave will steepen on the 
forward side and flatten on the rearward side as shown 
in Fig. 37. Our equation predicts that eventually the 
crest will ride out over the forward ebb region. Until 
now we have been viewing this phenomenon on a scale 
whose distances are measured in terms of hundreds of 
miles and whose times are measured in days. When 
4 vertical wall of water starts to develop, our focus of 
attention must shrink drastically, and we see that it is 
necessary to take into account more complex dynamic 
effects which take place on a more rapid scale and which 
involve derivatives of a higher order. These terms are 
insignificant when viewed on the larger scale, but they 
intercede to control the steepness of the forward wall of 
the wave. A new balance of forces is established, and 
this flood front moves forward as a separate entity 
which has its own laws of behavior. 

Suppose that the wave velocity, instead of increasing 
with wave height, decreases. In this case, the steep- 
ening occurs on the back side of the wave. Such a 
situation occurs in the case of the movement of traffic on 
crowded roads, an example also studied by Lighthill 
and Whitham.'® These authors point out that when 
roads are lightly traveled, the traffic waves travel 
nearly as fast as the cars themselves; but as the traffic 
density increases, the wave speeds decrease to zero at 
the maximum capacity of the road; and for congested 
traffic, the waves travel backward. There’is nearly a 
linear relation between wave speed and traffic density. 
Fig. 38, based on the work of Lighthill and Whitham, 
shows the wave pattern that occurs when a surge of 
traffic enters a highway. A forward traveling shock 
wave forms at the rear of the surge as drivers approach 
the crowded area and gradually pass through it. The 
figure also shows what happens when such a surge en- 
counters a bottleneck sufficient to choke the flow. In 
this case, a rearward traveling wave forms, leaving a 
jam of cars crawling along the obstructed road. Even- 
tually, the forward and rearward traveling waves coa- 
lesce and are swept through the bottleneck to clear 
up the jam. 

The foregoing analysis does not predict the move- 
ment of any one automobile any more than the fluid 
flow laws predict the motion of a single molecule. 
However, it gives a remarkably accurate picture of the 
general flux of traffic. In many instances, if we are 
interested in the broad view of the behavior of a system 
and not in its local detail, then a first-order conservation 
equation of the form, 0k /Ot + 0q/dx = 0, together with 
an algebraic relation between the variables k and g 
will suffice to describe the system. For example, con- 
sider the flow of a reactive fluid through a porous solid 
or packed bed such as occurs in chemical columns, silica 
gel driers, ion exchange resins, and chromatographic 
or electrophoretic separations. The reactants neces- 
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Fic. 38. Waves in traffic produced by an out-pouring of traffic 
and by a road bottleneck 


sarily obey a conservation law, and if we are willing to 
view the process on a gross scale, we may assume the 
reaction is always in equilibrium. This leads to an 
algebraic relation between k, the concentration of one 
of the reactants, and g, the flow rate. When this rela 
tion is combined with the conservation law, we obtain 
Ok/Ot + c(k) Ok/Ox, the same type of first-order wave 
equation that represents the movement of floods and 
the flow of traffic. Again, the behavior pattern will 
consist of a single family of waves propagating through 
the system. Because of nonlinearity, through the 
dependence of the wave speed, c, on the concentration, 
k, such waves will necessarily steepen and form a con 
centration front moving through the system. Such 
fronts account for the sharp color demarcation that 
appears in chromatography and the steep concentration 
gradient that sweeps through a bed of silica gel or an 
ion exchange resin. When this front forms, we must 
abandon the assumption of continuous chemical equilib 
rium and include reaction rate terms. Goldstein” 
has done this with most interesting results, which 
are too extensive to be given here. 

It can be shown that for any system which is described 
by a partial differential equation of the first order, the 
behavior is represented by waves propagating through 
the response field. As the nonlinearity of such equa 
tions becomes more complex, so do the ways in which 
the waves can distort. However, regardless of com 
plexity, the general conclusion still remains that a 
system, which in the large view can be represented by 
a partial differential equation of first order, will have a 
response field consisting of waves which distort and 
produce local regions of special interest. These fronts 
or shocks will exhibit a behavior of their own, a behavior 
which can be analyzed only by considering terms of 
higher order. Such fronts, which are unknown in linear 
analysis, frequently overshadow in importance the 
smoothly varying remainder of the field. 

The results that we have obtained for partial dif- 
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ferential equations of first order may be readily ex- 
tended to equations of second order. If, in place of 
k in the equation, Ok/Ot + cOk/Ox = 0, we substitute 
the expression, Ok/Ot — c’Ok/Ox, we have the second- 
order equation (0/Ot + cO/dx) (Ok/Ot — c’Ok/Ox) = 
Q. In this case it is not k that is being propagated with 
velocity c, but a combination of derivatives of k. If 
cand c’ are constant, we may write the equation in the 
alternate form, (0/Ot — c’0/Ox) (Ok/Ox + cOk/Ox) = O, 
which shows that by going to an equation of second 
order, we have introduced a second propagation phe- 
nomenon. Not only is 0k/Ot — c’dk/Ox propagated 
with velocity c, but 0k/Ot + cOk/Ox is propagated with 
velocity c’. Since the propagation of information about 
a set of derivatives is not sufficient to determine the 
behavior of the function itself, the remaining informa- 
tion must come from the other set of waves. 

Consider the movement of an inviscid gas in a long 
tube, a problem that led Riemann to his investigation 
of wave equations. In this case, the density, k, and the 
flow rate, g, in the conservation equation Ok/Of + 
0qg/Ox = O are not directly related, but are connected 
through their derivatives by the momentum equation. 
Riemann showed that the governing equation can be 
written [0/of + (c + v) 0/dx] [v + fcdk/k] = 0 
or alternately [0/O0t — (c — v) 0/dx] [v — fcdk/k] = 
0. In these expressions, v = q/k is the flow velocity, 
and ¢ is the local velocity of sound. The expressions, 
vo — Scdk/k and v + JScdk/k, represent different 
groupings of the derivatives of Y where k = OW/Ox and 
g = —Oy/ot. These groupings of derivatives are the 
quantities that are being propagated in the tube, one 
with velocity, c + v, the other with velocity, —c + uv. 
From this combination of information coming from 
both ends of the tube, the complete picture of the be- 
havior of the gas can be obtained. These equations, 
in spite of their complexity, were among the first non- 
As is now well 





linear wave equations studied in detail. 
known, they correctly predict the steepening of com- 
pression waves into shock waves, a phenomenon which 
brings into play the higher order effects of viscosity and 
heat conduction to prevent the overturning which is 
impossible in longitudinal waves. Fora more extensive 
discussion of this subject, the reader should consult 
such references as Courant and Friedrichs,'® von 
Karman,'® *° and the extensive work of Lighthill. 

When a liquid such as water flows in a shallow stream, 
its equations are similar in form to those of a com- 
pressible gas, with the local depth playing a role 
equivalent to the density. Again, nonlinearity causes 
the waves to steepen and form hydraulic jumps in rivers 
or channels and breakers in the surf. 

In meteorology, Tepper?! ** has shown that waves 
will form on an inversion surface in the atmos- 
phere. With a frontal surface acting as a piston, 
such waves travel out into the air mass ahead of the 
front, break, and cause prefrontal squalls. Such waves 
have been observed to move one third the way across 
the United States. They have the anomalous behavior 
of causing weather to occur far out ahead of the front. 
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Suppose we have a quasi-linear equation of the form 
1 0°¢/O0x? + B 0°¢/Oxdy + C 0°¢/dy? = D 


where the highest derivatives occur linearily and A, 
B, C, and D may be functions of x, y, ¢, 06/0, and 
0¢/Oy. This equation can be written (a0/dx + 
B0/Oy) (adg/Ox + bdd/Oy) = c where B/a and b/g 
are roots of the quadratic equation AA* — BX} + C=9, 
The factor, a0¢/Ox + bd¢/Oy, represents a ‘‘message” 
that is being transmitted as a wave in the “‘direction, 
ad/Ox + B0/Oy, and ¢ represents what is happening to 
the message during propagation. Now it may happen 
that the quadratic equation does not have real roots, 
as in the case of the Laplace equation, (0°¢/dx?) + 
(0°¢/Oy") = 0. Then there are no waves, and every 
part of the field is affected by all parts of the bi undary 
inputs. A second possibility exists that the two roots 
may be equal, in which case the two waves coalesce 
as for the heat equation, «(0°7'/Ox*) = O7°/Ot. 

Let us investigate the effect of nonlinearity on such 
elliptic or parabolic equations as they are called. In 
fluid mechanics, the equations for low-speed inviscid 
flows are elliptic in the space coordinates. For 
flows starting from rest, these equations reduce to 
the same linear equations that govern the behavior of 
electric and magnetic fields. However, in contrast to 
the agreement between theory and experiment in elec- 
tricity and magnetism, actual flow patterns show wide 
divergence with the results of linear theory. It is 
for this reason that electricity and magnetism joined 
the ranks of the classical literature, while fluid me- 
chanics still serves as the enchantress of nonlinearity. 

The viscosity of common fluids such as air and water 
is so very small that it is difficult to see how it could 
greatly affect the flow of such fluids. By neglecting 
viscosity, we are led to the smoothly varying linear 
solutions of potential theory. However, here we have 
a situation that we have encountered previously in this 
paper. The viscosity is the coefficient of the highest 
derivatives in the equation, and even though we may 
neglect these terms in the larger view of the response 
field, there will inevitably be regions where reality can 
be maintained only by including the effect of these 
higher order terms. In wave equations, this occurred 
where nonlinearity caused the waves to steepen. 

In potential theory, we choose solutions such that 
the fluid flows smoothly along the boundary walls. 
The viscosity, no matter how small, drags the fluid 
to rest at such walls. By erasing viscosity and reducing 
the order of our equations, we have lost the ability to 
impese the boundary condition of no slip at the wall. 
To correct this condition, we must alter our potential 
flow solutions by adding a thin boundary layer of vis- 
cous flow next to all solid surfaces. In this example 
for which the equations are elliptic, the critical region 
is not the steepened face of a wave but along all solid 
boundaries. 

If the addition of this thin layer to all the classical 
potential solutions were the only act necessary to cor 
rect the situation, the life of an aerodynamicist would 
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Fic. 39. Three-dimensional representation of the velocity field 
iround a cylinder 


indeed be a simple one. However, nature is far more 
perverse and fascinating. The potential flow equa- 
tions are linear, but this linearity depends on the flow 
being free from vorticity. The thin boundary layer 
introduces vorticity and with it nonlinearity. This 
enables the boundary layer to change its behavior 
pattern. The boundary layer can become unstable, 
begin to oscillate, break into turbulence, and develop 
a random motion which is self-perpetuating and self- 
limiting. Nor is this all. The layer need no longer 
serve only as a thin correction layer next to solid sur- 
faces. Because it obeys a more complex set of equa- 
tions, it takes on a character of its own, distinct from 
that of the larger linear field. Now it can widen out 
and cause major changes of its own in the flow pattern. 
his phenomenon, which we call separation, is of great 
technical importance, for it proves to be the limiting 
factor in the performance of all of man’s fluid mechani- 
cal machinery. It determines the lowest speed of an 
airplane, the greatest thrust of a propeller, the highest 
pressure of a compressor. When separation occurs, 
we lose the power to determine the course of a flow by 
means of its boundaries. Instead, the viscous layer 
becomes the controlling factor. 

Potential theory predicts a simple symmetrical pat- 
tern for the flow around an object such as a cylinder. 
Nonlinearity changes all this. In Fig. 39 is shown a 
three-dimensional representation of the flow that 
actually occurs. The height of the surface in this 
figure represents the magnitude of the velocity. The 
potential field is a gently undulating surface upon 
which the streamlines have been drawn. The boundary 
layers are sharp canyons that plunge to the foot of 
the cylinder. At separation, these canyons abruptly 
widen out to form the large trough of the wake 


CONCLUSION 


At this point let us pause and take a broader look 
at some of the effects of nonlinearity that we have dis- 
cussed. Here I should like to introduce an analogy 


that is both helpful and amusing. In much of the 
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topography of the land around us, we see gently rolling 
hills and plains that are cut by rivers and streams as in 
Fig. 40. 
ess iS more vigorous and the river banks are more pre- 
Other 


anomalies in the erosion process leave cliffs, canyons, 


At such rivers and streams, the erosion proc- 
cipitous than the surrounding countryside. 


ridges and even whole mountain ranges scarring the 
face of the plain. 

We have just seen in Fig. 39 that the solution surface 
for the flow of a fluid resembles a gently rolling plain 
with steep-walled boundary layers dropping sharply 
When the bound- 


ary layer separates, it widens out to dominate the 


down to the edge of the solid surface. 


topography as does a river when it reaches grade and 
widens out into an alluvial floodplain. 

Nor does the analogy end here. In problems such 
as the flow of traffic on roads, the movement of flood 
waters in rivers, and the flow of chemical reactants 
through porous media, nonlinearity acts to flatten out 
the solution surfaces, concentrating all of the variations 
in height into cliff-like fronts. The plains-like portions 
of the solution surfaces are given by simple first-order 
partial differential equations. However, the steep 
fronts are governed by equations of higher order. 

In supersonic flow, nonlinearity attempts to level out 
the flow field, not only by concentrating the velocity 
changes into thin shock waves that divide the flow field 
into regions of different levels, but also by forming 
boundary-layer canyons next to solid objects, with 
floodplain wakes trailing downstream. 

In meteorology, the motions of the atmosphere are 
such as to form large air masses which are separated 
from each other by relatively sharp fronts. Within 
these masses, when interesting phenomena occur, they, 
too, tend toward a concentration of change within local 
regions. In oceanography it is now recognized that 
the boundaries of the great currents in the oceans are 
maintained sharp and distinct by nonlinearity, while 


the adjoining areas are relatively featureless. 
We have seen that every partial differential equation 
has associated with it a characteristic family of ordinary 





Scene showing gently rolling countryside cut by the 
steep banks of a stream 
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differential equations. By inverting this relationship, 
as Hamilton did, we may associate a partial differential 
equation with a system of ordinary differential equa- 
tions. This leads us to apply the above analogy to re- 
laxation phenomena in ordinary differential equations, 
where we again have the situation that the coefficient 
of the highest derivative is very small. A glance at 
the response curves of the neon tube of Fig. 21 shows 
that if a three-dimensional surface were constructed 
using the response curves as contours, this surface 
would have a gentle slope everywhere except in the 
immediate vicinity of the limit cycle and the character- 
istic curve of the neon tube. Here it falls away into 
deep canyons or rises in sharp ridges. The same situ- 
ation exists for a multidimensional plot of the dynamic 
characteristics of the flat arch of Fig. 1. In such cases, 
a relatively simple equation governs the phenomenon 
throughout most of the field; and a more complex 
equation is necessary to describe the canyons and 
ridges. However, here we notice a difference from the 
examples given for partial differential equations. If 
we write our equation «) = L, where D represents the 
derivatives of highest order, « the coefficient which is 
small, and Z the lower order expression that remains 
when D is neglected, then in our examples of partial 
differential equations the plains-like solutions corre- 
spond to L = 0, while in the ordinary differential equa- 
tions they correspond to D = o, It would appear 
that there might be problems in which the situations 
would be reversed. 

We have examined many instances in which the 
effect of nonlinearity is to sweep into narrow regions of 
space and time the rapid changes in response that occur 
in physical systems and to leave behind broad expanses 
where change is slow and continuous. When we formu- 
late a set of laws that suffices to describe the behavior 
of a system at one scale of the variables, nonlinearity 
creates narrow regions that require new laws for their 
explanation. If we examine these regions on a magni- 
fied scale, we frequently find that the process repeats 
itself, and we are faced with the choice of leading a 
perplexing but exciting pursuit of nonlinearity at 
front after front or of contenting ourselves with a calm, 
linearized exploration of the plains in between. 

The eye of man is quick to discern the existence of 
regions of rapid change such as shock waves, boundary 
layers, and meteorological fronts. The mind of man 
goes even farther. These regions of rapid change be- 
come systems in their own right. The adjacent quies- 
cent regions act as inputs to influence the behavior of 
the active layers. Asan example, the turbulent bound- 
ary layer, which is particularly difficult to analyse 
theoretically, can be treated quite well experimentally 
as a nonlinear autonomous system. As the layer moves 
along a solid wall, it responds in a very recognizable 
manner to the varying pressure field of the outer flow 
and to changes in surface roughness at the wall. Even 
though the boundary layer continually grows, the pres- 
ent author** *4 has shown that it is possible to adopt 
a dimensionless set of response variables so that the 
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boundary layer appears to be in equilibrium when the 
inputs, such as the nondimensional pressure gradient 
and the nondimensional shear gradient, are constant. 

It may be possible to make more effective use of oyr 
large computing machines in such problems as weather 
prediction if we view the atmosphere as composed of 
nearly homogeneous masses separated by fronts which 
possess a behavior pattern of their own. In such ap 
approach, it is necessary to devise a scheme that wil] 
recognize a front when it forms and predict its behavior 
after it has formed. 

The exploration of the nonlinear properties of the 
world around us is as rewarding and challenging as jt 
is difficult. There is every hope that it will lend reality 
to our analyses and satisfaction to our curiosity . 
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Physics of Solids—Plastic Flow 


POL DUWEZ* 
California Institute of Technology 


INTRODUCTION 


by papers published by von Karman in the fields 
of solid state physics and plastic flow represent a 
snall fraction only of his scientific production. Each 
one of these papers, however, was an outstanding con- 
tribution which resulted in a better understanding of 
very fundamental physical problems. Following a 
chronological order, von Karman’s most important 
contributions were on the plastic flow of brittle mate- 
rials under combined stresses, on the specific heat of 
solids, and on the propagation of plastic deformation in 


solids. 


PLasTic FLOW AND FRACTURE UNDER COMBINED 
STRESSES 


Very early in his career, von Karman was interested 
in the physics of plastic flow and fracture. In fact, his 
Habilitationschrift in Géttingen'! was in the field of 
plasticity. The problem was to define the conditions 
under which a solid material starts to deform plastically. 

Around 1900, Féppl had studied the behavior of 
brittle materials under combined stresses. Cubes of 
rocks were loaded on two sides and tested to failure. 
The results indicated that the rupture strength was 
independent of the intermediate principal stress. The 
experiments made by von Karman were the first in 
which specimens were subjected to external hydraulic 
pressure. The most complete set of experiments were 
performed on materials such as marble which are brittle 
under normal conditions. When cylindrical test pieces 
were subjected to uniaxial compression and simultane- 
ous lateral pressure, these materials behaved very much 
like ductile metals. Curves similar to stress-strain 
curves for metals were obtained by plotting the dif- 
ference between the principal stresses (axial and radial) 
versus the axial compressive strain. The amount of 
plastic flow and the bulging of the cylinder increased 
with increasing hydrostatic pressure. Twin markings 
within the crystals of calcite were observed, and it was 
quite clear that plastic flow took place through a 
mechanism similar to that found in ductile materials. 

A few years after von Karman’s results were pub- 
lished, Boker* conducted similar experiments on marble 
and on cast zinc. In a high-pressure chamber similar 
to that used by von Karman, he subjected cylindrical 
specimens to increasing axial loads under constant hy- 
drostatic pressure and, in addition, studied the effect of 
increasing hydrostatic pressure under constant axial 
load. In the latter case, when the radial stress was 
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larger than the axial stress, plastic necking of the cylin 
drical specimen was observed and von Karman’s find- 
ings were confirmed for both marble and zine samples. 

Many experiments have been performed since von 
Karman’s original work in an attempt to discover the 
rules governing the flow and fracture of solid materials 
under combined stresses and to formulate a general 
theory. In the same manner that brittle materials can 
flow plastically under certain stress fields, ductile metals 
and alloys may rupture without plastic deformation 
under certain conditions. Brittle rupture of mild steel 
in the case of welded merchant ships and of aluminum 
alloys in the more recent case of the Comet structural 
failure have emphasized the practical importance of the 
problem. In spite of the large number of investigations 
devoted to the subject of plastic flow and fracture, a 
comprehensive theory has not been formulated yet. 
The problem is obviously complex, and it is improbable 
that a satisfactory answer will be found by considering 
only the macroscopic mechanical properties of solids 
(such as stress-strain relationships, elastic limit, etc.) 
and mathematical theories based on assumptions de- 
rived from these bulk properties. The atomic nature of 
plastic deformation will have to be the foundation of a 
theory. The understanding of plastic deformation from 
an atomic point of view has made rapid progress during 
the last 20 years. The theory of dislocations has been 
very successful in describing the basic mechanisms of 
plastic deformation in crystals. The solid state physi- 
cist, however, is not yet ready to apply the theory to the 
complex engineering problems of flow and fracture un- 
der combined stresses, and the engineer, on the other 
hand, does not see clearly how to build a general theory 
of plasticity starting from the fundamental relations 
governing the motion of dislocations in very simple and 
idealized cases. The gap between solid state physics 
and engineering plasticity must be filled before a com- 
prehensive theory of flow and fracture of solids can be 
formulated. 


THE THEORY OF SPECIFIC HEAT OF SOLIDS 


Thermal properties of solids such as the specific heat 
can be interpreted in terms of the vibration of the atoms 
around their average positions. This fundamental 
problem in theoretical mechanics did not fail to attract 
von Karman, and the result was the famous Born- 
Karman theory of specific heat published in 1912 and 
1913.4-® On the basis of classical mechanics, the fact 
that the specific heat of solids approaches zero as the 
temperature approaches absolute zero could not be ex- 
plained. Einstein® was the first one to give a semiquan- 
titative explanation for the decrease in specific heat 








136 





JOURNAL OF THE 


a 
ial 


ee. 


a Be 
¥ a *3 
Goh An te E Kars 


— 
« 
> te 





3 6 


Lager Pisa 
{DO the 
V4 
te Og ces tka. 


. } My \} 
‘8, 

» S 

® S 


ye“ 

; 2 WN .y 
“oe 
cy ae 

8 mY : 

2 ae 
m3 Wr x ee 

: ‘. 

Se ae 
Ue ee 
a s AN 
fs S 

\ 

\S 

; 

I 

| - “| 4h Q 
a SN Q 
‘ ~ %y ‘ 

. i fi E 

XX a IS, “ * z 
wa <8 

— 4 ‘ 
t 
i . 
| 5 § & 
° Ala 
} es 





AERONAUTICAL 


SCI 


ENCES 


MAY, 


> 
4-°C &@ 
panne 











x < 
ao 
SY x 
> - 
<3 ~ 
4\ 8 j 
| ink. 
’ 
.¥ 
x . | 
» Bel ree fie 
\ Sr ae 
: 8 gS 
“Sa RR Ge 
™~\ > ¥ 
: x x a) NX ‘ 
re Ss _- 3 
~ s s ‘ $ 
% «to a 
\ x 
LS 
» ‘ / 
> ; Y 
tt 
Ae y ! 
9 
| 
~ ) 
a 
A 
1 
. ~ : 
“ly | 
Te a> 
~~ 
\ 
i 
: 1 
4 





1956 








Was 


spec 


hav 
amy 
plat 
ture 
Bor 
the 


pro 
yon 
Nat 
of ] 
sim 
vel 
whi 
p t! 
Wri 
or ¢ 
of I 
Cal 
abc 
Stal 
afte 
Wwol 
Th 
ure 
wel 


ber 








PHYSICS OF 


with decreasing temperature. By applying the quan- 
tum hypothesis to the allowed energy states of the oscil- 
lators and by assuming a Boltzmann distribution, he 
showed that the specific heat should decrease with tem- 
perature, but the theoretical results were not in satis- 
factory agreement with the measurements available at 
that time. Almost simultaneously, Debye’ on one hand 
and Born and von Karman on the other hand developed 
methods for computing the modes of vibrations of the 
atoms in a solid. The Debye theory received wide 
recognition because of its simplicity, and also because 
the agreement with measured specific heat values ap- 
peared to be quite satisfactory for several solids. It 
was soon recognized, however, that the Born-Karman 
theory was more accurate. Instead of assuming that 
the spectrum of normal modes in a crystal is the same 
as in a continuous medium, as in the Debye theory, 
Born and Karman established the equation of motion 
of the atoms and set up a method by which the fre- 
quency spectrum can be computed. One critical point 
in their derivation was to set up the boundary condition 
known as the periodicity condition) which requires 
that the displacement of the atoms in equivalent sites 
on opposite faces of the crystal be the same. The theory 
was very successful in explaining certain anomalies in 
specific heat curves at low temperature. In principle 
the theory can be applied to any crystalline solid, but 
the computations become very involved when the crys- 
tal structure is not simple. Detailed computations 
have been carried out for cubic crystals (see, for ex- 
ample, references S and 9), and quite satisfactory ex- 
planations of anomalies in the specific heat vs. tempera- 
ture curves at low temperature have been found. The 
Born-Karman theory is, and will remain, a classical 
theory of fundamental importance in solid state physics. 


THE PROPAGATION OF PLASTIC DEFORMATION IN 
SOLIDS 


Early in 1940, von Karman became interested in the 
problem of resistance of structures to impact loads be- 
yond the elastic limit. In a conference held at the 
National Academy of Sciences under the Chairmanship 
of Dr. V. Bush, he conceived the idea of a plastic wave 
similar to an elastic wave but traveling with a lower 
velocity which might simply be V (do de) (1/p) in 
which do de is the slope of the stress-strain curve and 
p the density. In June, 1941, von Karman asked the 
writer to set up experiments which would either prove 
or disprove the validity of this concept. With the help 
of Prof. D. S. Clark, experiments were performed at the 
California Institute of Technology. Copper wires, 
about 100 in. long, were impacted at one end at a con- 
stant velocity, and the impacting hammer was stopped 
after a time short enough so that the plastic deformation 
would not have time to reach the other end of the wire. 
The plastic strain distribution along the wire was meas- 
ured after the test. 
were discussed with von Karman at the end of Septem- 
ber 1941. Because he was leaving for an urgent pre- 


Preliminary experimental results 
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Pearl Harbor meeting in the east at that time, only a 
few minutes were spent on the subject. From his reac- 
tions, however, it was quite clear that the results were 
exactly what he had visualized. Two days later came 
a letter written on the New York Central and mailed in 
Schenectady on October 1, 1941, containing a brief but 
complete theory of propagation of plastic deformation 
in solids. This letter (pencil written) is reproduced in 
Fig. 1 with the thought that many of von Karman’s 
former students and collaborators will recognize in this 
document a typical example of the master’s ability in 
reducing a complicated engineering problem to its most 
essential physical elements. The mathematical deriva 
tion is simple, straightforward, and elegant. 

Because of wartime secrecy requirements, von 
Karman’s theory was not published until 1950.'"" At 
that time, extensive work on the generalization of the 
theory to bars of finite length had been made by von 
Karman himself in collaboration with H. F. Bohnen 
blust, D. H. Hyers, and J. Charyk. The main content 
of these investigations has been recorded in a National 
Defense Research Council war report but has not yet 
been published in a technical journal. 

Von Karman’s theory of propagation of plastic de 
formation in solids, like all theories, is based on certain 
assumptions which were clearly stated in his publica 
tion, namely: (1) The lateral contraction of the mate 
rial—i. e., the contribution of the later contraction to 
the kinetic energy—is neglected; (2) The stress-strain 
curve is unique, and the material is not strain rate sensi- 
tive; (3) The slope of the stress-strain curve decreases 
continually with increasing strain. The first assump- 
tion is probably a valid one since the lateral contraction 
must represent a very small energy in comparison with 
the longitudinal extension. The second assumption is 
only an approximation for most metals since it is well 
known that the stress-strain relation is affected by the 
rate of strain. In fact, most of the discrepancies ob- 
served between experiments and theory have been 
attributed to a strain rate effect. Several attempts have 
been made to incorporate the strain rate into a theory 
of propagation of plastic deformation. One interesting 
approach was recently presented by H. E. Lee in a paper 
at the 1955 Symposium on Deformation and Flow in 
Solids, in Madrid.!! The third assumption is valid for 
most metals except those which exhibit a well-defined 
yield point such as annealed mild steel. These mate 
rials are also extremely sensitive to strain rate. In 
addition, it is now well established'* that under certain 
conditions of rapid loading up to a given stress above 
the static yield point, the strain remains elastic for a 
short time and then increases rapidly. To a first ap- 
proximation, the time during which the strain remains 
elastic is a function of stress and temperature. This 
delayed yielding phenomenon has been the object of a 
number of recent investigations, and the atomic 
mechanism by which it takes place (through motions 
of dislocations) is now reasonably well understood. Be- 
cause of the dependence of the strain, not only upon 
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Hvydrodvnamics—A Review of von Karman’s 
Contributions 


ARTHUR T. IPPEN* 
Massachuselts Institute of Technology 


INTRODUCTION 


7 INTRODUCTION to this portion of our birthday 
tribute to Dr. von Karman may well be stated in 
terms of a flow analogy. At the beginning of this cen- 
tury, two gently meandering streams of knowledge, one 
of the perfect and theoretical fluid and the other of the 
viscous and empirical liquid variety, were vigorously 
infused at their streamlined and stable boundary by a 
jet stream receiving its substance from new ideas and 
new scientific tools and its impulse from the pressure 
of the aerodynamic age then rapidly arising. A very 
few outstanding men provided these basic and powerful 
new concepts and thought processes. Directly and 
indirectly, their contributions have ever since diffused 
mental momentum and matter into practically all stag- 
nant and flowing portions of the original streams and 
have thoroughly changed and regulated their course into 
a common one of increasing depth in a bed of broader 
theoretical and physical concepts. 

The ever-increasing load of problems this stream is 
required to carry by modern technology has been sup- 
ported by the turbulent eddying and mixing of scientific 
thought, the generation of which can largely be traced 
to a core of correlated and distinct basic developments, 
amongst which Dr. von Karman’s research contribu- 
tions have been most outstanding and sustained over 
half a century. 

A review by J. C. Hunsaker! of what was known in 
hydrodynamics in 1915 was concluded by stating that 
even “inadequate theory, employed as a guide in a 
qualitative sense, is better than no theory at all; also 
there is always the possibility that, stimulated by the 
pressing demands of aeronautics, there may be impor- 
tant contributions to our conceptions of fluid dynamics, 
and that eventually what is now but half understood 
may be made clear.” 

Since that time von Karman has clarified many of 
the then baffling problems and has guided much of the 
subsequent research toward sound and useful conclu- 
sions. It is, of course, not possible here to trace the 
implications of his writings, even in hydrodynamics 
alone, with any degree of completeness. The variety 
of problems involved necessarily imposes here a con- 
centration on those few with which some degree of 
familiarity has been developed by the writer. In the 
following, therefore, a rather general discussion is given 
of the advances in five divisions of hydrodynamics, 
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under appropriate headings, in which Dr. von Kaérméy 
has provided essential tools through his basic papers 


and specific services through engineering consultation 
BOUNDARY-LAYER AND TURBULENCI 
CONCEPTS 


of all as- 
pects of surface resistance and of the internal flow condi- 


The extensive treatments of von Karman 


tions created by the interaction of bodies and fluid flow 
are probably known most widely and are dealt with in 
detail elsewhere. It may suffice here to recall mainly 
the results of his researches with respect to applications 
in hydraulics and naval architecture, from which a 
large proportion of the experimental supporting evi 
dence had come originally. The introduction of the 
similarity principle into the problem of turbulent flow 
brought the unification of concepts needed and placed 
the prediction of flow resistance and of power losses in 
closed and open channels on a comprehensive basis for 
The Kar- 
man-Prandtl equations for these flow conditions have 


hydraulically smooth and rough surfaces. 


been combined empirically by Colebrook-White into 
auniversal function for pipe flow covering also the transi- 
tion ranges for statistically rough surfaces, which pre- 
While this pro- 


cedure is by now well-accepted in practice, it depends, 


dominate in commercial products.‘ 


however, on the empirical definition of a hydraulically 
effective roughness length (equivalent Nikuradse sand 
roughness) and cannot give a solution from a definition 
of mechanical roughness alone. The direct translation 
of the latter into the hydraulic equivalent is as yet not 
accomplished. Although von Karman advised in 1934 
that ‘‘one of the main objects of research (in this field 
ought to be the standardizing of rough surfaces in some 
theoretically proper and practically useful way,’ prog- 
ress has been confined only to the practical approach 
of evaluating the roughness from hydraulic measure- 
ment. Although a considerable number of investiga- 
tions with various geometrically defined roughness 
patterns were made, correlation of hydraulic and geo- 
metric roughness quantities has not been achieved. 
For open channels, the problem is complicated by 
the fact that the channel geometry changes with the 
discharge and thus the relative roughness becomes 4 
variable. The method of determining, nevertheless, 
the effective roughness length was given by Keulegan.’ 
The application of boundary-layer theory to prac- 
tical problems of nonuniform boundary resistance im 
hydrodynamics has given a number of useful results 
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placing these on a basis of greater usefulness than the 
traditional catch-all coefficients of limited range. Such 
problems are, for example; the computation of flow 
factors for short tubes and nozzles, the entrance condi- 
tions and resistance losses for short sections of tunnels 
ind pipes, extrapolations for scale effects for certain 
hydraulic models, flow capacities for broadcrested 
weirs, and the incipience of air entrainment for spillway 
flow. 

The problem of flat plate drag is of obvious impor- 
tance, particularly to naval architects, and affects vitally 
the prediction of skin friction for model and prototype 
ships, which cannot be assumed as very satisfactory at 
present. Following a fundamental reconsideration of 
the case of flat plates in zero pressure gradient by Land 
weber,’ the need for data of greater precision for this 
purpose became very apparent. 
~ The soundness of converting pipe flow data to analo- 
gous use with flat plates had been assumed by Prandtl 
ind Schlichting,’ who employed Nikuradse’s data for 
rough suriaces for this purpose. It is readily apparent 
that the transition from a smooth to rough surface ac- 
tion may be obtained by transforming the Colebrook- 
White universal function in a similar manner, at least 
for practical purposes. Hama‘ in the latest treatment 
on the subject has proved that the transfer of pipe data 
to flat plate resistance is fully justified. However, the 
experimental work on flat plates has not proceeded to 
the point where transitions of the Colebrook-White 
definition could be produced with artificial roughness 
patterns, even when they were of a random nature. 
Thus the problem is still unresolved, as to what geo- 
metric surface parameters govern the hydraulic be 
havior in flat plate resistance. 

The great importance of shore protection and of other 
marine engineering works has led to a revived interest 
in wave characteristics. The pertinent boundary- 
layer and turbulence relations are here introduced in 
the study of the damping of the waves as well as in the 
effect of transient boundary layers and of the inherent 
turbulence production on the movement of sediments 
and the consequent deformation of the sea shores. The 
measurement of atransient boundary layer formed under 
a solitary wave was recently accomplished by means of 
a suitable pressure cell—Pitot tube combination® and 
is shown plotted in Fig. 1 in dimensionless form by re- 
lating instantaneous velocities within the boundary 
layer to instantaneous velocities outside and corre- 
sponding to successive locations under the wave. It is 
believed that by such studies the complex phenomena 
of wave damping, sediment transport and sorting by 
Wave action may eventually be rationalized. 

The internal flow conditions of turbulent streams are 
largely described by the universal velocity distribution 
law which entails important consequences with respect 
to turbulent diffusion of matter and of other properties 
in conduits and channels. This was recognized early 
by von Karman.* He stated the pertinent relations 
and suggested the first theoretical evaluation of sedi- 
ment suspension and turbulence in open channels. 


This problem was most successfully attacked later by 
Vanoni"” at the Soil Conservation Laboratory of the 
California Institute of Technology, analytically and 
experimentally, so that the size distribution of sediment 
carried in suspension by turbulent action is predictable 
for the two-dimensional stream. The damping of tur 
bulence by excessive sediment loads and the capacity 
of turbulent streams to carry sediment, however, are 
still unresolved problems. 

Incipient velocities for the movement of coarser 
granular sediment along the bed had been determined 
earlier by Shields (1936) on the basis of rational flow 
parameters, and his approach resulted in a consistent 
correlation of widely varying data. The application of 
turbulence concepts to the practical problem of sedi 
mentation in settling basins has been carried out by 
Dobbins'! and many other technical processes of diffu 
sion have been approached since by corresponding 
reasoning. The reversed problem of entrainment of 
air downward from the surface of a swiftly flowing 
stream due to the action of turbulence is still being pur 
sued without conclusive results so far, due to the more 
complex nonuniform action in this case. 

Finally, the elegant solution by G. I. Taylor’? « 
diffusion of admixtures by a uniform flow along a con 
duit, which was based on the universal velocity distribu- 


f the 


tion law and should prove of significant value in pipeline 
technology, must be referred to here. The problem oi 
the dispersion of fresh water streams into the salt water 
estuaries is suggestive of a similar approach, but is 
vastly more complicated due to the periodic nature of 
the tidal flows, which act here as the turbulence pro 
ducing dispersing agents, and due to the relatively large 
differences in density of the liquids involved, which in 
turn affect the internal flow conditions. Nevertheless, 
here also some progress will continue to be made on the 
basis of judicious application of rational analysis and 


of experimental procedures. 
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Fic. 2. Karman trail behind a moving cylinder 
(Prandtl-Tietjens.) 


VON KARMAN VORTEX TRAILS 


In one of the earliest publications,'!® von Karma. 
and Rubach gave an analytical and physical explana- 
tion for the mechanics of form drag, which has become 
the basis of many important studies in this phenomenon 
thus demonstrated to be a dynamic one. Two rows of 
vortices with opposing sense of rotation were shown to 
be stable if shifted relative to each other by one-half 
the distance L between vortices in the same row and if 
the distance between the row centerlines was i = 0.281 
L. The vortex centers travel with a characteristic 
velocity u relative to the shedding obstacle and thus 
with a velocity Ul’ — u with respect to the flow. The 
vorticity is determined by these quantities u, /, and L 
and, therefore, a relation could be given for the averaged 
drag coefficient as 


Cp = [0.80 (u/U) — 0.32 (u/U)?] (1/d) 


By ob- 
taining the quantities wl’ and L from observations of 


where d is a characteristic length of the body. 


powder traces of vortex streets behind plates and cylin- 
ders in a water channel as shown in Fig. 2, Karman and 
his collaborator were able to confirm the consistency of 
their analysis with the physical phenomenon. 

The importance of this finding for the drag lies pri- 
marily in the definition of its character as dynamic 
rather than as static. Therefore, it has been of con- 
siderable help in the analysis of oscillations induced in 
bodies exposed to fluid streams. Many such problems 
have been traced to the vortex trail and have become 
of serious concern in technical applications whenever 
natural system frequencies were found close to the fre- 
quency of vortex shedding. Outside of aerodynamic 
applications, the significant Studies of Vanes Singing in 
Water by Gongwer' may be cited here as representative 
of many such phenomena, since they are of direct con- 
sequence to problems of hydrodynamically induced 
vibrations on ship propellers, hydraulic gates, and other 
hydraulic structures. His studies experimentally con- 
firmed the excitation of vibrations by the vortex trail 
on strut sections that were moved by means of a ro- 
tating boom through a ring channel under a wide range 
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of conditions. High-speed photography made the yor. 
tices readily observable through the cavitation induced 
in their cores. It was found that the transverse spacing 
of the vortices had to be adjusted by adding to the qj. 
mension of the trailing edge of the vane a distance re 
lated to the boundary-layer thickness in order to obtain 
the frequencies corresponding to the Karman trail, s 
that Nb’/U = 0.19 (Strouhal Number) wherein 5’ is 
the adjusted edge thickness, .V the frequency and 
the speed of the vane. 

This problem is also important in connection with 
hydraulic turbine practice and with the design of struc. 
tural components for hydrofoils and stbmarines 
Other technical applications in this field are concerned 
with the transverse forces exerted by wind action on 
high elastic stacks and on suspended wires and cables, 
but, on a more minute scale, such forces also affect the 
settling of sediment and the rising of air bubbles jn 
water. A _ related hydrodynamic investigation by 
Meier-Windhorst'® may be mentioned here, in which the 
Karman vortex frequencies were systematically related 
to the natural frequencies of a submerged cylinder 
and in which the resulting oscillations were studied 
with and without damping beyond the Karman fre- 
quencies. The similarity conditions were also derived 
for this general case of pendulations originating from 
hydrodynamic causes. This basic problem is of inter 
est in connection with one of the major disasters of civil 
engineering practice—the destruction by aerodynami 
cally induced oscillations of the Tacoma Narrows Bridge 
in 1940. 

Von Karman served as one of the three prominent 
engineers on the Board appointed by the Government 
to explore the causes of this disaster and supervised the 
analytical and experimental research concerned with 
the aerodynamic characteristics of this suspension 
bridge. These investigations contributed to a com- 
prehensive reanalysis of suspension bridge design with 
respect to aerodynamic effects.'® In later experiments 
in the wind tunnel by Farquharson, the torsional oscilla- 
tions that wrecked the bridge were definitely traced to 
the Karman trail. 


IMPACT OF SEAPLANE FLOATS ON WATER 


Following a visit to the United States von Karman 
gave the first calculations of the impact loads exerted on 
seaplane hulls during landing in 1929." He had learned 
of actual measurements of impact pressures in America 
and subsequently developed the pertinent formulas in 
his characteristic approximate manner, confining his 
analysis to V-bottom floats of small angle of dead rise. 
This permitted the assumption of the apparent mass as 
that of a flat plate at each instant of penetration into 
the water surface and the establishment of rather sim- 
ple relations for the total load and maximum pressure 
intensities on the hull bottom. Estimates for falling 
due to wave action and for the limiting case of zero 
angle of dead rise, where the compressibility of the water 
must be considered, were also established. Later de- 
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velopments on the same problem by Wagner and others 
rave theoretical refinements such as consideration of 
ailing up of water adjacent to the float and corrections 
or finite dead rise resulting in a considerable increase 
of apparent mass. Bisplinghoff and Doherty'> sum- 
marized these theoretical advances and checked the 
-arious theories by drop tests of wedges for the two- 
dimensional case. A plot of maximum accelerations 
versus dead rise angle measured and obtained from the 
various theories is shown in Fig. 3. 

With the revived interest in seaplanes for military 
purposes, considerable experimental work on planing 
surfaces and wave effects is now in progress to obtain 
data on three-dimensional eifects and on specific models. 

Impact forces of the type first calculated by von Kar- 
man have become of considerable interest in naval 
architecture, where ‘‘ship slamming’’ has received in- 
creased attention. Szebehely and Todd'® give the 
latest status report in this respect and deal with the 
pressure distribution on the bottom of a slamming ship 
on the basis of unsteady flow about the rapidly sub 
merging bow. However, as is pointed out, the solu 
tions are still rather approximate and the assumed 
mechanism of slamming is of necessity oversimplified 
in the analysis, which neglects effects of gravity, buoy- 
ucy, friction drag, etc., and is confined to certain sim 
ple geometric shapes. Some important conclusions 
have been derived by investigating the phase lag be- 
tween bow motion and wave motion, the emergence of 
the forefoot of the ship, and the relative velocities be 
tween wave and bow. Knowledge of the relations be- 
tween the unsteady pattern of slamming loads and the 
elastic response of the ship structure is essential before 
behavior in the rough sea can be much improved. This 
same conclusion holds for seaplanes, especially with re- 
spect to tip floats. A generalized treatment of this 
interdependency of wave configurations and elastic 
response, however, must await more detailed definitions 
of the statistical properties of the wave patterns of the 
open sea, a problem which at present is under intense 


investigation. 


HYDRAULIC ANALOGY TO SUPERSONIC 
MOTION 


The standing wave patterns for supercritical flow in 
curved sections of open channels were systematically 
studied in 1935-1936 by Ippen and Knapp in connection 
with the high-velocity flows encountered in the con- 
crete-lined flood channels of Los Angeles County. These 
phenomena were readily recognized by von Karman as 
having their counterpart in supersonic gas dynamics 
and were thus accessible to treatment by analogous 
methods of analysis. These solutions were presented 
lor the hydraulic case in reference 20 and resulted in a 
satisfactory correlation of the experimental data for 
flow in curved channels on the basis of the exact theory 
of frictionless fluid. Previous treatments of the analogy 
had been given by Jouguet and Riabouchinski and later 
by Preiswerk; the investigations mentioned above, how 


ever, led to the subsequent establishment of the com 
plete theory for supercritical flow of water and its veri 
fication and application to a number of hydraulic 
problems, as well as to problems of transonic and super 
sonic aerodynamics. 

Von Karman had given the general relations for super 
critical two-dimensional flow for small transverse dis 
turbances on the basis of negligible energy dissipation. 
This method lends itself to the construction of entire 
surface configurations by means of the Prandtl-Buse 
mann hodograph method. In following up, the theory 
was also extended to include the case of finite disturb 
ances with energy dissipation—i.e., of hydraulic shock 
waves or hydraulic jumps. These, however, cre no 
longer related to their equivalent gas flow counterparts 
on the basis of mathematical analogy. Nevertheless, 
a useful analogy can be established on a purely physical 
and geometric basis, which is capable of giving qualita 
tive and even quantitative results for many problems 
of gas dynamics. A summary of such problems was 
given by Harleman and Ippen.*! 
experimental work covers many hydraulic investigations 
of supersonic airfoil lift, drag, and moment coefficients, 
as well as pressure distributions, with satisfactory 


Their analytical and 


quantitative results, even for the transient cases of 
While, 
unfortunately, the hydraulic analogy can deal only with 
two-dimensional problems, it has nevertheless retained 


shock wave diffraction about various obstacles. 


considerable importance in exploratory work for shock 
tube and supersonic tunnel investigations and is an 
excellent tool of slow motion flow visualization for such 
work. 

The applications of the small disturbance and of the 
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shock-wave theory to various hydraulic structures such 
as channel curves, contractions, and expansions have 
been presented in a symposium,” from which Fig. 4 
and Fig. 5 are reproduced. Fig. 4 shows the transverse 
oscillations of a supercritical flow below a channel con- 
traction, while Fig. 5 gives the graphical correlation of 
all the variables entering into the two-dimensional 
theory of hydraulic shock or standing waves, with 6 = 
deflection angle, 8 = shock-wave angle, F = Froude 
Number (analogous to Mach Number J/), and o/h, = 
depth ratio (analogous to density ratio p2./p;).. Thus, 
hydraulic engineering also has entered the “‘supersonic”’ 
stage, though by analogy, with many consequences 
with respect to the design of modern high head and 


high velocity structures. 


DEVELOPMENTS IN HYDRAULIC MACHINERY 


The connection of von Karman’s work with the field 
of fluid machinery is indirect as well as direct. In his 
fundamental paper about laminar and turbulent fric- 
tion** he had included as one example the application 
of his boundary-layer relations to the case of a rotating 
disc, which gave for the first time a consistent theory 
for this problem. While disc friction, of obvious inter- 
est in connection with all turbomachinery as a source of 
headloss, is normally secondary, it has more recently 





Hydraulic disturbances in supercritical flow below 
contraction of channel.?? 


become of major importance due to the trend towards 
higher speeds of rotation and the increased use of centri 
Von Kar 


man gave an analysis of dise friction, considering thy 


ugal pumps for liquids of high viscosities. 


development of laminar and turbulent boundary layers 
(the latter treatment based on the seventh root law o} 
velocity distribution as introduced in that paper), 
found it in essential agreement with experiments mac 
in water. This treatment for the disc in an infinit 
fluid was complemented by Schultz-Grunow’s analysis 
of the rotating disc in a cylindrical housing and by 
Goldstein through the application of the logarithmi: 
velocity distribution law to the turbulent case. Thy 
coefficients of resistance given so far, however, cover 
only the case of turbulent smooth surface flow. The 
systematic treatment of disc roughness effects is pres 
ently under way at Massachusetts Institute of Tech 
nology. 

Von Karman contributed indirectly to the field of 
turbomachinery by joining his colleagues, Professors 
R. T. Knapp and R. L. Daugherty, at the California 
Institute of Technology in 1934 in establishing and di- 
recting a hydraulic machinery laboratory for research 
on centrifugal pumps. Thus, a unique facility came 
into being which permitted performance experiments 
of unusual precision in connection with model tests for 
the large pumps for the Los Angeles Aqueduct of the 
Metropolitan Water District of Southern California 
This laboratory later also carried on a similar successful 
program for the still larger pumps of the Grand Coulee 
Project of the U.S. Bureau of Reclamation. Subse- 
quent additions of a Soil Conservation Laboratory and, 
during the war, of a Hydrodynamics Laboratory for 
Naval Ordnance at Caltech were undoubtedly in- 
fluenced by the high record of performance achieved in 
these other research facilities. Many important con- 
tributions to the professional literature have come from 
the staff of these laboratories which have continued 
to provide research opportunities in the analytical and 
applied phases of hydrodynamics for over twenty years 
Many of its former associates occupy leading positions 
now in academic, industrial, and government organiza- 
tions. 

Also, in connection with turbomachinery, von Kar- 
man’s affiliation as the chief aerodynamic consultant 
with a major wind turbine project may be cited here 
The S. Morgan Smith Company, of York, Pennsylvania, 
together with P. C. Putman,” erected an experimental 
two-bladed windmill of 175 ft. diameter on top of 
Grandpa’s Knob (2,000 ft. elevation) in Vermont, 
which stayed in intermittent service from 1941-1949 
It was the first wind turbine which furnished sizable 
amounts of electric power to a commercial distribution 
system, and it operated successfully in winds from li 
to 70 miles per hour until the experiment was terminated 
due to a minor structural failure. 


CONCLUDING REMARKS 


Many of Dr. von Karman’s writings pertinent tl 
hydrodynamics are dealt with elsewhere in this collec- 
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Fic. 5. General solution for hydraulic 
tive undertaking under special subject headings, due 
to their importance to all fields of fluid mechanics. In 


this respect the above account is, therefore, incomplete 
ud confined to the limits somewhat arbitrarily set for 
It is hoped that, 
satisfactory complement to this joint tribute has been 


the task on hand. nevertheless, a 
ichieved. 

Much of the true nature of fluid motion has become 
clarified through von Karman’s life-long contributions. 
While technical applications often must still proceed on 
the cantilever of empiricism, the anchoring of our knowl 
edge has been reinforced soundly and its span greatly 
increased through the many new physical concepts and 
The 
skillful approach and the methods of analytical and of 


mathematical formulations given in his papers. 


intuitive reasoning presented have affected much of the 
scientific writing of others and have penetrated into the 
technical literature of engineering teacher and practi 
toner. 


A proper assessment of such indirect influences 


is Clearly impossible. It is equally impossible to sum- 
marize in any way the influence of his personal contacts 
on his countless students and associ2tes and on their 
professional lives. This joiit presentation may in a 
small way indicate that it is very persistent and is 
gratefully and deeply cherished by all. 
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Some Features of Boundary Lavers and 
Transition to Turbulent Flow 


ARNOLD M. KUETHE 


Unwerstty of Michigan 


SUMMARY 


A brief review of the status of knowledge of laminar and tur 


bulent boundary layers and of transition is given. Some new 


experimental results on transition in Poiseuille flow in a tube are 


reported. 


behind a ring airfoil. Another shows oscillograms of velocity 
fluctuations in the flow for several imposed disturbance ampli 
tudes. These demonstrate successive stages in the breakdown 


of the flow. 
(1) INTRODUCTION 


HE RAPIDLY EXPANDING literature on boundary 

layers reflects the fact that there is a practical in- 
terest in an ever-widening range of Reynolds Numbers 
and in higher and higher Mach Numbers. The low 
Reynolds Numbers associated with hypersonic flight 
and the development of means of delaying transition 
have focused much effort on laminar boundary layers 
and on the mechanism of transition. Also, the drive 
toward a real understanding of the turbulent processes 
in shear flows, as well as toward the gathering of prac- 
tical information on shearing stresses and interactions, 
has gained momentum with the refinement of experi- 
mental equipment and methods. 

The space available here permits only a brief review 
of some aspects of boundary layers. Some of the topics 
are treated quite briefly, while others, notably heat 
transfer and the characteristics of turbulence in shear 
flows, have been omitted. These omissions are treated 
elsewhere in this issue in papers by Rannie on heat 
transfer and by Lin on turbulence. 

More complete accounts of some of the topics and 
background material are given in references | and 2. 
Reference 3 describes briefly some recent investigations. 
A forthcoming volume of contributed papers on ‘‘Fifty 
Years of Boundary Layer Theory’ was not available 
at the time the present account was written. 


(2) LAMINAR BOUNDARY LAYER 


Over the past decade particularly, theories of the 
laminar boundary layer have been extended into the 
hypersonic range of speeds, into the low density or slip 
flow regime, and into temperature ranges where gas im- 
perfections must be considered. Shock-wave bound- 
ary-layer interaction has been the subject of many 
investigations. Three-dimensional boundary layers 
have likewise assumed a great practical importance, 
because of effect on the performance of axial flow 


compressors, on the flow over highly swept and low 


* Felix Pawlowski Professor of Aerodynamics. 


One set shows transition excited by the annular wake 
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aspect ratio wings, and on bodies at angles of attac] 


h 
The original works by Busemann‘ and von Karmén 
on the compressible laminar boundary layer on a flat 
plate with Prandtl Number unity and Viscosity propor 
tional to a power of the absolute temperature were fo] 
in which 


lowed by that by von Karman and Tsien,' 


heat transfer was taken into account. The most exact 
analysis to date on the flat plate is that by Crocco’ for a 
range of Prandtl Numbers and several laws of variation 
of viscosity coefficient with temperature, including that 
due to Sutherland. An important result of these cal 
culations is the relative insensitivity of the results to the 
law of variation of viscosity with temperature. 

From a practical standpoint, important investiga 
tions by Howarth,* [lingworth,’ and Stewartson 
enable a comparison of compressible velocity profiles 
with “equivalent” incompressible profiles. Under th 
assumptions of Prandtl Number unity, viscosity pro 
portional to absolute temperature, and zero heat trans 
fer, they transformed the compressible boundary-layer 
equation into a form identical with the incompressibk 

Then, the transformations applied to any 
of the yield the 
“equivalent’’ compressible boundary layer. Croce 
Lees'' applied the transformation to mixing be 


equation. 
solution incompressible equation 
and 
tween two streams with promising results. 

The conditions under which similar solutions of the 
compressible boundary-layer equations!’~—' exist reveal 
further properties of the compressible boundary layer 
With Prandtl Number unity and viscosity proportional 
to the absolute temperature, the conditions on the out 
side flow are derived such that distributions within the 
boundary layers are similar. By means of these equa 
tions, the effect of pressure gradient and heat transfer 
on skin friction and flow separation can be studied for 
specified pressure distributions. Solutions are obtained 
on an analog computer.'” 

Compressible boundary layers in continuous adverse 
pressure gradients are of practical interest at subsonic 
speeds, but at supersonic speeds the adverse gradients 
will, in most instances, take the form of incident shock 
The details of the flow field in the vicinity 0 
a shock impinging on a surface have been studied m 
detail by Ackeret, Feldmann, and Rott" and by Liep- 
In the latter investi 


Waves. 


mann, Roshko, and Dhawan.'® 
gation, the authors found that, if the boundary layer 
is laminar, the flow separates in a limited region ahead 
of the impinging wave and the flow field is altered about 
50 boundary-layer thicknesses upstream and several 


hundred thicknesses out from the surface. However, 








| 


Al 
cli 
sonic 
inter 
is SIN 
oute! 
tem] 
itv ¢ 
be 
Sale 
be di 
This 
first 

A 
ind 
flow. 
of tl 
lutio 
be idly 
sorlic 
para 
ne & 
wall 
the « 


low 
to Se€ 
lead: 
1s to 
Al 
such 
clud 
ur Pp 
tion: 
if p! 
soci. 
gibl 
F 
patl 
laye 
air | 
sie 
0.01 
tion 
ind 
ind 
ture 


pert 


» Ol attack 
| Karman. 
r on a flat 
ty propor 
e were fol- 

in which 
nost exact 
occo’ for a 
’ variation 
iding that 
these cal- 
ults to the 


investiga 
‘Wartson 
V profiles 
nder the 
sity pro 
‘at trans 
ary-layer 
Ipressible 
1 to any 
teld the 

Crocco 


xing be 


is of the 
st reveal 
ry layer 
ortional 
the out- 
thin the 
se equa- 
transfer 
died for 
tained 


adverse 


ubsonic 


-adients 
t shock 
inity ol 
died in 
y Liep- 
investi 
V layer 
| ahead 
1 about 
several 


ywever, 


in spite of the flow separation and adverse pressure 
radient, transition to turbulent flow did not always 
aciaet immediately aft of the shock. Donaldson and 
Lange” found a critical pressure ratio Ap/q; (qi is the 
iynamic pressure in the free stream) beyond which the 
laminar boundary layer separated for free-stream 
\lach Numbers of 1.6 to 2.05. They found the critical 
4p gq to be proportional to R,~ “*.+ The shocks across 
which Ap ‘q; was measured were formed by a collar 
on a body of revolution. 

Another type of shock-wave boundary-layer inter- 
tion occurs near the leading edge of a body in hyper- 
sonic flow.'’ Two influences are responsible for the 








interaction. First, the inclination of the shock wave 
is small at high Mach Numbers so it will lie close to the 
outer edge of the boundary layer, and second, the high 
temperatures generated by the deceleration in the vicin- 
ity of the leading edge cause the boundary layer to 
be many times thicker than it is at low speeds at the 
same Reynolds Number. As a result the shock will 
be detached and the curvature will be high at the apex. 
This interaction was first recognized by Tsien'® and 
first investigated by Shen.*° 

A recent paper by Lees*! goes into the details of this 
and subsequent investigations of hypersonic viscous 
flow. The parameter .1/..¢ c, where ¢ is the thickness 
of the airfoil or maximum diameter of a body of revo- 
lution and c is the chord of the airfoil or length of the 
body, is Tsien’s similarity parameter for inviscid hyper- 
sonic flow. However, for viscous flow, the interaction 
parameter x = J/..°V C V Re,, where C = uyl 
ual, (the subscript w referring to conditions at the 
wall), is found to govern the pressure distribution and 
the development of the boundary layer near the lead- 
ing edge of a plate. The pressure is near ambient for 
low values of x (far downstream) and increases linearly 
to several times ambient for high values of x (near the 
leading edge). The effect of blunting the leading edge 
is to increase substantially the pressure for small x. 

Analysis of the effects of high surface temperatures, 
such as occur in flight at high Mach Numbers, must in- 
clude the effects of dissociation of the air and of variable 
air properties. Moore*? has shown, on the basis of solu- 
tions on a differential analyzer, that over a wide range 
of plate temperature and heat transfer the effect of dis- 
sociation on the local skin-friction coefficient is negli- 
gible. 

In flight at very high altitudes, where the mean free 
path is greater than about | per cent of the boundary- 
layer thickness, slip at the surface is encountered and 
air can no longer be treated strictly as a continuum. 
Tsien** defined the slip flow range as occuring when 
V.01 << MV Re < 0.1 for Re > 1. Then the reflec- 
tion and accomodation coefficients govern the energy 
id momentum of the reflected molecules, respectively, 
and hence the skin friction and equilibrium tempera- 
ture of the surface. Although the trends of the ex- 
perimental results on drag and heat-transfer coefficients 

| Shock-wave interaction with turbulent boundary layers will 
€ discussed in Section I\ 


follow theoretical predictions,** important discrepancies 
may be ascribed to shock-wave boundary-layer inter 
actions near the leading edge and uncertainties in the 
values of the reflection and accomodation coefficients. 

The investigation of three-dimensional boundary 
layers was greatly facilitated by the independent ob 
servations of Prandtl, Sears,** and Jones” that the 
equations of motion for incompressible viscous flow 
past a yawed cylinder are separable. As a result, the 
components of the flow in the plane normal to the 
generators of the cylinder are independent of the angle 
of yaw—i.e., of the spanwise velocity component. 
This ‘‘independence principle’’ requires, however, that 
spanwise derivatives of all flow properties be zero. 
Therefore, transition to turbulence (see Section 3) as 
well as the development of the wake after laminar sep- 
aration might be expected to be influenced by the 
yaw angle. 

Simple methods of calculation are worked out 
by Rott and Crabtree,** and Crabtree*’ has given 
an approximate method for calculating compressible 
flow over a yawed cylinder, based on the Illingworth- 
Stewartson transformation. For supersonic flow past 
a yawed cone, Moore*’ and Hayes*' showed that veloc 
ity and density in the boundary layer are constant 
along parabolas with vertices at the vertex of the cone 
and lying in a meridional plane. Moore analyzed the 
flow in the plane of symmetry for supersonic flow over a 
cone at high angles of attack. Differences in the be 
havior of the boundary-layer equations over different 
ranges of angle of attack were interpreted as indicating 
changes in the character of the flow over the lee side 
i.e., boundary-layer flow at low angles of attack is sup 
planted by symmetrically placed vortices, and finally 
by the von Karman vortex street at high angles of at- 
tack. Allen and Perkins* analyzed roughly the second- 
ary flow over a cylindrical body and identified the drag 
due to the cross-flow component as an increment to the 
lift. They found excellent agreement with experiment. 
Mager** derived momentum equations applicable to 
three-dimensional flows including effects of rotation. 


(3) TRANSITION TO TURBULENT FLow 

The stability of laminar flow, whether it be in a 
boundary layer, in a fully developed flow in a tube or 
channel, or in a jet or wake, is susceptible to analysis 
as a linear problem. A recent monograph by Lin** 
summarizes the state of the knowledge and shows that 
much is known about the stability of the basic flow to 
infinitesimal disturbances. However, the establish- 
ment of turbulent flow as a consequence of flow insta 
bility is far from well understood. The experiments of 
Schubauer and Skramstad® describe in detail the in- 
stability of the laminar boundary layer on a flat plate, 
but only very recently has it been possible to delineate 
some of the details of the changeover from regular to 
turbulent fluctuations. Some of these experiments 
will be described later. A study of transiton at super- 
sonic speeds has recently been carried out by Probstein 


and Lin.*® 
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There appears to be no single sequence of events that 
describes the transition phenomena under all circum- 
The initial disturbances may be two- or 
three-dimensional; they may be excited by turbu- 
lence,*® by surface roughness,” by disturbances imposed 
within the boundary layer, or by shock waves."" What- 
ever their source, however, the rate of amplification, 
and therefore the rapidity with which transition fol 
lows the disturbance, will be affected by pressure gra- 
dient,® Reynolds Number,*® Mach Number,*: ** suc- 
tion,*” heat transfer,*! and curvature of the stream- 


stances. 


lines.**-* 


If the initial disturbances are small, their subsequent 
growth or decay follows the linearized theory initially. 
If the disturbance grows, its rate of growth determines 
at what stage of its development the nonlinear terms, 
which were neglected in the analysis, take over and 
govern the transition process. If, on the other hand, 
the initial disturbance is large enough, the process may 
be nonlinear from the start. 


three-dimensional boundary layers 


Transition in 
introduces some new aspects tending in general to move 
the transition upstream. A theoretical and experi- 
mental investigation by Gregory, Stuart, and Walker* 
was initiated after observations on swept wings showed 
transition occuring upstream of its position on unswept 
wings. The theoretical study concerned the stability 
of flow in the boundary layer on a rotating disc; this 
flow was chosen because it represents a relatively simple 
three-dimensional solution of the Navier-Stokes equa- 
tion* and it shows some similarity with the boundary 
layer on a swept wing. The stability analysis showed a 
disturbance which may be described roughly as a 
superposition of Tollmien-Schlichting waves on Taylor- 
Goertler vortices.*” The Taylor-Goertler vortices occur 
in a boundary layer over a concave surface and are 
known to exert a powerful influence on transition. 
Hence, their appearance in a three-dimensional bound- 
ary layer probably accounts for the earlier transition 
due to sweep. Experiments with china clay on the sur- 
face of a sweptback wing show streaks roughly parallel 
to the streamlines near the surface. The presence of 
these streaks is interpreted as indicating the presence 
of the Taylor-Goertler vortices, since their axes lie 
along the streamlines. Experiments at supersonic 
speeds” show qualitatively the same effect of sweep 
on transition—1.e., the transition point moves upstream 


with increasing sweep. 

Present knowledge of the detailed nature of transi- 
tion consists to a large extent of isolated observations 
on a small number of configurations. Visual studies of 
the life history of particular disturbance configurations 
such as horseshoe vortices*:** give a qualitative idea 
of a mechanism by which energy can be transferred 
from the main flow into fluctuations. However, it does 
not appear possible to describe by means of a single 
with 


mechanism all of the phenomena associated 


transition—e.g., the sudden changes that occur at the 


transition front. 
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These sudden changes are described phenomey 
logically by Emmons” postulate that transition come 
about through the random appearance of “‘turbuley; 
spots’ and their subsequent growth. The rate 
growth of the spots as observed on the surface of wate, 
in a shallow channel was found to check roughly wit} 
the measurements of Charters®' on transverse cont um 
nation. By postulating that the spots appear in ; 
random fashion in time and space and that a fully ce 
veloped turbulent boundary layer exists within the 
spot, Emmons could match the observed dependenc: 
between average skin friction and Reynolds Number 
through the transition region. 

The upstream location of the transition front would 
according to Emmons’ postulate, wander in a randon 
fashion with time. The random 
transition front at supersonic speeds has been observed 


wandering of th 


by Evvard, Tucker and Burgess** by means of schlieren 
pictures of conical flow, and by Schubauer and Kle- 
banoff®* by means of hot-wire measurements of the 
intermittency factor on a flat plate at low speeds 
The separate spots have been observed in schlieren 
photographs of supersonic flow as a laminar region 
sandwiched between two turbulent regions. 





Schubauer and Klebanoff measured the details of 
the growth of the spots. They conclude, in agreement 


with Emmons, that transition occurs naturally as a suc- 


cession of turbulent spots which grow more or less in- 
dependently as they move downstream, finally merging 
into a turbulent boundary layer.t 


Some measurements made recently by R. J. Leite® 
under the author's supervision add some information 
on the details of transition.{ The measurements were 
made with a hot-wire anemometer in fully developed 
laminar flow in a circular tube 1.25 in. in diameter and 
73 ft. (700 diameters) long. Air was discharged from 
a high-pressure source through baffles, screens, and a 
settling chamber, thence through the tube. About 6 
ft. (650 diameters) from the entrance a disturbance | 
generator, consisting of a loud speaker coil with axis 
parallel to the flow, was connected with an axially sym- 
metric member inside the tube. The member inside 
the tube was oscillated axially at frequencies up to 100 
cycles per sec. Reynolds Numbers Uy 9,a/v, where @ | 
is a radius of the tube, varied from 4,000 to 15,000. 


The interesting feature of this flow lies in the theorett- 
cal prediction that it is stable to all infinitesimal axially 
symmetric disturbances at all Reynolds Numbers.” | 
Other flows, such as boundary layers or flow in two 


T 


dimensional channels, show complete stability only at 
Reynolds Numbers below some critical value. Against 
the theoretical prediction of the stability of tube flow 1s 
the practical fact that the flow does become turbulent 
when sufficiently disturbed. 


+ Further discussion of reference 53 will be found in the paper 


by C. C. Lin entitled Aspects of the Problem of Turbulent Motion 
in this issue, p. 453. 
t The investigation was supported by the USAF Office o 
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Fic. 1. Radial distribution of turbulence in wake of ring airfoil of 
radius (0.45 in 


Leite’s measurements show that the flow is indeed 
stable up to the maximum Reynolds Number attainable 
in the tests (13,000) as long as the magnitude of the 
disturbance does not exceed a critical value, which de- 
pends on Reynolds Number. The measurements and 
their comparison with theory will be reported in detail 
elsewhere. Our concern here will be only with a few 
observations applicable to the study of transition. 

The measurements which led to the conclusion that 
the flow is stable to small amplitude disturbances were 
made downstream of an oscillating sleeve 0.002 in. 
thick and 2 in. long, fitting closely to the inner wall of 
the tube. The measurements described here involved a 
larger amplitude disturbance, generated by a 0.9 in. 
diameter ring airfoil of about 0.1 in. chord, 0.003 in. 
thick, set at an angle of attack of about 6°. The ring 
Was symmetrically placed inside the tube and was os- 
cillated by means of an oscillator connected to the 
loud speaker coil. 

Hot-wire measurements of the relative mean velocity 

l and relative root fluctuation 
at a Reynolds Number of 12,000 are shown in 
and 2. The fluctuation amplitudes were in- 


mean squere 
Figs. 1 
dependent of frequency or amplitude of oscillation of 
rhe first measurements were made 3.1 diam- 
the weak turbulent 
wake with maximum fluctuations of about 0.2 per cent 
Within the wake the 


the ring 


eters downstream of ring. A 


Was measured at this station. 
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Fic. 2. Radial distribution of mean velocity downstream of ring 


airfoil 


fluctuations had the random character of turbulence. 
As we move downstream, the wake grows considerably 
in magnitude; however, the rate of spread is surpris- 
ingly small, the double angle being between 1.0 and 1.5 
degrees. The fact that the tube flow is stable to small 
disturbances is probably responsible for the slow rate 
of spread of the wake. Between 10.3 and 47 diameters, 
the fluctuation profile changes radically to one very 
near that measured by Laufer®® in fully developed tur 
bulent flow in a tube. 

The corresponding changes in the mean velocity pro- 
files are shown in Fig. 2. Little change is noted be- 
tween 3.1 and 10.3 diameters; in fact, at 10.3 diameters, 
the profile is slightly farther from the turbulent distribu- 
The fully developed 


tion than it is at 3.1 diameters. 
parabolic laminar profile is shown for comparison. 
We note that, at 47 diameters, the mean velocity profile 
is near that measured by Laufer. The transition dis- 
tance shown by these measurements seems rather long, 
though intermediate measurements between 10 and 47 
diameters may show rapid adjustment at some inter 
mediate position. 

As was mentioned above, the ring was stationary at 
a Reynolds Number of 12,000 for the results shown in 
Figs. 1 and 2. In fact, no change in the fluctuation 
amplitude could be detected when the ring was oscil- 
lated. At a Reynolds Number of 8,000 the flow was 


stable when the ring was stationary, but transition re- 
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1. Input - 15.5 div 2. Input - 16.5 div 3. Input - 17.5 div 
u'/u' 0.119 u'/u' 0.479 u'/u' = 1.00 
max max max 








7. Input - 23.0 div 8. Input - 26.0 div 


u'/u' 0. 408 u'/u' 0. 323 
max max 


Fic. 3. Oscillograms of velocity disturbances for various 
imposed disturbances with ring airfoil. Upper trace is pro- 
portional to the current input to the disturbance generator; 
frequency 25 cycles per sec.; Reynolds Number 4,000. Lower 
trace shows hot-wire response at r/a = 0.57 (3.6 in.), 47 diameters 
downstream of generator. The amplification of the hot-wire 
response was decreased between exposures 2 and 3. 


sulted when the ring was oscillated at any frequency or 
amplitude. At a Reynolds Number of 4,000, it was 
possible to oscillate the ring in the stable or unstable 
regimes as shown in Fig. 5, which represents photo- 
graphs of the oscilloscope traces of hot-wire response 
for various input signals to the disturbance generator. 

In Fig. 3, the amplitude of the upper traces on each 
exposure is proportional to the current being supplied 
to the disturbance generator. The lower trace is the 
response of a hot wire at r/a = 0.568, 47 diameters 
downstream of the disturbance generator. In ex- 
posure 1, the hot-wire response is very nearly a pure 
sine wave. Between exposures | and 2, the current to 
the generator has been increased only 6.5 per cent, 
while the hot-wire signal increased 400 per cent. In 
exposure 3, the hot-wire signal reaches a maximum 
(u’/u’ max = 1) and the wave is visibly distorted. It 
is noteworthy that, in exposures 4 and 5, the upper half 
of the wave is distorted much more than the lower; 
the velocity increases downward so that at this station, 
it is the low velocity half of the wave that is experienc- 
ing the maximum distortion. Characteristic turbulent 
fluctuations appear to have been achieved in exposures 
7 and 8. 

We may go a little further in describing the first 
stages of transition if we adopt a streamline picture 
similar to that found for the laminar boundary layer 
that is, the disturbances in the tube would be repre- 


sented by ring eddies alternating in the sign of they 
circulation.t Exposures 4 and 5 indicate that initiaj) 
every second disturbance eddy breaks up. More oh} 
servations will be required before the essential featyre 
of the breakup of the regular disturbances can be 


scribed closely. 


(4) TURBULENT BOUNDARY LAYER 


In the previous section, a few features of the trang) 
tion from laminar to turbulent flow in boundary layers 
and tubes were described. While transition can ones 
about in many ways, the final result, the turbulent 
boundary layer, eventually develops certain character 
istics independent of the way in which the laminar flow 
was destroyed. Sharp, distinct boundaries separate th 
turbulent flow in the layer from the potential flow in th 
free stream®® and from the laminar flow upstream 
The outer boundary at any particular station wanders 
in and out and the upstream boundary of the turbulent 
layer wanders upstream and downstream in a random 
fashion. Gaussian distribution functions describ 
closely the positions of both boundaries. 

The mean properties of the turbulent boundary layer 
and the effects of roughness and compressibility have 
been extensively investigated by the mixing length and 
similarity theories. In spite of the simplifications in 
troduced, these theories have been remarkably success 
ful in predicting effects of roughness and compressibil 
ity. Rather than discuss these theories, however, a 
more revealing approach is to consider the parameters 
which affect the mean velocity distribution. Many in 
vestigations” —** have demonstrated that the turbulent 
layer is divided into two distinct regions; an inner region 
adjacent to the wall in which the distribution is in 
fluenced by the viscosity, and an outer region adjacent 
to the potential flow in which the velocity defect at any 
position y 6 is governed by the friction velocity V 7 p 
These regions are separated by an ‘overlapping region 
in which the laws governing the flow in the inner and 
outer regions overlap. 

The three regions are described as follows. (1) The 
inner or laminar sublayer region is defined as the region 
within which the flow phenomena are governed by the 
friction at the wall—i.e., by Prantl’s ‘‘law of the wall” 


u*® = U/U, = f(yU,/») =fly 


where l’ is the mean velocity, lL’, is the friction velocity 


V tp, y the distance from the wall, and v the kine 


matic viscosity. Hama® gives a formula which 4j 
proaches a linear relation u* = y* for y* — 1 and fairs 
smoothly into the overlapping region described below at 
y* = 32. (2) The “outer region,’ comprising the outer 
+ Theory and experiment indicate that, for a flat plate, the ais 
turbances may be represented by eddies, with axes normal tot 
flow and with circulation of alterating sign The eddies 
carried downstream at a speed less than that of the main str 
is somewn 


Leite’s measurements®! indicate that this picture 1 
idealized when applied to the disturbances in a tube, 
tively there appears to be some similarity with the configurato 
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pendent of pressure gradient,®! and over the outer region 


flow. Effects of 


SOME FEATURES OF 


5 per cent Ol the layer at low speeds, is that portion of 
e boundary layer in which flow conditions are inde- 
endent of viscosity, but dependent on the friction at 
‘hewall. The functional dependence in this region, first 

ognized by von Karman,” is described by the func- 


nal equation 


( —_ l l g\y 0 2 
rere |, is the velocity at the edge of the boundary 
ver. This relationship describes the experiments for 


0.045, where 6* is the displacement 


6*l - 
thickness of the boundary layer. (3 


» between the inner and outer regions was shown by 


The region of over- 


filikan® on the basis of functional reasoning, to have 


the semilogarithmic form. Clauser”’ gives the formulas 


3.6 log (vl v T 1.9 Ha 


10.0 log(yl, 6*U,) + 0.6] (3b 


vhich then describe the velocity profile between the 
ints y U’,/v = 32 and y U,/6*U, = 0.045. Figs. 4 
nd 5 show the three regions defined by some of the ex- 
perimental results. 
While the three regions described above can be identt- 
fied whether the turbulent flow be in a boundary layer, 
tube, or channel, there are important differences among 


the three, particularly in the outer region.t Deviations 


in the outer regions are ascribed to differences in the 


uter boundary condition.® The intermittency” of the 


turbulence in the outer region of the boundary layer has 


no counterpart in a tube or channel, since no outer po- 
tential flow exists there, and the resulting mean velocity 


listributions reflect this difference throughout the outer 
Over the inner region the distribution is inde- 


the distribution is independent of roughness if a small 


idjustment of the origin of y is introduced.” 


Fig s that velocity distributions in the inner and over- 


t show 





rig 
p regions coincide closely for measurements in a tube (Laufer 
in a boundary layer (Kleanoff and Diehl Laufer’s meas 
rements in a channel are, however, higher than those shown, 
{no reason tor the disagreement is evident See page 22 ol 
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Fic. 5 Distributions of mean velocity in outer and 


lapping regions of turbulent boundary layers on smooth 


rough plates 


The effects of roughness are complic ited by the fact 
that a quantitative measure of roughness depends not 
only on the height of the roughness element, but also 
on the distribution of the elements on the surface 
However, as long as one deals with a particular type of 
roughness -e.g., sand some interesting generalizations 
are possible. For instance, the influence of roughness is 
well represented by subtracting Av, U from the right 
hand side of Eq. (3a).” The quantity Am U is il 
lustrated by some experimental results” plotted in Fig. 
1, Au,/l 
the roughness elements. 
tions show that the effect of roughness on the skin-fric 


is afunction of kl’, v where k is the height of 
The results of many investiga 


tion coefficient is essentially zero if RU, vy <5 approx 
i.e., if the roughness elements lie within the laminar 
sublayer, defined by yl’,/v = y* = 5.° 


The skin-friction coefficient law for smooth and 
for the 


> 


rough plates follows from Eqs. (3a) and (5b 


overlapping region. Adding the two equations results in 


the formula for local skin-friction coefficient, 


V/2/cz = 5.6 log (U6*/v) + 4.3 — (An,/l | 


One of the important results found empirically by 
Hama is that the effect of roughness is not dependent 
on the outside flow and therefore the effects established 
for rough pipes can be applied to plates. This conclusion 
is true at least for ‘‘fully developed” roughness effect at 
zero pressure gradient. 
Clauser” Rotta®® 
boundary layer with pressure gradient and found con 


and analyzed the turbulent 
velocity profiles in the outer re 
rhey 


ditions for ‘‘similar’’ 
gion, under the influence of pressure gradient 


found the similarity parameter 


; 4 l l ere : 
G a ss - ») 
J 0 [ ol 
Clauser made extensive measurements and found G 

6.1 for constant pressure and G 10.1 and 19.3 for two 
adverse pressure distributions empirically determined 
The velocity profiles were similar in the sense that the 
above values of G held over the entire length of the plate 


») 


and, when the results were plotted according to Eq. (2 
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Fic. 6 Ratio of compressible to incompressible skin-friction 


coeflicients for flat plate as function of Mach Number of external 
flow. 


a separate relationship (l, — Ll’) U,vs. y 6 was defined 


for each pressure distribution. It was found further that 
the effect of pressure gradient could be represented by 
a Au.’ U, analogous to the Am,‘ l 


represent the effect of roughness. 


', used in Eq. (4) to 
An. UL’, had different 
values for the two adverse pressure distributions for 
similar profiles referred to above. 

A valuable review and analysis of the turbulent 
boundary layer in both compressible and incompressible 
flow was given by Coles.” The functional reasoning 
leading to the various relationships for the shearing 
stress and for the velocity distributions in the various 
regions of the boundary layer is given in detail. 

Some of the details of the turbulent boundary layers 
at high Mach Numbers are determined by Lobb, Wink- 
ler and Persh’! on the basis of total head and tempera- 
ture transverses in the entrance section of a hypersonic 

Mach 
The boundary layers were thick 


tunnel. Free-stream Numbers between 5 and 
7.7 were achieved. 
enough so that the measurements penetrated into the 
laminar sublayer. They show that, up to the highest 
free-stream Mach Numbers attained, the “law of the 
wall’ u* = y* (see Fig. 4) is valid, provided the proper 
ties w and p are evaluated at the wall. 

A remarkable feature of these results is the relatively 
large part of the boundary layer which conforms ap- 
proximately with the law of the wall. The edge of the 
boundary layer is at log y Ll’, v = 2.4, whereas in the 
low-speed boundary layer this point represents less than 
15 per cent of the boundary-layer thickness. Further, 
results taken over a wide range of values of heat transfer 
from the wall to the stream show that the law of the wall 
is valid throughout. Outside of the inner or laminar 
sublayer region, the velocity profile closely satisfied a 
power law U/l, = (y 5)'/” where n decreased from 7 to 
5.5 as the Mach Number increased from 5 to 7.7. 

The effect of heat transfer on the skin-friction coef- 
ficient was found to be quite small. Further, calcula- 
tions of the skin-friction coefficient by the use of Reyn- 
olds’ analogy agreed to within 5 per cent with that 
given by the measured velocity gradient at the wall. 

The first estimate of the effect of compressibility on 
the turbulent skin friction was made by von Karman.5 
He simply introduced wall properties for an insulated 


AERONAUTICAL 


SCIENCES MAY, 1956 

plate as functions of the free stream Mach Number } 
his formula for skin friction at low speeds, and evaluat, 
the skin-friction coefficient as a function of the fre. 
stream Mach Number. This method receives son, 

posteriori justification from the results of Lobb, Winkle, 
and Persh,’' described above, in that they find the Jay 
of the wall valid up to high Mach Numbers provid 
that values of density and viscosity prevailing at th 
wall are used in the calculation of u* and y* 

In the intervening years, virtually every variation 
the mixing length and similarity theories has been ys 
to calculate turbulent skin friction at high speeds. It js 
not possible to distinguish between their relative 
curacy except by comparison with experiment. For 
tunately, there have been many excellent measurements 
of the skin friction on flat plates and on cone-cylinder 
combinations. The 
efficients have been made by the von Karman momer 


determinations of friction 

tum integral,*® by overall drag measurements and by 
measurement of the force on a section of the plate sus 
pended on a sensitive balance. Some of the availabl 
experimental results are plotted in Fig. 6 as the ratio 
the skin-friction coefficient to that for incompressibl 
flow vs. free-stream Mach Number. For comparisor 


bracket the measure 


erect 


those theoretical results which 
ments are While there is 
Reynolds number on the ratio C, C,,, 


included. Some 


the major varia 
tion is with Mach Number. Fig. 6 indicates that the 
skin-friction coefficient on a flat plate as a function « 
Mach Number is slightly higher than von 
Karman's method is 


Karman’s 
estimate. <A variation on von 
given in reference 79, along with a comparison with ex 
periment. 

Investigations of separation of turbulent boundan 
layers for both incompressible and compressible flow 
have been directed toward finding the governing dimen 
sionless parameters. In incompressible flow, a large 
body of experimental data over a wide range of Re) 
nolds that the velocity profiles 


satisfy the functional relation*® 


Numbers indicates 


boundary 
between _ these 
and Rotta 


where @ is the momentum thickness of the 


layer. There is some disagreement 
measurements and the analyses of Clauser” 
in which the factor G [Eq. (5)] rather than 6* @ 1s] 


‘| he fac tors G 


ri 
Dt 


posed as a similarity 


6* @ are connected by the relation 


parameter. 


GV C,/2 


However, Clauser found that the boundary layer was 
quite sensitive to small lateral pressure gradients, s 
that his measurements, in which precautions were take! 
to eliminate the lateral gradients and which showed go d 
correlation with G rather than with 6* @, might cot 
ceivably satisfy a different similarity parameter that 

Von Doenhofi 
analysis for the 


those of Schubauer and Klebanoff. 
and Tetervin’! give a semiempirical 


growth of the turbulent layer in an adverse pressure 





Number tt ent Their measurements show that separation 


HCl 
urs for a Value of 6* 6 between 2.6 and 2.8. Chapter 
| gives a more complete account of these 


9 of refe rence | 


d evaluat, 
of the free 
Ves some 

»b, Winkle; 
ind the Jay 
rS provid 

ling at th 


od other investigations. 


Separation of supersonic turbulent boundary layers 
* - - 


been studied by means of shock-wave interactions. 


references 15 and 16 incident shocks were not strong 


ugh to caus¢ separation of the turbulent layer. In 
«ference 17, When collars with step leading edges were 


ariation 


body of revolution, Ap q, for flow 


Bogdonoff* 


} tted around the 

>» DENN Use : . a 

- aration varied with Re gives a 

ee ' : ; ; ; : 

l “ itis summary of an extensive series of tests carried out at 

eClative 7 ; ; y ; 

Princeton University. Optical studies and wall pres 

lent. For ; ' naa 

Fon sre distributions were made with incident shocks on a 

iSurements . , : 

pry lat plate, with steps and with normal shocks in a diverg 

1e-cylinder i 
¢ channel. 


ag Separation points were located with a 
ction ¢ : : 
1 head tube 


It was found, for instance, that 


nN momet 


separation occurred when a 10° shock intersected the 


ts and by 9 : 
. undarv layer at .\/ 2.9 and 3.8; shocks of lesser 
plate sus ‘ . ° y 
sie ; strength did not cause separation. Reynolds Numbers 
- aval abl 


| sed on momentum thickness of several thousand were 
le ratio 


ed 
npressibk _— 
Incompressible flow about a yawed cylinder may be 
Miparisor j ae by - 
lyzed by the independent consideration of one of the 





measure 
ect ol 
jor varia 


u 


Ps uations of motion, provided the boundary layer is 
el : a 4 ry A 

minar (Section 2 For a turbulent layer, the fact 
that spanwise gradients of the velocity exist-—by reason 
» that the 2 ; 


Inction « 


“er mr 
| of the turbulent fluctuating velocities—nullifies the in 


aa: lependence of the equations. lowever, the experi 
Karman’s 7” 53,283 as 
hod mental evidence is mixed as to whether a practical 
lethod 1s F ‘ ‘ ‘ : , : 
legree of independence still exists. Careful investiga 
1 with ex NES 

ions on yawed flat plates*’ indicate that the boundary 


layer properties are not the same functions of the nor- 
poundary 


ible flow ; ; we 
= the independence principle were valid. 
g dimen "ee pe rae 
hand, measurements on yawed airfoils 


il distance from the leading edge as they would be if 
On the other 
| indicate ap 
, a large eee s . ‘. 

7 proximate validity of the principle. 
ol Rey F 
profiles 
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(I) INTRODUCTION 


x 1934, Theodore von Karman! delivered a general 
| lecture on turbulent flow at the International Con- 
oress of Applied Mechanics. The next year, Taylor’ 
oublished his statistical theory of turbulence. General 
systematic development of the theory was then made 
py von Karmdn* and jointly with Howarth.‘ Since 
that time, there has been an almost steady progress 
in our knowledge of the mechanics of turbulent motion, 
hoth theoretical and experimental, although the basic 
Mathematical 


aspects of the analysis of turbulent motion have also 


problems still remain largely unsolved. 


received considerable attention. 

In this short article, it is impossible to describe all 
phases of our present knowledge of turbulent motion 
to any reasonable degree of completeness, or even to 
sketch them briefly. The 
therefore partly determined by the writer's personal 


selection of material is 


interest and competence. On the whole, emphasis has 
been placed on the physical mechanism of turbulent 
motion. For example, on the experimental side, the 
discussion of such practically useful data on coefficients 
of heat transfer and skin friction at supersonic speeds 
will be omitted, but some space will be devoted to the 
description of such topics as the intermittent nature of 
turbulent flow. 
be covered more fully in this issue in the articles on 
heat 
experimental technique will be entirely omitted as 


It is hoped that the former items will 


boundary layer and transfer. Description of 
beyond the scope of this survey and the competence of 
the writer. On the theoretical side, the survey will be 
largely devoted to the statistical theory of turbulence, 
along the lines of Taylor and von Karman, as this 
appears to be the direction where successful future 
Omitted then the 
approaches such as those used by Burgers® and by 


developments will be made. are 


Hopf® and the discussion of the mathematical founda- 
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Sciences 
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nology 


The 
theories of turbulent shear flow, such as the mixture 


tion such as that made by Kampé de Feériet.’ 


length theory, will be discussed only briefly (cf. Sec- 


tion IX). 


(11) GENERAL DESCRIPTION OF TURBULENT FLOW 
Before we go into the details of the various phases of 
turbulent motion, we shall give first a qualitative dis- 


cussion of several of its outstanding features—namely, 
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Massachusetts Institute of 


Technology 


randomness of turbulent fluctuations 
(2) diffusive nature of turbulent motion 
(3) rapid dissipation of mechanical energy into heat 


(4) intermittency of small-scale fluctuations 


It is clear that one cannot regard any fluctuating flow 
as turbulent motion in the strict sense; otherwise it 
would be senseless to try, for example, to find quantita- 
tive laws for the mean velocity distribution of turbulent 
flow through a pipe. The fact that empirical laws can 
be found for such distributions suggests that a definite 
statistical state has been reached analogous to the ran 
dom motion of molecules in a gas. Obviously, in actual 
oscillations or 


The 
tur 


experiments, there may be regular 
cellular motions on top of turbulent fluctuations. 
from 


precise separation of regular oscillations 


bulent motions may be difficult—e.g., in the problems 
of atmospheric turbulence; but in most cases a general 
agreement can be reached. 

The random nature of turbulent fluctuation naturally 
leads to the use of statistical treatment. The introduc 


tion of statistical correlation and spectrum of tut 


bulence is then a logical step. Significant developments 
of the statistical theory, however, were made only after 
the measurement of such quantities became possible 
through the improvement of the hot-wire technique. 
Randomness also leads to the thought that the fre 
the 
The extent 


distribution of velocity fluctuations is 
Fig. 1). 


hypothesis holds as an accurate approximation will be 


quency 
Gaussian (cf. to which such a 
discussed in Section IV. 

The diffusive nature of turbulent flow has long been 
fluid 


such as temperature, material, and mo 


known. Associated with this is the transfer of 
properties 
mentum—whenever there is a gradient of these quanti- 
ties in the mean flow. Such problems are naturally of 


effort 











great practical importance. Although much 
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Fic. 1. Probability density function of the velocity com- 


ponent uu; in the direction of the stream for the turbulence 
generated by a square-mesh grid in a wind tunnel (after Town- 
send’?). 
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Fic. 2. Oscillograms of u-fluctuation in transition regions in a 


boundary layer over a flat plate obtained with hot-wire probe 
0.013 in. from surface. Time interval between dots, 1/60 sec 
(after Schubauer and Klebanoff"). Free-stream speed is denoted 


by U, distance from leading edge by x 


has been devoted to the theory of turbulent diffusion 
and transfer, most of our theoretical knowledge remains 
semiempirical. 

The rapid dissipation of mechanical energy of tur- 
bulent flow is related to its diffusive nature. Taylor® 
pointed out that the stretching of vortex lines in tur- 
bulent motion transfers the kinetic energy from large 
eddies into small eddies and that the energy contained 
in the small eddies are then rapidly dissipated into heat. 
The predominant part of the turbulent energy is usually 
contained in the large eddies (at high Reynolds Numbers 
of turbulence), but the predominant part of the dissipa 
tion is attributable to the small eddies which contain 
a negligible part of the kinetic energy.’ Such a physical 
picture is the basis for Kolmogoroff’s theory (Section 
VIII). Each of the steps in the above process can 
be associated with certain terms in the Navier-Stokes 
equations. The nonlinear terms and the three-dimen- 
sional nature of the motion are essential for the mecha- 
nism of stretching. The effects of the viscous terms, 
having derivatives of the highest order, become 
accentuated as the scale of the motion becomes small. 
It seems that any reasonable mathematical model of 
turbulence should exhibit such basic features. 

The intermittent nature of turbulent flow has been 
noted in so many instances that it must be regarded 
as one of its essential features. It is more prominent 
in connection with the transition phenomena” (Fig. 2) 
and with the border region of a turbulent boundary 
layer,'' a turbulent jet,'* or a turbulent wake.'* In 
fact, even in the earliest transition experiments in a 
pipe, it has been noted that when the pressure drop is 
increased due to transition to turbulence, the additional 
drop is not distributed uniformly along the pipe, but 
turbulent mixture and laminar movement alternated 
nore or less regularly.+ A hot wire placed at a given 

t See discussions of Reynolds’ observations in Prandtl’s article, 


Durant’s Aerodynamic Theory, Vol. 3, p. 121 


station would then be expected to show a record 9 
the type found by Schubauer and Klebanoff in turbulent 
boundary layers.'” The “spotty” nature of the ty 
bulent region in boundary-layer transition was firs 
pointed out by Emmons." 

Even in fully developed turbulence, it has been showy 
by Batchelor and Townsend” that there is intermit 
tency in the spacial structure. Also, the theory of stg 
bility of parallel motions indicates a spatial amplituc 
distribution of the intermittent nature for the damped 
oscillations. 

This intermittent nature of turbulent flow has 
profound theoretical interest. From the basic Navier 
Stokes equations, it is clear, mathematically, that th 
viscous term is negligible at high Reynolds Numbers 
unless the scale of the motion becomes correspondingly 
small. Thus, there are two types of limiting be 
havior possible. It is interesting to note that both 
types coexist in a turbulent flow field. Of course, jr 
a region away from the boundary, unless this is the case 
either the motion would be essentially that of a perfect 
fluid or the turbulent motion would not have a finite 
scale as the Reynolds Number becomes infinite. The 
spotty spatial nature of the turbulent motion at large 
Reynolds Numbers is then a necessary consequence of 
the finiteness of the scale. {7 


(III) TRANSITION FROM LAMINAR FLOW TO 
TURBULENCE 


When a laminar flow at sufficiently high Reynolds 
Numbers is disturbed, the motion generally becomes 
turbulent. The question then arises whether the dis 
turbance must be sufficiently strong to induce transi 
tion or whether the flow is inheritantly unstable with 
respect to infinitesimal disturbances which will grow as 
regular oscillations, leading eventually to the transi 
tion phenomenon. By considering the disturbances 
on the boundary layer caused by the residual turbulence 
in the free stream, Taylor'® was able to give a definite 
correlation of the observed transition Reynolds Number 
with the intensity and the scale of free-stream tur 
bulence when the intensity is 0.2 per cent or higher 
This shows that many transition phenomena are indeed 
dominated by external disturbances and depend onl) 
secondarily, if at all, on the inheritant instability of 
the boundary layer with respect to infinitesimal dis 
turbances. On the other hand, when the turbulence 
level is low, regular oscillations have indeed been ob- 
served by Schubauer and Skramstad"” at low speeds 
and by Laufer'’ at supersonic speeds. The agreement 
between the observed characteristics with the theor) 
of small oscillations leaves no room for doubt that these 
oscillations do play an important role in the phenom 
enon of transition. 

The study of such small disturbances in a laminar flow 

or the theory of hydrodynamic stability, as it is usuall) 


tt For more detailed studies of the free turbulent boundary, se€ 
Corrsin, S., and Kistler, A. L., NACA TN 3133, 1954; also 
Phillips, O. M., Proc. Camb. Phil. Soc., Vol. 51, pp. 220-229, 1950 
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THE PROBLEM OF 


has an enormous literature. An account of the 


alled 
present status of our knowledge is given inarecent mono- 
raph? and will not be attempted here. Suffice it to 
mention that instability of laminar motion falls into two 
iasses: one leading to another state of laminar motion 
onvection cells, cellular vortices between rotating cyl 
another leading to turbulence (instability of 
In the 


érst class, the physical mechanism causing the instability 


nders), 
hannel flow, boundary layer over a flat plate). 


; ysually fairly obvious, and viscous forces exert a 


+abilizing influence. In the second class, viscous forces 


ictually play an essential role in causing instability by 


up the necessary Reynolds stress which 


energy from the basic flow to feed the 


building 
transfers the 
jisturbances. 

At the present time, only limited information can be 
‘btained about the transition 
irom the study of these small oscillations. Much work 
calculations of the 


actual mechanism of 


remains to be done. Extensive 
implification of these oscillations appear to be a useful 
step. 

On the other hand, there are direct experimental 
the The 


water-table experiment of Emmons 


bservations of transition phenomenon. 
showed isolated 


natches of turbulence which suggested to him the 


theory of transition by formation and growth of tur- 
bulent spots. Briefly, in a region of relatively large 
Reynolds Numbers where the boundary layer is un- 
stable, turbulence spots are formed more or less at 
random, presumably due to external disturbances and 
hese spots, which 

that of 


characteristic en- 


scillations in the boundary laver. 


have very much smaller scales than revular 


laminar oscillations, seem to form 
tities themselves and are propagated downstream in a 
there is a 


the fully 


characteristic manner. Far downstream, 
and 
the 


one, with a hot wire located at a given point, one would 


whole agglomeration of these spots, 


developed turbulence is achieved. In transition 


therefore expect an intermittent turbulent-laminar 
record. 

Recently, Schubauer and KlebanoTt!’ made hot wire 
observations in the transition region in a boundary 
laver and confirmed the ideas proposed by Emmons. 
fhe propagation and growth of these turbulent spots 
is found to be essentially identical with that described 
by Mitchener.”’ 

The hot-wire observations are of course able to vield 
detailed 


phenomenon is the “calming” 


One interesting 


of the flow following the 


more information. very 


passage of a turbulent spot. Ata point in the laminar 
boundary layer when regular oscillations are present, 
the artificial stimulation of transition causes the oscilla 
tions to be temporarily suppressed after the passage of 
the turbulent fluid. 
referred to reference 10. 


For other details, the reader is 
But it is already clear that 
the basic character of transition makes it impossible 
to define a clear-cut transition point. 

Nevertheless, from the engineering standpoint, one 
would like to be able to establish a conventional defini- 
tion of a transition point based on a particular method 
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of observation. Indeed, one would like to be able to 
correlate various experimental results by using properly 
chosen parameters. To this end, the instability theory 
is often found useful in suggesting the proper parame 
ters to be used and in predicting the general trend 
of the influence of various factors, such as the pressure 
gradient along the boundary, surface temperature, etc 

The practicability of making such correlation of 
experimental data is exemplified by the above-men 
tioned study of Taylor on the effect of intensity and 
the Such 


correlations are not easy when there are a number of 


scale of turbulence on transition point. 


factors influencing transition. For example, in recent 
experiments on the transition to turbulence of super 
sonic boundary layers, many of the results reported in 
the literature were apparently inconsistent with each 
other. An attempt at a systematic survey and analysis 
of existing data was made by Probstein and the present 
writer.”! 

The effect of surface roughness on transition has re 
ceived considerable attention. A review of the earlier 
literature was made by Dryden.’ Additional informa 
tion were found by Schubauer and Klebanoff. At 
high supersonic speeds, it has been suggested that the 
effect of roughness may be less important because the 
disturbance produced is expected to propagate outside 
of the boundary layer as compression waves.*! There 
seems to be experimental support to this idea 

The effect of surface temperature on transition has 
received wide interest, especially at supersonic speeds 
This is largely suggested by the instability theory. 
The general trend of such predictions is borne out in 


actual transition studies.* 


(IV) StratisticAL THEORY OF TURBULENCI 

We shall now turn to the discussion of fully developed 
turbulent flow. It has long been recognized that the de 
tails of turbulent motion is so complicated that statis 
tical considerations must be used for its description 
One of the earliest of such applications 1s the concept of 
the Reynolds stress, which gives a very illuminating 
general description of the basic mechanism of turbulent 
shear flow. However, up to the present time, very 
little further progress has been made in the basic theory 
of shear motion because of its inherently complicated 
nature. Most of 
much simpler problem of homogeneous turbulence with 
Superficially, one might think that 


the progress has been made in the 


out mean motion. 
there is little to be known about such fluid motions. Ac 
tually, the very absence of mean motion allows one to 
go more deeply into the inherent nature of the tur 
bulent motion itself. 
developed in the study of homogeneous turbulence, and 


these concepts now gradually find their way into the 


Many basic concepts have been 


study of shear flow. 

One of the basic concepts in the discussion of statis 
tical averages is the frequency of occurrence, or the dis 
tribution function. We consider a function F(x, v, w; 
x, ¥, 2, f) which gives for each point P(x, y, 2) and each 
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Fic. 3. Double correlation functions involving velocity and 

temperature fluctuations u and J behind a heated grid set 


perpendicular to a uniform air stream. 


U(x )d(x + &) 


7 I'(x)I'(x + £) 


re 


u(x)u(x + & 
u'(x)u'(x + & 
where x and £ denote distance in the direction of the stream and 


a dash indicates the root-mean square value. \/ is the mesh 
width of the grid. (After Kistler, O’Brien, and Coorsin’? 


instant ¢ the probability that the turbulent velocity 
shall lie in the range (uw, u + du; v, v + dv; w, w t+ 
dw), or briefly (#;, u4; + du;). If this function is known, 
then the Reynolds shear is given by a formula of the 
kind 


—puv=-—p if F(u,v,w; x, y, 2, thuvdudvdw (4.1) 


for each point P(x, y, z) at each instant ¢. 
To analyze the structure of turbulence, one needs to 
know also the joint probability distribution at several 


points. For example, if we are interested in the corre- 
lation of velocity at two points P’ and P”, then we must 
know a distribution function of the form F(u;’, x;’; 


u;",x,"; t). The correlation of the x-components of the 


velocities at these points is then given by 


u(P’) u(P") = 
SS F ui’, xi'3 ui", x1", 2 u'u" dr(uj’)dr(u;”) (4.2) 


Further generalizations of joint probability distribu- 
tions involve more than two points and quantities more 
general than velocity fluctuations (cf. Fig. 3, 4). 

Some experimental information is available regard- 
ing the distribution function F(u;, x,, ft). The Gaussian 
distribution has been found, in many cases, to be a 
fairly good representation for each component.*® 77 
Some skewness is of course to be expected in any aniso- 
tropic case. In the isotropic case, where the statistical 
properties of the motion are essentially independent of 
direction, the Maxwellian distribution of velocity holds 
approximately. 

There is also some indication that the joint probabil- 
ity distribution at two points is approximately jointly 
Gaussian. However, this cannot be accurate because 
the triple correlation u*(P)u’(P’) for two points P, P’ 
lying on a line parallel to the x-axis is known to play an 
important role in the mechanics of turbulent motion. 
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This quantity would be identically zero for a try) 


Gaussian distribution. The simplest way to get 
measure of the accuracy of the Gaussian hypothesis jc 
to measure the moments of the velocity difference at 


such two points: u(P’) — u(P). Such measurements 


g Stewart.* 


have been made by R. W. The flatness 
factor is found to be close to three except for small dis 
tances (Fig. 5). 

(V) GENERAL EQUATIONS OF HOMOGENEOUS 
TURBULENCE 


The simplest turbulent flow is the idealized case of ay 
infinite field of turbulence which is devoid of mean my 
tion and is statistically homogeneous, or even isotropii 
Homogeneity means that the statistical properties oj 
the field are independent of the particular position in the 
field, and isotropy means that they are independent oj 
direction. 
ties in such a field is the intensity of turbulence. T, 


Clearly, one of the most important quanti- 


get an idea of the structure of the field, it is natural t 
consider quantities like the correlation tensor 


(0.1 


ti (P) a, (P") = BR 


ier 


where #; (P) and u; (P’) are the velocity components at 
two points P and P’, and &, are the components of the 
vector PP’. 
tensor R,, is a function of the vector }£,|. 
dition of incompressibility then yields the relation 


Because of homogeneity, the correlation 
The con- 


OR, ,/O0é 0 52 


In the isotropic case, von Karman?’ has shown that 
R;,; is of the formt 


Ry = 


»f 
u*) (f(r) —_ g(r) ] (& 


ie 
+ 
xe 


and that Eq. (5 2) leads to 
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Fic. 4. Triple correlation functions obtained by the same 


authors under the same conditions as those in Fig. 3 
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Flatness factor for turbulent fluctuations behind a grid 


icross a uniform air stream (after Stewart*> 


Thus, all velocity correlations of the second order can 
be expressed in terms of only one correlation function. 
Von Karman and Howarth‘ have shown that the same 
is true of correlations of the third order associated with 
two points P and P’. They have further shown that 
the correlation between pressure and velocity fluctua- 
tions vanishes identically. With these preliminary 
kinematical results, they considered the dynamics of 
isotropic turbulence and derived the well-known Kar- 


man-Howarth equation 


0 . _O O/ 
uf) + (u?) *r-4 — (rth) = 2vu? r~4 r4 
of or or or 


from the Navier-Stokes equations. 

It is often physically convenient to think in terms of 
the spectral theory. The Fourier transform of the 
correlation tensor gives the spectral tensor 


l ers _ ‘ 
P;,(k,) = iY Ri(&)e *"*" dr(&) (5.6) 
om’ SJ. 
in terms of which we may define 
ae 4 , kan 
E (x) = _ ®,; (xn,) dS (n,) (5.2) 


which gives the distribution of the energy of turbulent 
motion among the various scales. 

The above relations for correlation functions natur- 
ally have their counterparts in the spectral theory. 
The relation Eq. (5.2) corresponds to 


«x, = 0 (5.8) 
From this relation, Kampé de Fériet?® has shown that 
$;, is of the form 


®,; = A(k) (6; — (ce: x?) | + B(x) ¢: ¢;* (5.9) 
where A(x) and B(x) are functions of x, } ¢i{ is a unit 
vector, and | ¢,*} is its complex conjugate. In the iso- 
tropic case, B = 0. 

he one-dimensional spectrum F(x), defined by the 


Fourier relations 
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, Zu? , 
F(x) = 1(r) COS xrd?r 


ad. 5.10 


u-}(r = F(x) cos xrdk | 
is often found convenient from the experimental point 


of view.” (Cf. Fig. 6). It is easily verified that 


E(«x) = (1/2 1k?F" (Kk — «x F'(k | (5.11 


The cosine transform of the Karman-Howarth equation 
gives a relation for F(x), and this can be rewritten in 


terms of (x) in the form 
(OF Ot) + W (x, t) = IKE 5.12 


where I1’(x, ¢) is related to the triple correlation func 
tion. 

The Eq. (5.5) of Karman-Howarth [or the equivalent 
spectral Eq. (5.12)] is a relation giving the time rate of 
change of the double correlation function, but it is seen 
to contain the correlation function of the third order 
If we consider the differential equation for the change 
of the latter function,t we shall find that correlations 
of still higher orders appear. The nonlinear terms in the 
Navier-Stokes equations prevents us from obtaining a 
closed system. 

Further developments of the general theory thus ap 
pear to be impossible without introducing specific as 
sumptions. Still, the above results serve as a framework 
in which the experimental data may be analyzed. There 
are many deductions, which, together with the relevent 
experimental data, serve to enhance our understanding 
of the mechanics of turbulent flow. 


+ N. Hu appears to be the first one to carry out such a deriva 


tion in an unpublished paper 
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Townsend“), g(x) is 1% of F(x) defined by Eq. (5.10), and n is 
identical with / defined by Eq. (7.2 
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The above theoretical developments for isotropic tur- 
bulence can also be carried out for the anisotropic case, 
but the essential difficulties remain the same. 


(VI) APPROXIMATE THEORIES 


In order to complete the theoretical formulation, cer- 
tain approximations are needed. Obviously, if the 
terms in the triple correlation is negligible in Eq. (5.9), 
we have a well-defined mathematical problem. This 
is the case of low Reynolds Numbers considered by von 
Karman and Howarth,‘ who gave solutions of the self- 
preserving type in terms of confluent hypergeometric 
functions. Further studies of this case were made by 
Satchelor and Towsend.*!: *° 

It should be pointed out that in this approximation 
the nonlinear terms in the Navier-Stokes equations are 
neglected, and the treatment can be handled in terms of 
these equations themselves. Such an approach has 
been made by Reissner** and studied in greater detail 
by Batchelor.** It should also be borne in mind that 
Taylor® has pointed out that one of the most important 
processes of turbulent motion is expressed by the term 
involving the triple correlations. Thus, the treatment 
of this case is of interest only to the final stage of a de- 
caying turbulence and does not particularly contribute 
to the understanding of the physical processes of tur- 
bulent diffusion. 

Approximate theories involving the essential triple 
correlations have been developed in two different ways. 
The first is based on the assumption of a relation be- 
tween the triple and double correlation functions, or 
rather a relation between the transfer function and the 


spectrum in the spectral theory, Eq. (5.12). Such as- 
sumptions were proposed by Obukhoif,** Heisenberg,*® 
von Karman,** and Kovasznay.* Von Karman’s 


formula is 


| ” ies 


gee 
( | [P(x) a de ¢ x 


, =e 3/2)-—a@ (1/2)-8 { . 
[F(«) | Z KO/2)-8 dg (6.1) 
\Jo 
Heisenberg’s formula is obtained if we put a = (1/2), 
8 = —(3/2). The latter is the most widely used. It is 


obtained by considering the effect of the smaller ed- 
dies as having a dissipative action on the large eddies 


with an equivalent kinematic viscosity 
- 
a ’ in (1/2 ty 
yp = C ) F(x) Ky dk (0.2) 
e A 


A second approximate theory was developed recently 
by Proudman and Reid* using the equations for the 
change of both the double correlation and the triple 
correlation. In the latter equation, the terms in quad- 
ruple correlations are expressed in terms of double cor- 
relations by the quasi-Gaussian approximation. This 
means that correlations of the fourth order are as- 
sumed to be connected with those of the second order 


as if the joint probability distributions were Gaussian. 
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The triple correlations, however, do not vanish. 
would be the case in the true Gaussian distribution. 
Neither one of the approximate theories has as yer 
been fully exploited. Calculations of the correlat; ‘ 
spectrum, based on Heisenberz’s formula, have bee 
made by Chandrasekhar*® and compared with experi 


ments by Proudman.*” There seems to be genera! 
agreement, although there is some difficulty about th 


value of the constant factor appearing in the formula 


VII) SELF-PRESERVING HYPOTHESES 


The development of the explicit theories discussed 
above has been preceded by the introduction of selj 
preserving hypotheses. These hypotheses give definite 
relations for the law of decay and change of scale, al 
though their introduction still leaves more unknowns 
than equations. Since these hypotheses are often used 
as additional assumptions in the framework of the 
above theories and since they also give results by them. 
selves independent of such theories, they deserve 
separate treatment. 

Self-preserving hypotheses were first introduced b 
von Karman and Howarth; a survey of various hy 
potheses was made by von Karman and Lin. Here we 
shall mention a particular one’? as an example, since it 
has considerable theoretical merit and has also received 
experimental support. 

We assume that there is self-preservation of the cor 
relation function except for the largest eddies. Math 
matically, this means that we assume 


ui h(r, t) = v3H(r/1)\ 


are typical velocity and 
It then follows 


where u = (y?) ’*, and v and / 
length scales dependent on time alone. 


from the Karman-Howarth equation that 


v (vey, (v3 /¢ 
where ¢ is the rate of energy dissipation. The law of 
decay is 

u- at~'+ 8 ((.0 
This law of decay has been shown to be in good agree 
f the 


ment with experimental results. Extension 


above ideas has been made by Goldstein,** who also 
suggested a two-grid experiment to distinguish the 
above law of decay (and other similar laws) from the 


special law 


~J 


u- = al 
obtained in many single-grid experiments. Such two 
grid experiments have been made recently by Tsu}! 
and Hama‘! indicating the necessity of the inclu 
sion of the additive constant (Figs. 7, 8). A com 
parative study of the various hypotheses along this 
line were made by the present writer, in which the 
Stewart and Townsend* 1s 


experimental work of 


discussed. 
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anish, as 1.5 ! a aaa | dence) ama macaeiaiaaiad: a result first obtained by Obukhoff. The results dis 
ition, cussed here are independent of the behavior of the 
aS as yet larger eddies. They are, therefore, applicable to shear 
relation flows as well provided only smaller eddies are considered 
ave bee | (hence the name /ocal isotropy). There 1s some experi 
h experi e mental evidence for Kolmogorofi's theory in shear 

general | flows. 
ibout the | Concerning the large eddies, the Loitsiansky param 
P Ee ame ; 
rmula v eter should be mentioned. If one assumes that the 
| correlation functions /(7,/) and /(7,t) vanish sufticiently 
| rapidly at infinity, then it is easy to show that the di 
msi} mensional parameter 
liscussed 5 . 
1 of self Fic. 7. D y of turbulence behind two grids 14; and A! A u- fr Ad) S.5 
- definite widths 5 em ind 1 cm., respec tively V downstream ‘ 
- Cae Oe is the distance behind the second grid .\/s, x; is the , ewes : 
scale, a]. | Rien wine way £7 ig te mean weleaibe. uadk a ts Ue remains constant. This was pointed out by Loitsian- 
nknowns | m-square turbulence “fter Tsuji and Hama? Data sky.°*? The present writer has shown that in the spec 
ten used y departure from Eq. (7-4 tral formulation, under the same assumptions for the 
of the behavior of the correlation functions, the spectrum is 
ry them- VIII) LarGe EppIrs AND SMALL EDDIES given by 
serve a E(k 1/3a)Ax* + ? S.4 


favlor? has shown that, with a reasonably large Se: ; 

: : and that the invariance of Loitsiansky’s parameter 1s a1 
uced b Reynolds Number of turbulence, energy of the turbu- ee rey I ew 
? ’ ; . . . . . dication of the permanence of the large eddies. 
ious hy- lent motion is contained in the larger eddies while indi , I , 5 ” 


ie : . . ; Such -ories have been developed to ine > ge 
nearly all the energy dissipation is associated with the uch theories have been developed to include gen 


Herewe | 

‘ ve » - > ‘Qe ’ 2 . > > oa 
| smaller eddies contributing a negligible fraction of the eral homogeneous turbulence by Batchelor.” Re 
energv. He also advanced the idea that the stretching 


{ the vortex lines in a diffusive turbulent field is the 


since it é 
Sebi cently, questions have been raised against the validity 
received . ° . . . : 

of the assumptions regarding the behavior of such cor 


relations functions at infinity.°* * At the present 
































the cor mechanism for supplying energy to the smaller eddies. : : 
Mathe Later authors describe such a process as a cascade time, the eeenae ol be ane independent parameter 
process of energy transfer down the scale of eddies. seems to be in doubt. This of course influences a num 
ii ; ber of developments based on the Loitsiansky’s in 
: [he above picture leads to the plausible assumption westent. 
7.1] that the smaller dissipative eddies are isotropic, that 
their behavior depends only on the quantities « and », IX) Tursutent Fiow wirn VELOCITY or 
or ind that consequently there is a definite spectrum based TEMPERATURE GRADIENT 
K on the velocity and length scales v and » = /, given by 
follows Eq. (7.2 ay such assumptions are justified Thanks to the advancement of hot-wire technique, 
only in the case of a virtually complete separation of we have recently gained much experimental infor 
(7.9 energy-containing large eddies and the dissipative 
small eddies—i.e., if the general scale of turbulence L ee 
law of ismuch larger than the scale 7. The transfer of energy + ee 
irom the large eddies to the small eddies is propor- pyrrlo 
73 tional to pu*/ L, which must be proprotional to «. The j 4 , | 
Aes ; : 4 E a « - 
condition L > yn then leads to the conclusion that the o } ee 
agree- Reynolds Number of turbulence uL/vy must be very e/ '& ~ > | ‘ 
if the large. $ Le X )) 
0 also Such is the general basis of the theory of locally iSO- 3} * - = ,| a A ox & ‘ 
h the tropic turbulence proposed by Kolmogoroff,” Obuk- P , | & } 
m the | hoff,** and, later, apparently independently by On- i ff Pi |x e 4 e “| 
sager,** Heisenberg,® and von Weizsacker.*® In the > p | D> } a J 
(7.4 spectral formulation, Kolmogoroff’s theory leads to the ee oa | aT 
energy spectrum in the form # cor 
| two | + yt | 
Tsuji iE = v°n e (xn) (S.1) 
inclu i : ? } | + me 
piss lor sufhciently large values of x. For very high Reyn- 
ys olds Numbers, one assumes that there is a significant | + i 
ts lower subrange of the spectrum, Eq. (8.1), which is | a | (X-0.06) , m' 
ois independent of ». We then have O65 0.5 ¥: “5 5 =. 


Fic. 8. Same data as presented in Fig. 7, replotted to show con- 


E~ ex (8.2) formity with Eq. (7.3 
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mation on turbulent shear flow, particular in the bound- 
However, no satisfactory theory of tur- 
The older theories of 


ary layer.7 
bulent motion has yet emerged. 
turbulent motion—such as the exchange coefficient 
and the mixture length theories 
for practical applications. Recently, 
have been applied to the turbulent boundary layer at 
work will be 


remain useful tools 
such theories 


supersonic speeds. Reference to such 
found in the article on boundary layers. 
Among the older theories of turbulent shear flow, 
von Karman’s similarity theory stands out as one per- 
mitting further refinement. The simple similarity con- 
cept proposed by von Karman has not been completely 
verified experimentally, probably due to the existence 
of large eddies with a scale of the order of thickness of 
the boundary layer or the width of a channel. Still, it 
appears to this writer that the type of theory conceived 
by von Karman deserves further attention. Either 
similarity may be regarded as a first approximation, or 
another type of relation may be found to connect the 
patterns of turbulent flow at two points in the same 
field. Recently, one uncertainty in the similarity 
theory has been removed by the use of Kolmogoroff’s 
theory, and efforts have been made to extend the simi- 
larity theory to the case of compressible fluids.**: 
One of the main purposes of Taylor’s statistical 
theory was the clarification of the concept of the mix- 
ture length. Recently, Corrsin® applied such discus- 
sions to the study of the transfer of heat in a field with 
uniform Studies of homo- 
geneous turbulence in a field of uniform velocity gra- 
dient were made by F. Reis” and later by Burgers and 
Mitchner® with almost identical assumptions and re- 
sults, although the work appears to be independent of 
Further developments in this direction 


temperature gradient. 


each other. 
are still needed. 

A more direct statistical approach to actual prob- 
lems of shear flow was initiated by von Karman,’ 
extended further by 


developed by Chou,**® and 
Rotta.*! The basic idea is the construction of statis- 
tical correlations in shear flow, mainly at a single 
point. Theoretically, it appears feasible to consider 
multipoint correlations and use approximate relations 
like the quasi-Gaussian assumption to reduce the num- 
ber of unknowns down to the number of equations 
available. Such a scheme is no doubt very compli- 
cated, but it appears to be a reasonable approach to the 
difficult basic problem of turbulent shear flow. 


(X) OTHER ASPECTS OF TURBULENT FLOW 


There are many other aspects of turbulent motion 
e.g., 
turbulent diffusion, atmospheric turbulence, the inter- 
action between turbulent motion and compression 
shock), scattering of electro- 


which have been more or less extensively studied 


waves (acoustic and 


t See P.S. Kiebanoff, Characteristics of Turbulence ina Boundary 
Layer with Zero Pressure Gradient, NACA TN 3178, 1954, and the 


references quoted therein. 
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magnetic waves due to turbulent motion, and turbyley; 
motion of an electrically conducting fluid in a magnet; 
field. 
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Flame Theory and Combustion Technology 


FRANK E. MARBLE* 
California Institute of Technology 


SUMMARY 


The study of combustion processes is in a sufficiently early 


stage so that there is no strong connection between combus- 


tion theory and the technology of combustion chamber develop 
ment. Toclarify such a connection is the principal task of workers 
engaged in establishing combustion as an engineering science 
The equations of aerothermochemistry are reviewed for the 
case in which temperature and composition gradients are small 
Solutions have been obtained in very few cases and under very 
restrictive circumstances; most detailed considerations are re- 
The current situation 
The few ex- 


stricted to the plane laminar flame front. 
in the theory of plane laminar flames is discussed 
tensions that have been made to two-dimensional problems are 
then described. Several directions of work which would assist in 
establishing theoretical results approaching technological re- 


quirements appear possible 


INTRODUCTION 


— THE STUDY of combustion processes Can as- 
sume its position as a branch of engineering science, 
it is necessary to clarify the relationships between the 
aerothermodynamic and chemical-kinetic fundamentals 
underlying combustion and the complex processes that 
take place in combustion chambers. According to the 
spirit of engineering science, it need not be expected 
that the performance of combustors shall be predicted 
from fundamentals but, rather, that the thread con- 
necting fundamental processes on the one hand with 
combustion technology on the other shall be thoroughly 
sound. Only then may valid approximations be made, 
appropriate experimental results introduced, and proper 
similarity criteria developed. 

At the moment, this ideal seems to be a long way from 
realization. The instances where a realistic combustion 
process may be deduced from first principles are singular 
Furthermore, the fundamental information is 
Chemical kinetics is still unable 


indeed. 
not always available. 
to cope with many complex reactions of technological in- 
terest; fluid dynamics does not yet present a picture of 
the turbulence mechanism adequate enough to infer its 
influence on combustion processes; and basic experi- 
mental difficulties have rendered progress slow in ob- 
taining reliable detailed information on combustion 
systems. On the one hand, there exists considerable in- 
formation concerning the performance of combustion 
chambers for jet propulsion units; on the other hand, 
there has been considerable scientific study into the 
description of combustion details, particularly that of 
the laminar flame in mixtures 
through application of chemical and thermodynamic 
But at this time there exists no clear 


combustible gaseous 


fundamentals. 


* Associate Professor of Jet Propulsion and Mechanical Engi- 
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connection between the two. This state is one through 
which most fields of engineering science have passed at 
one time or another during their development. Cons¢ 
quently, the present circumstances should not cast 
shadows on future possibilities. Aeronautical eng; 
neers are still aware of the period when the theory 0; 
ideal fuid motion appeared as a monstrosity having 
little bearing on the observed phenomena. 

Under these circumstances, it is to be expected that 
Dr. von Karman would, during recent years, devote a 
portion of his time to the clarification of this field of en 
gineering. His interest is a natural outgrowth of his 
early and extensive work in the jet propulsion sciences 
The impact of Dr. von Karman’s efforts in this field has 
been twofold. First, he has contributed his own dee; 
insight and clear thought to formulation of key problems 
in the bridge between fundamentals and _ practice 
Second, he has attracted the enthusiastic participation 
of workers disciplined in aerothermodynamies to prob 
lems formerly of interest principally to physical chem 
ists. In assuring this cooperation between practitioners 
of the individual sciences and instructing them by ex 
ample of the directions in which to work, it seems 
probable that Dr. von Karman is at present accomplish 
ing the essential step in developing aerothermochem 
istry into a mature engineering science. 

The following paper describes briefly some of the con 
tributions made by Dr. von Karman and his collabora 
tors and attempts to show how they fit into the present 
state of combustion theory. The author is indebted t 
his colleague, Prof. S. S. Penner, for advice concerning 
the contents of this review. In particular, the author 
acknowledges his deep gratitude to Dr. Hsue-shen 
Tsien from whose conversations many ideas have been 
drawn. Without the this the 
author's interpretation of Dr. von Karman’s current 


benefit of material, 


efforts would be far more faulty than it 1s. 


AEROTHERMODYNAMIC AND CHEMICAL FUNDAMENTALS 


Combustion processes are described by the motion of 
nonuniform gaseous mixtures in which chemical reaction 
produces concentration gradients and, consequently, 
diffusion of chemical species. Following the methods o! 
Chapman and Cowling! or of Hirschfelder, Bird, and 
Curtiss,? appropriate mean values for the velocity, 
density, temperature, etc., of the gas mixture may be 
defined so that a gross continuity equation for the gas 
mixture may be written in the usual fashion 


(Op/ot) + div (pV) = 0 (1 


Likewise, in the absence of external forces, the Navier 
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Stokes equations of motion assume their familiar form 


o(0V Ot) + (epV:'V)V = —grad p + div r (2 


vith the exception that 7 is here the stress tensor for 


‘he nonuniform gas mixture; hence it includes con- 
tributions which arise from the fact that velocities of 
individual gaseous components differ from the mean 
elocitv because of differential diffusion rates. 

In dealing with the principle of energy conservation, 
t is convenient to introduce the concept of the total 
zas enthalpy, defined as the sum of the usual thermody- 
namie enthalpy C,dT and the enthalpy h re- 
uired to form the chemical species from its constituents 
t a fixed temperature 7). Then, for a given chemical 
species, the total enthalpy /, may be written 


>] 
1, = cp dl +h (3 
while the enthalpy for a gas mixture having a fraction 

of its weight contributed by the 7th chemical species 


Afic ” a 
| ) J Cod + hi , 


h >. Yh, = > 
the sum being taken over all chemical species. Now in 
: process involving an exothermic chemical reaction, the 
heat evolved arises from molecular binding energy re 
leased during the chemical rearrangement, and, clearly, 
this appears as a change in energy of formation between 
initial and final chemical species. Consequently, the 
heat associated with an exothermic reaction is explicit 

this definition of the enthalpy. The energy con- 


servation relation appears then as 


# vi" ( Vi: 
eo (b+ , ) + (eW-v) (b+ >) + 


she y Op . ah 
vd pVih\Va;, — ~ div (Agrad 7) +0 (5 
OY 
Aside from the definition of the enthalpy /, the only 
unusual term appearing is the divergence of 


> (pV Vo.)h;. 


to its diffusion velocity Va 


The mass transport of the 7th species due 
is just py V, and, conse 
quently, the enthalpy transport is (op Y,;V4,)h; and, con- 
The 


total enthalpy transport due to diffusion is then simply 


sequently, the enthalpy transport is (pV,Vz,)h;. 


the sum of the individual transports >> (pV,Vu,)hi. 
rhe quantity & is the viscous dissipation given in terms 
of velocity gradients and viscc sity coefficients. Actually, 
this energy equation is correct for only terms linear in 
the diffusion velocities, and this restriction has been 
considered by von Karman’ whose results are quoted by 
Penner.‘ It appears that these higher order terms have 
not been deduced directly from the Boltzmann equa- 
tion. 

The gross continuity equation is not adequate to de- 
scribe the conservation of each chemical species. For 
individual species, the motion differs from the mean 
motion by the local diffusion velocity V,,, and the spe- 


cies is manufactured locally at the rate w Then 


clearly 


(0 Of)(pY th div[p¥ V + Vz ,)] rt 6 


and in virtue of the gross continuity relation of E¢ 


‘OY ; ' 
of + V-grad } +- div (p] 
of 


V q 7 
“ ‘ 


The diffusion velocity V; arises from gradients in con 
centration, pressure, and temperature. In most com 
bustion problems, the variations in pressure are suf 
ficiently small so that this effect may be neglected 
The diffusion caused by temperature gradients or thet 
mal diffusion depends upon the existence of large tem 
perature gradients and large differences of molecular 
weight between the interdiffusing species. A very 
f thermal diifusion is 


interesting physical description « 
given by Jost.° Usually, but not invariably, this effect 
may be neglected in combustion problems and will be 
discounted in the following considerations. Then it is 
not difficult to show that, to the first-order perturbation 
of the Boltzmann distribution, the diffusion velocities 
of the 7th and jth species are related as 

x Vi¥; (Va; — Va 


j M,M D 


grad } 


where D 
ith and jth species, and .\/;,, \/, are their corresponding 
that the 


momenta associated with the diffusion velocities must 


is the binary diffusion coefficient between the 


molecular weights. In addition, it is clear 


sum to zero, and hence 
YW; = 0 9 


The rates of production w, of the various chemical 
species are governed by the laws of chemical kinetics 
The gross chemical reaction is described by the numbers 
y; of initial atoms or molecules that react to produce 
v,;’ of the product molecules. If a chemical species is 
denoted by the symbol C;, and all species entering into 
either the reactants or pre ducts are ordered C;...C 
C,,, then the mass balance of atoms is written 

> v.C, > Xv,C 10 


— — 


This is known as the stoichiometric relation; vy; and 


vy,’ are the stoichiometric coefficients. Relations of this 
sort are usually inadequate to describe the detailed 
course of a reaction because the atoms or molecules of 
the left-hand side do not produce the final products 
through elementary collisions. Rather, they produce 
intermediate products which, in turn, react in a complex 
manner to produce the final products. Since the rates 
of reaction are related to the probability of “successful 

molecular collisions, the entire set of elementary reac 
tions must be known as 


Dy MC, > Yov,'C (11 


The overall result of Eq. (11) is the gross stoichiometric 
relation given by Eq. (10). 
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Associated with each elementary step is a rate at 
which it is carried out. For a given system, the proba- 
bility of a successful collision depends upon (a) the frac- 
tion of molecules having sufficient energy—i.e., tem- 
to engage in a successful process, and (b) the 
The rate of a simple 


perature 
concentration of reacting species. 
reaction may be expressed according to the law of mass 
action which states that the rate is proportional to the 
concentrations of reacting species. Thus, if the stoichio- 
metric balance contains a species C;, v; times, the reaction 
rate contains the concentration [C;] as |C;|:[C;]-[C;]... 
[C,]"". Consequently, the reaction rate may be 
written for the kth equation of type (11) 
rOUW(C (12) 
where r'"’ is the specific reaction rate constant giving 
the probability for success of a given molecular en- 
counter. Early in the study of chemical reaction rates, 
Svante Arrhenius® indicated that the specific reaction 


rate could be written 
y = Bre 2/k! (13) 


where the activation energy /:, the exponent a, and the 
frequency factor B depend upon the details of the 
particular reaction. 

These basic processes, recently reviewed and clarified 
by von Karman,’ describe the details of ordinary aero- 
thermochemical processes. The relations hold under 
the general assumptions that the Maxwell-Boltzmann 
distribution is not severely disturbed by the processes 
and that the changes of state encountered are suf- 
ficiently slow that equipartition of energy among all 
internal degrees of freedom of the molecule is satisfied 


at all times. 


THE LAMINAR FLAME 


One of the simplest problems arising from the com- 
plex aerothermochemical system described in the pre- 
vious section is the plane flame front in a uniform 
parallel flow of a laminar gas stream. Consider the gas 
flowing in the direction of positive x axis; it is desired 
to calculate the gas speed required to produce a station- 
ary reaction zone normal to the direction of flow and to 
determine some details of the reaction zone. This 
problem has been considered a classical one since the 
pioneering investigations of Mallard and Le Chatelier;* 
an excellent survey of the early theoretical attack on the 
problem has been given by Evans.’ For this one-di- 
mensional steady process, the gross continuity condi- 
tion, Eq. (1), reduces simply to pu = m = constant. 
The momentum equations reduce to a single one that 
relates the pressure gradient in the direction of flow to 
the stream velocity and velocity gradient. It may be 
shown, a postiori, that the normal velocities of flames in 
laminar gas mixtures are so low that the resulting pres- 
sure variations are negligible. Hence, the momentum 
equation need not enter in the analysis. 

The fact that the flame propagation velocity is low 
also introduces simplifications into the energy conserva- 
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tion relation. 
the infinitesimal pressure gradients may be neglected 


In the first place, the work done against 


in the second place, the dissipation, equal to u X 
(Ou Ox)*, may be dismissed as unimportant in compar 
son with heat transferred by conduction Then it is 
clear, from this simplified energy relation, continyjt 
equations for individual species, and knowledge of th, 
chemical-kinetic processes, that the details of the rea 

tion zone may be expressed as distributions of tempera 
ture and chemical species. Boundary conditions ar 
easily established on the problem since initial tempera- 
ture and composition is given, and final temperatur 
and composition may be determined from chemical 
equilibrium calculations. Furthermore, no heat or 
chemical species may be conducted or diffused from thy 


field at points far upstream and downstream of the flany 


zone. Consequently, it is required that 
Tr =7%; (dT dx) = 0| , 
Vie; (@Y,/dx) =0f ** 
Tr =T7;; (dT dx 0| ; 
y,= 1 (dV, dx) = Of “ 


A certain difficulty is immediately apparent. If the 
initial reactable mixture exists at a temperature 7), 
then, according to the specific reaction rate of Arrhenius 
[Eq. (13)] the mixture will be reacting at a finite rate 
Unless the initial gas temperature has the unlikely value 
of absolute zero, the spatial variations of composition 
and the consequent heat release make it impossible to 
satisfy the conditions (d7°) dx) = (dV; /dx 0 far up 
stream of the flame zone. This essential incompatibility 
of boundary conditions and chemical-kinetic principles 
is known as the problem of the ‘“‘cold boundary.” The 
mathematical implications of this were discussed by 
Emmons!’ and by Adamson;!'' they investigated what 
must necessarily be prescribed far ahead of the flame to 
make the problem soluble and indicated that the flame 
itself was not too sensitive to conditions far upstream 
In an effort to reconcile physical reality with mathe 
matical accuracy, Hirschfelder and his collaborators 
introduced an artificial ‘flame holder’? endowed with 
the properties of absorbing heat and certain chemical 
species so that the flame could exist and still not alter 
the prescribed conditions far ahead of the reaction zone 

Later, von Karman and Millan! 
boundary difficulty in detail for a reaction zone without 
diffusion. They first showed that the existence of a fixed 


discussed the cold 


flame speed in the mixture was equivalent to assuming 
that is, a temperature be 
Thus, the 


an ignition temperature 7° 
low which no chemical reaction takes place. 
most involved devices introduced to force a solution to 
the cold boundary problem were finally no more pene 
trating than the ignition temperature concept employed 
by the pioneers in the field. Of more importance to the 
solutions of combustion problems was their demonstra 
tion that the calculated flame speed was quite insenst- 
tive to the value assumed for the ignition temperature 
over a surprisingly wide range that depends upon the 
chemical details of the reaction. This confirmed the as 
sumption made by Boys and Corner" that a good esti 
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FLAME THEORY 


mate of the flame speed could be made by an approxima 
tion accurate near the hot boundary of the flame and 
relatively inaccurate at the cold boundary. 

The technique for approximate integration of the 
gerothermochemical relations starting from the hot 
ame boundary was extensively developed by von Kar- 
man and Millan 
global reaction without diffusion. 


for a system described by a single 
The extension to 
more complex systems of chemical kinetics and to 
dames with diffusion of chemical species has been under- 
taken by von Karman and Penner’ " for two examples 
where reasonable knowledge of the kinetic details is 
known. Clearly, as the number of important elemen- 
tary steps [Eq. (11)] increases, the problem becomes 
less tractable analytically. 
only possibility for reasonable solution lies in simplifica- 


For complex systems, the 


tions that may arise because some of the elementary 
reactions are very fast while others are relatively slow. 

To illustrate the simplifications that may be made in 
this way, consider the kinetics of ozone decomposition 
which were used by von Karman and Penner" in their 
most detailed example. The decomposition of O; pro- 
ceeds according to the elementary steps 


O; + (WV) ?e-O.+ 04+ (M (14 
Oo + O + (VM) > O; + (VM (15 
O; + O— 20. (16 
20. > O; + O (17) 

290 + (MW) > OO. + (CV (1S 
Oo + CV) > 20 + CI) (19) 


where (.1/) indicates any massive body that does not 
take part in the reaction. In Eq. (14), the decomposi- 
tion of ozone proceeds at a rate 10.56 & 10" (p RT) X 
VT X; exp (—24140 RT), while the reverse reaction, 
Eq. (15), goes with a rate 0.23 K 10" (p RT)°+V T X1X2. 
The chain-breaking reaction given by Eq. (16) proceeds 
atarate7.15 X 10" (p RT) ¥ T X1X; exp (—6000 

RT), while its reverse, Eq. (17), hasa rate 2.95 X 10" X 
p/RT)VT X,? exp (—99210/RT). 
ciation of oxygen atoms, Eq. (18), has a rate 0.482 X 
10” (p RT)*+/T X,°, while the dissociation of oxygen 
molecules follows the law 8.92 X 10! (pb) RT)V T X2 X 
exp (— 117350 RT). Here the mole fractions of O, O2, 
and O; have been denoted X,, Y. and X;, respectively. 
No effective global reaction is obvious largely because 


Finally, the asso- 


of the significant role played by oxygen atoms, the chain 
carrier. 

After its manufacture, during the decomposition of 
ozone—according to Eq. (14)—the oxygen atoms enter 
again into reaction with ozone—according to Eq. 
16)—to produce additional molecular oxygen. Through 
a little analysis, an effective global reaction may be 
found. For, when the mole fraction XY; of atomic oxygen 
1s small while the mole fractions 2 and X3 of molecular 
oxygen and ozone, respectively, are not small, the de- 
composition of ozone—according to Eq. (14)—strongly 
dominates its inverse given by Eq. (15). Similarly, due 
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to the low activation energy for reaction of ozone with 
atomic oxygen—according to Eq. (16)—this reaction 
predominates over its inverse, Eq. (17), provided only 
that X, > 10 Between the dominant reactions 
given by Eqs. (14) and (16), atomic oxygen is manu 
factured and consumed at about the same rates; for, if 
O accumulated, it would retard the first reaction and 
accelerate the second until equilibrium was restored 
Conversely, the second reaction would be retarded if 
the supply of atomic oxygen became depleted. Since 
these two reactions take place much faster than the 
dissociation of oxygen, Eqs. (1S) and (19), at flame 
temperatures, it is clear that the rates of manufacture 
and utilization of atomic oxygen are nearly equal over 
that portion of the flame where Yo and Y; are of order 
> X, > 10 
approximation, the two rates are equal. 


unity while 10 Therefore, with good 


10.56 X 10!/ 7 X3 exp (—24140 RT) & 7.15 X 
10! 4/7 XX. exp (—6000 RT 


which determines the concentration of oxygen atoms as 
X, & (10.56/7.15) exp (— 18140 RT (20) 


For temperatures of interest in flame studies, this value 
of X, satisfies the restrictions 10-* > YY, > 107", and, 
consequently, the approximate balance above is justified. 
This result means that for every O; molecule that de 
composes—-according to Eq. (14)—an oxygen atom is 
produced which destroys another O; molecule 
Hence, the rate of disappearance of 


accord 
ing to Eq. (16). 
ozone is just twice the rate of the reaction given by Eq. 
(14), and, since this rate involves only the concentration 
of O3, it will suffice as the global reaction treated by von 
Karman and Millan. 

This analysis, given here in a rather intuitive form, is 
carried out in detail by von Karman and Penner." 
They observe, furthermore, that this condition con 
stitutes simply an example of the so-called steady-state 
introduced by Bodenstein,'’” and now 
that the rates of change of 


hypotheses 
familiar to all chemists 
some intermediate products may be neglected in com 
parison with rates of change of primary constituents. 
The success of its application to the ozone flame has en- 
couraged von Karman and his collaborators, as well as 
other investigators,* to explore how far this principle 
may be used to simplify further examples in the theory 
of laminar flames. 

Toward the hot boundary of the flame, however, 
the ozone concentrations become so small that the de 
composition of ozone—according to Eq. (14 comes 
nearly to a balance with its inverse. Then the decom- 
position of ozone proceeds according to Eq. (16), con- 
suming the available supply of atomic oxygen until 
both O; and O approach their equilibrium concentrations 
at the adiabatic flame temperature. Thus, the last 
small portion of the reaction proceeds at roughly half 


* Recently M. Gilbert and D. Altman of the Jet Propulsion 
Laboratory at California Institute of Technology have been in- 
vestigating its application to the Hydrogen-Bromine flame 
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Development of temperature and concentration profiles 
during ignition in a laminar mixing zone 
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the rate of the larger part. It is not diflicult to show 
that this final portion accounts for less than 1 per cent 
of the temperature rise and, consequently, is not in- 
fluential in determining the flame speed. The more im- 
portant consequence of this change in the kinetic process 
toward the end of the flame zone is that the reactions 
taking place at the hot boundary are not representative 
of those in the bulk of the flame zone. Therefore, an 
approximation beginning at the hot boundary with the 
conditions there would be grossly in error for the princi- 
pal flame zone. Accurate application of the approxi- 
mate integration techniques of Boys and Corner or of 
von Karman and Millan require recognition of the dif- 
ferences between this thin, hot boundarv zone and main 


flame region. 


LAMINAR COMBUSTION AND THE BOUNDARY LAYER 


Conibustion processes of a two- or three-dimensional 
character may be constructed when the combustion 
zone is replaced by a discontinuity imparting a fixed 
temperature rise to the gas and moving into the un- 
burned gas with a fixed normal velocity. Such flow fields 


have been constructed by Tsien,'* by Barrere and 


Mestre,!* and by Gross and Esche*’.. This approxima- 
tion provides an adequate description when the flame 
radii of curvature are large in comparison with the 
flame thickness and when no strong temperature gradi- 
ents, composition gradients, or other conditions are 
imposed which upset seriously the local structure of the 
flame zone. When the combustion front is not uniform 
over its length, the problem becomes very difficult since 
the one-dimensional analysis described previously can- 
not be applied locally. However, with the knowledge 
gained through analytic solution of the plane flame front 
and the use of approximation techniques introduced by 
von Karman, some progress may be made in discussing 
some particular cases of the true two-dimensional com- 
bustion zone. 
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Investigation of these problems is facilitated by j; 
troduction of the boundary-layer approximation. 

a matter of fact, the preponderant number of tech 
nically important two-dimensional combustion zone 
originates in regions where the gradients of important 
quantities normal to the direction of flow are much 
larger than those in the direction of flow. Examples of 
this circumstance occur in the quenching of flames near 
cold surfaces, the erosive burning of solid propellants 
the ignition of a combustible stream or jet by laminar 
mixing with an adjacent stream of hot gas moving at 
different velocity, etc. Employing the boundary-layer 
approximation and certain of the techniques used by 
von Karman, the ignition and combustion in the laminar 
mixing zone between two streams was investigated by 
Adamson and the present author.*' Let one stream be 
of combustible mixture at temperature 7) flowing with 
velocity (1, the other of reaction products at tempera 
ture 72, 7; < 7: < 7, moving with a velocity [ 
From the start of mixing at x 0, the streams dey elop 
velocity, temperature and composition profiles due to 
simple shear, heat conduction and diffusion—Fig. 
Farther downstream, sufficient combustible material 
has been heated so that the chemical reaction pr duces 
its own peculiar changes in the temperature and con 
centration profiles. At first the combustion zone is 
quite diffuse, but gradually it contracts into a zone re 
sembling the laminar flame. Since the mixing zon 
grows roughly as 7x, the reaction zone will eventuallh 
move out of the laminar mixing region and develop into 
a true plane flame front. If the velocities of the two gas 
streams are such that the laminar flame makes a very 
small angle with respect to the xv axis, the boundary 
layer approximation is applicable throughout the region 
of flame development. 

Under the boundary-layer approximation, only dy- 
namic equilibrium in the direction of flow need be con- 
sidered, and, because of the low value of laminar com- 
bustion velocity, the pressure variations over the field 


are negligible. Therefore 


pu(Ou/Ox) + pv(Ou/Oy) = (0/Oy)[u(Ou/Oy)] (2! 
and the gross continuity equation is 


[O( pu) /Ox] + [0(pz)/Oy] 0) (22 


The temperature field is described by the energy equa 
tion. If the enthalpy is separated into its thermody- 
namic and chemical portions, the energy equation may 
be written 


pu(O0/Ox)(Cp>T) + pv(0/Ov)(C,T) = 
(0/Oy)[A(OT Oy) |— qw (23 


where g is heat released through consumption of a unit 
mass of combustible gas. Assuming a simple global 
reaction involving only the mass fraction of combustible 
mixture Y, the “rate of appearance’ of combustible 


matter is 
w= — (pY¥/r) exp (—E/RT) (24 


where 7, the characteristic time of the reaction, 1s Tre- 
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FLAME THEORY 
ited to the frequency factor. By virtue of the gross 
ntinuity condition, Eq. (22), only the conservation of 
If D is the 


ifysion coelticient of combustible gas into the combus 


mbustible species need be considered. 


ton products, the continuity of the reactable species iS 
given by 


(OY /Ox pv(OY/dy) (0/Oy)[pD(OY Oy)] + w 


The set of relations given by Eqs. (21) through (25), to- 
vether with limiting conditions of velocity, tempera- 
ture, and concentration in the two streams, describe 
mpletely the process of ignition in the laminar mixing 
ne between two parallel streams. 
[he initial development of the combustion process 1s 
culated most easily by expansion in powers of x, the 
so-called Blasius series. The fact that this approxima 
tion breaks down in excess of a certain distance down- 
stream from the start of mixing implies that a charac 
teristic time or distance must be implicit in the problem 
Certainly this is related to the characteristic time 7 of 
the reaction; a detailed calculation of time required in 
this problem before a significant rate of heat release is 


ichieved gives the characteristic time as 


r(i/RT)(1 — (14/T>2)] exp (E/RT 26 


so that it depends not only upon the time constant 7 but 
very strongly upon the activation energy. The power 
series breaks down when (x /2;¢) becomes of the order 
unity. The solution is extended beyond this region 
through application of the integral technique intro 
duced by von Karman into the calculation of boundary 
layer flows. 

Another problem of great technical significance, 
flame-quenching near a cool surface, may be investi 
gated with the aid of boundary-layer approximations. 
Although this problem is of historic interest in combus 
tion theory and experiment, the first effort at its analy- 
sis from first principles was undertaken by von Karman 
uid Millan. In addition to Eqs. (21) through (25), 
there are the boundary conditions: (a) no gas velocity 
normal to or parallel to the wall at the wall surface, (b 
the temperature at the wall surface is constant and equal 
to 7, and (¢ 


from the wall. 


no net diffusion of species into or away 

This latter condition is equivalent to 
the assumption that the process is entirely one of ther 
mal quenching—that is, the wall removes heat from 
the combustion process at a rate depending upon the 
local temperature gradient, but individual chemical 
species are reflected from the wall unmodified by the 
collision; no surface reaction takes place. This re- 
striction on the formulation of this problem should be 
removed when chemical kineticists provide conclusive 
information on the processes taking place at the sur- 
Lace 

Yon Karman and Millan consider a normal combus 
tion front moving into a stationary gas bounded by a 
constant temperature wall; the process is made station 
ary by allowing the wall to move at the speed of normal 


lam . 4 . . 
lame propagation. The fluid dynamic aspects are 
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approximated by assuming the velocity normal to the 
wall to vanish uniformly over the field. They obtained 
the position of the flame front through an approximate 
calculation of the temperature field and assumed the 
flame to lie along the isotherm corresponding to the 
“ignition temperature” in the sense of their laminar 


) 


flame calculation. Their results are shown in Fig. 2; 
the lengths are given in terms of the heat conduction 
length (A/pottyC,) so that the horizontal coordinate is 
£ = (pottoxC,/r), while the vertical coordinate is 7 

(potyvC, A), and the temperature field as a ratio of 
local temperature to the flame temperature is J 

(T/T,). The vertical isotherm at é 0 corresponds to 
the normal flame in the free stream. 
field for & > 1.5 is adequately approximated by that 


The temperature 


which would exist if the normal flame extended to the 
wall. 

The geometry of the isotherms joining these two 
limiting states was approximated by the integral tech 
niques that von Karman introduced into boundary 
layer problems and which was applied successfully in 
the problem of ignition in a laminar mixing region. It is 
clear that a certain difficulty occurs in describing this 
portion of the field. For the normal flame, the gradients 
are predominantly in the direction of flow; for the re- 
gion far downstream, the gradients are predominantly 
normal to the flow direction since this portion of the 
field is established by heat conduction to the wall. The 
transition region between the two limiting states does 
not satisfy the criteria for employing the boundary-layer 
approximation. Thus, Eq. (23) does not necessarih 
hold in the transition region. Von Karman cons« 
quently included the thermal conduction A(O7° Ox) in 
the direction of flow which is omitted in classical bound 
ary-layer considerations. Aeronautical engineers will 
recognize here a situation reminiscent of that arising in 
the problem of shock wave-boundary layer interaction. 


The isotherm 3 = 0.7, corresponding to the ignition 
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Isotherms near a laminar flame front quenched by a 
cool wall. 
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temperature and hence the approximate position of the 
flame front, passes much closer to the wall than the 


usually accepted quenching distance. Numerical con- 
clusions, however, can hardly be drawn since the chem- 
istry employed was arbitrary and somewhat over- 
simplified, and the measurements cannot be considered 


precise. 


CONCLUSION 


Although these investigations that have been de- 
scribed fall far short of the needs of combustion tech- 
nological practice, they do treat some of the key ques- 
tions that arise in a wide variety of problems. Only 
through complete answers to some of these elementary 
questions will sufficient information be obtained to 
permit really sound similarity considerations. In a field 
so involved as combustion, it is likely that similarity 
rules will always constitute the most widely used results. 
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strain rate but also upon time, the generalization of von 
Karman’s theory of propagation of plastic deformation 
to materials having a yield point appears to be a very 
difficult problem. 
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SUMMARY 


Applied aerody namics and flight mechanics represent one of the 
inv fields in which Dr. Theodore von Karman has made major 
ntributions. His work has been especially valuable because of 
is theoretical and applied research on problems useful to those 
Such work 


it subsonic and supersonic speeds, transonic 


erned with the design of airplanes has dealt 


ith skin friction 


linear supersonic theory, hypersonics, superaerody- 


mics, and the cost of speed His survey papers, covering varl 
speed ranges on subjects now of prime importance and given 


prior to the time when applied design progressed to these speed 
regions, 


g His 


road interest in flight mechanics and related problems of applied 


represent milestones of foresight and progress 


hanies in other fields has given his work breadth of coverage 
n subject matter and applicability 
A design aerodynamicist has to consider carefully many as 
pects of each problem in order to achieve a well-balanced design 
At subsonic speeds, turbulent skin friction comprises about 75 


recent of parasite drag and 50 per cent of total normal operating 





lrag. It has been found by simultaneously considering impor 
tant aerodynamic characteristics and certain simplified structural 
riteria that optimum unswept wings at supersonic speeds will be 
As at subsonic speeds, 


that of 


very thin and have very low aspect ratios 


zero lift (parasite) drag of these wings, as well as 


correspondingly slender bodies, will be composed principally of 
von Karm4n’s work contin- 





turbulent skin friction to which Dr 
s to be applicable Drag due to lift at supersonic speeds is 
iny times that at subsonic speeds, leading to low ratios of lift 
drag. Research to improve the drag due to lift at supersonic 
speeds is greatly needed. Improvements in the lift to drag ratio of 
vings can be largely reflected in similar improvements in com 
plete airplanes as well 
The lower lift to drag ratio, although partially compensated 
for by better overall power-plant efficiency of turbojet engines at 
speeds, leads to much lower range for a supersonic 
The that 


provement in range can be expected with continuation of serious 


supersonic 


transport past record would indicate marked im 





rts in aeronautical research and design. Until considerable 


can be made, the supersonic transport 


mprovement in range 
would be subject to the usual complications encountered when 
an airplane over routes requiring important flights 


A simple cost 


perating 
nger than the maximum range of the airplane 
inalysis shows that, up to the range attainable by a supersonic 
transport, there is good hope of retaining operating economy at 
supersonic speeds near costs attainable with jet transports at 
high subsonic speeds This result is possible largely because of 
the higher speed, tremendous thrust output, and improved over 
all fuel efficiency of turbojet engines with afterburning 

As the speeds of vehicles increase to supersonic and hypersonic 
levels, their energy becomes very large and predominantly kinetic 
In flight near the earth, speed will replace altitude as the major 
factor insuring effectiveness of action and operating efficiency 
Range about the earth increases rapidly with speed, but the heat 
ing problem becomes very serious. In space flight beyond the 


rth ry 


ths atmosphere, the aerodynamic problems proceed to those of 


he author gratefully acknowledges assistance in the prepa 
1 of this paper from members of the Aerodynamics Section 


ithe Santa Monica Division of the Douglas Aircraft Company, 


| Chief-—-Aerodynamies Section, Santa Monica Division 
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the slip-flow region—it being conceivable that vehicles operating 
essentially in a vacuum will reach speeds expressed in terms of 
fractions (even though very small) of the speed of light Dr 
von Karman’s latest papers have dealt with heating, hypersonics, 
His leadership 


to the 


superaerodynamics, and high energy propulsion 


here as before will most assuredly be applicable future 
problems of applied aerodynamics and flight mechanics in these 


new superspeed and superaltitude regions 


INTRODUCTION 


6 bus PAPER IS presented in tribute to Dr. Theodore 
von Karman. His contributions to applied aero 
dynamics and flight mechanics and their great influence 
on airplane design are viewed from the standpoint of 
one of his first students in America, who has made 
liberal use of these in the aerodynamic design of air 
planes. Progress in this fieid is briefly traced, some 
speculations regarding the future are made, and the 
development of a general philosophy and procedures 
of the aerodynamicist in his approach to design are 
presented. Significant throughout is the influence of 
Dr. von Karman’s contributions and leadership 


OVERALL AERODYNAMIC DESIGN AND COMPROMISI 


To one who is concerned with the design of airplanes, 
the goals of applied aerodynamics and flight mechanics 
are the achievement of optimum configurations from 
the standpoint of overall airplane design and opera 
tion. This situation might be deplored by the aero 
dynamic purist whose goal is that of achieving aero 
dynamic perfection alone, but the broad viewpoint is 
necessary to provide a realistic standard of values. 

To illustrate, consider the choice of wing span. In 
the subsonic speed regime using aerodynamic criteria 
alone, one would most likely call for an infinite—or 
span (hence, aspect ratio) in order to 


Bene 


fits such as long range, high ceiling, increased take-off 


extremely large 
obtain the least possible drag for a given lift. 


weight, and other advantages would appear to result 
from the low induced drag associated with large span. 
Because of the increase in skin friction with decrease 
in Reynolds Number resulting from decreasing chord 
as span increases for a given wing area, one might be 
able to derive an optimum span (or aspect ratio) from 
aerodynamic considerations alone. However, this 
choice would be far from the practical choice resulting 
from properly balancing the aerodynamic gains against 
the structural weight effects. Asa result of the design 
complications and weight introduced by very large 
span, the practicing aerodynamicist finds it most ad- 
vantageous to arrive at a compromise in aspect ratio 


which, for today’s subsonic designs, varies in magnitude 
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from about five to twelve depending upon speed and 
range requirements. 

Conflicting requirements rather concisely define the 
configuration of an airplane designed to a certain spect- 
fication. 
of ways such as through considerations of speed, range, 


The airplane can be evaluated in a number 
or pay load carried. The general similarity of airplanes 
being operated successfully by the highly competitive 
commercial airlines is quite significant, especially so 
since this similarity is largely the result of independent 
design teams working to achieve a given objective. 
Airplanes which have not been properly synthesized 
by considerations of all factors that make up the final 
product have not emerged as successful designs. The 
aerodynamicist concerned with airplane design can 
trap himself if he proceeds without properly considering 
the realities of practical design limitations. 


While the other considerations of weight, power plant, 
and structure force a design compromise away from 
an aerodynamic optimum, the engineers in these fields 
concurrently are making refinements and innovations 
that help the aerodynamicist in obtaining the type of 
machine needed or desired. One of the great mile- 
stones in the progress of subsonic designs was the 
change from the biplane wing to the currently accepted 
cantilever monoplane wing. Initially, these wings 
were thick and straight, but to help in achieving sub- 
sonic speeds near the speed of sound, recent designs have 
thinner sections usually in combination with sweep- 
back. In order to fly through the speed of sound into 
the supersonic speed regime, wings must be very thin. 
Important progress in structural design has made 
possible very thin wings of the order of 2- to 4-per cent 
thickness-chord ratio. With these wings, the aero- 
dynamicist is assured of an efficient air frame that can 
be flown at supersonic flight speeds. Moreover, one 
can hardly imagine current aerodynamic progress in 
airplanes and missiles without the development of 
turbojet and rocket engines. Unless there can be 
obtained much better lift to drag ratios than are now 
available, much of any success of long-range flight at 
supersonic speeds will have to come from power plants 
highly improved in respect to thrust and fuel consump- 


tion. 


DR. VON KARMAN’S ROLE IN APPLIED AERODYNAMICS 
AND FLIGHT MECHANICS 


There is an intimate connection between Dr. von 
Karman’s work and the problems faced by the design 
aerodynamicist. Pioneering scientific leadership of 
highest caliber is essential to progress in aerodynamics 
and airplane design. In this era of growth to maturity 
of the airplane, we have been fortunate in having this 
leadership from Dr. Theodore von Karman. Almost 
from the time of the first flight of the Wright Brothers, 
Dr. von Karman has diligently applied his genius and 
generously disseminated his knowledge and works 


through papers, books, lectures to students, and _per- 
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sonal work (advisory and otherwise) in the adyano, 
ment of scientific and applied aerodynamics, 
contributions are 


Dr. von Karman's 


valuable to a design aerodynamicist in many specif 


especial] 
ways. He has evolved theories on aerodynamic fund, 
mentals, given surveys on timely subjects prior to the; 
practical application, and contributed importantly j 
other related fields. 
In the realin of aerodynamic theory, some of D; 
von Karman’s contributions to applied aerodynamic: 
are clarifications and solutions of the problems of: 


(a) Turbulent skin-friction variation with Reynolds 
Number. 

(b) Turbulent skin-friction variation with Mach 
Number into the supersonic speed regime. 

(c) Pressure coefficient variation with Mach Num 
ber in the subsonic speed regime. 

(d) Transonic similarity rules for correlating infor 
mation on thin bodies in the transonic speed range 
(Mach Numbers near 1). 

(e) Nose shape for optimum pressure drag of slender 
bodies of revolution at supersonic speeds. 


The great significance of his contributions is the bold 
and productive frontal attack on the most difficult 
problems of real interest to the designers of airplanes 
and solutions in the form of relations adequate for 
definite use in design. For example, he has helped 
to clarify the elusive concept of turbulence and pro 
duced useful theories and relations for turbulent skin 
friction. This is most fortunate because in spite of its 
complexity we have had to deal, in fact, with turbulent 
skin friction. 

He has presented many survey papers of broad in- 
terest. Of special significance is the fact that they 
authoritatively covered subjects which were later to 
become of major importance. For example, papers 
were presented on: 


(a) “Turbulence and Skin Friction’! in 1934—In 
this paper were given his logarithmic turbulent skin- 
friction law and the effects of surface roughness when 
the degree of roughness was of the order of the bound- 
ary-layer thickness. Timeliness of this development 
is evident upon realizing that it was contemporary 
with the end of the biplane era and the emergence of the 
smoothly cowled monoplane, for which skin friction is 
the predominant portion of parasite drag. Significant 
was the section on ‘Practical Applications. ’’ 

(b) “The Problem of Resistance in Compressible 
Fluids’? in 1935—In this paper, there was proposed 
von Karman’s variation of turbulent skin friction with 
Mach Number at high subsonic and supersonic speeds 
Flow prob 


The optimum drag ogive was presented. 
This 


lems into the hypersonic range were discussed. 
paper was well ahead of the applied aerodynamic art, 
preceding supersonic level flight by some 10 years 
The subjects discussed are of prime importance today 
in supersonic airplane and missile design. 


in 1937—-In this paper, the 
if 


(c) ‘“Turbulence’’* 
fundamental framework for the statistical theory ‘ 
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turbulence was laid. Also covered was previous work 
n turbulence of interest to designers. 
Effects in 
1941—This paper covered principally aerodynamic 


d) ‘Compressibility Aerodynamics’ ’4 
dfects at high subsonic and transonic speeds and in- 
eluded the Karman-Tsien hodograph method of deriv- 
g the variation of pressure with Mach Number, a 
method better than the Prandtl-Glauert rule and suffi- 
ently accurate for most aerodynamics applications. 
The concept of effective thickness growth of thin wings 
with increasing subsonic Mach Number was presented. 
From 1941 to the present time, compressibility prob- 
lems at high subsonic speeds have been of great im- 
sortance; hence, the material of this paper was most 


timely. 
e) “Problems of Flow in Compressible Fluids’* 
in 1941—This paper contained a presentation of fun- 


damental background and included his own important 
jevelopments on the subject. 

f) ‘Faster than Sound’’® in 1945 
Dr. von Karman, in answer to the question, ‘Shall we 


In this paper 


ever fly faster than sound?’’, stated his conviction 
that ““.. .there is no evidence that the velocity of sound 
To be 


sure, it will be necessary to use all good advice which 


should constitute a ‘stone wall’ of despair. 


aerodynamic science, chemistry of combustion, and 
thermodynamics How cautious, 


yet prophetic in assurance of accomplishment! 


may contribute.”’ 


g) ‘Supersonic Aerodynamics—Principles and Ap- 
plication’? in 1947—-The design implications of the 
Mach cone, the concept of zones of action and silence 
and of wave drag, the cardinal rules of supersonic 
theory, the transonic similarity rule, and the applica- 
tions of these principles to range prediction of super- 
sonic airplanes were presented and discussed. This 
paper also directed attention to the invariance of drag 
with forward or reversed direction of flight for non- 
lifting wings in supersonic flight. This material has 
had an important influence on subsequent theoretical 
developments, as well as immediate practical utility 
in the computation of wing The 
bibliography included over four pages of references. 
This paper was truly a forerunner of the era of super- 
sonic flight which today is realized to be the new field 


characteristics. 


in which future flying is to be done. 
h) “On the Foundation of High Speed Aerody- 
1954—In his chapter, Dr. von Karman 


discusses hypersonic theory, viscosity and heating at 


namics’’® in 


high speeds, and superaerodynamics (the problems of 
motion of bodies through rarefied air, such as slip flow 
where the fluid no longer has zero velocity at the sur- 
lace of a body). Here is presented authoritative dis- 
cussion sure to be of help in the future regime of flight 
of airplanes, missiles, satellites, and interplanetary 
vehicles, 

He has made major contributions in other related 
fields, particularly hydrodynamics, elasticity, applied 
mechanics, physics, combustion, and overall problems 
m the evolution of new designs. This wide interest 
leads to his unique evaluation of the trends of airplane 


AND FLIGHT MECAANICS $7] 
designs and needs of designers and has directed his 
efforts to theories and problems of immediate or early 
real value. No wonder design aerodynamicists are 
grateful to the grand master of applied aerodynamic 


theory! 


THE IMPORTANCE OF SKIN-FRICTION DRAG 


In the Wilbur Wright Memorial lecture of 1937,° 
Dr. von Karman states, ‘Skin friction is perhaps the 
most important factor for the speed performance of a 
modern aeroplane. Some of our modern planes are 
aerodynamically clean to such an extent that over 
60 per cent of their total drag* is supposed to be due to 


skin friction.’ Experience with designs currently 
flying confirms Dr. von Karman’s statement; in fact, 
it points to an even greater role played by skin friction. 
A further examination of the composition of drag of 


today’s airplanes might be of interest at this point. 


It is well-known that at the best ratio of lift to drag, 
(L/D) mar, the drag is equally divided between parasite 
drag, composed at subsonic speeds of pressure and 
skin-friction drags, and drag due to lift. Airplanes 
usually fly at attitudes varying from that corresponding 
to the speed for best lift drag ratio, I’,/p, for longest 
Usually long-range 


(Viyp 


range, to speeds much higher. 
£ ; 


from 10 


flying is done at speed ratios, k = V 
to about 30 per cent above the speed for best L/D. 


The inverse of the ratio of (L/D) to (L/D),,,, at speed 


ratio k is 
(L/D) maz (ae 4 .) | 
= > « { ) 
(L/D) 2 k? 


The first term represents drag which is independent of 
lift, the second that due to lift. 

For maximum range with a propeller driven airplane, 
the theoretical value of k is unity, the practical value 
At k = 1.10, the parasite drag 
For jet airplanes 


being about k = 1.10. 
is nearly 60 per cent of the total. 
operating at high subsonic speed for which thrust is 
insufficient for reaching the ideal altitude where speed 
for best L/D occurs simultaneously with the speed for 
drag rise (Mach divergence 1/4;,.), maximum range 
is obtained at nearly 20 per cent above best LD speed. 
Here parasite drag is about 68 per cent of the total. 
Thus, it is reasonable to assume that about two thirds 
of the total drag in cruising flight is parasite drag. 

It is now of interest to inquire what fraction of para- 
This ratio is normally 
plotted 


site drag is skin-friction drag. 
termed ‘‘cleanness factor.’’ In 
“cleanness factors’ from flight tests of the principal 
Douglas DC-series airplanes and an early biplane. 
One 


Fig. 1 are 


Two curves are shown. curve is for cleanness 


factor, F,, defined as the ratio of the turbulent skin- 
friction drag (calculated from von Karman’s logarith- 


mic turbulent skin-friction law summed over all the 


* His subsequent sentences indicate thet by total drag was 


meant parasite drag only—i.e., skin friction plus form drag 


without considering drag due to lift 
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narts) to the total measured parasite drag of the air- 


Janes 
Fs, (3C,W,)/f (2 
ere 
C mean coefficient of skin friction of each part 
at its Reynolds Number 
R pl Liu Reynolds Number of each com 
ponent part based on a mean 


length, L 
air density 
velocity 
viscosity of air 
wetted area of each component part 
; parasite drag 
total parasite drag area = 
dynamic pressure 


D 
q 
Cp,S where Cp parasite drag coefficient 
S = wing area 
] ») 
pV2/2 


Cleanness tactor Fs is defined as 


YC, 


excluding the drag areas associated with engine 
ling and known specific items such as radio, landing 


gear, leakage, etc. 


nd a curve drawn for this factor is shown. Cleanness 


factor, #,, is the one customarily used, but cleanness 
actor, Fz, 


ness by subtracting known drags not associated with 


gives a better assessment of surface clean- 


surface condition. 

It has been design practice to use directly, for bodies, 
the von Karman logarithmic law for skin friction shown 
in Fig, 2 and given by the relation! 


Cl = 17+ 


$.15 log (RyC, (4 


An increment in drag coefficient is allowed for surface 
ondition which depends upon the type of construction 
ind surface finish, and a form drag coefficient increment 
dependent on body fineness ratio is also added. 

For wings, a slight modification to the trend of 
Eq. (4 
was based on NACA tests made in the Reynolds Num- 


der range of transition from laminar to turbulent flow.’ 


has been used as shown in Fig. 2. This curve 


It is now believed that at the higher full-scale Reynolds 
Numbers, the von Karman variation should be closely 
followed. Increments in drag coefficient for surface 
condition and thickness ratio are added. 

to Fig. 1 shows that the overall wetted 


rea cleanness factor /’, has increased from about 22 per 


Reference 


cent for the biplane to 41 per cent and 5S per cent, 
DC-3 rivets 
ind the flush-riveted DC-7. 
jet-powered DC-S, it is estimated that F, will increase 


with brazier-head 


For the heavily skinned, 


respectively, for the 


to «4 per cent. Corresponding values for F, are 30 


per cent for the biplane, 56 per cent for the DC-3, 


AND F 
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71 per cent for the DC-7, and 75 per cent for the DC-S. 
Thus, with modern airplanes, an even greater portion 
of drag is now skin friction than the 60 per cent previ 
ously estimated by Dr. von Karman. 

It is apparent that if about two thirds of the total 
drag in cruising flight is parasite drag of which 75 per 
cent is now skin friction, then approximately one half 
of the total resistance of the latest airplanes is purely 
turbulent skin friction, for which von Karman’s theory 
may be used for design purposes. 

The problem of estimating drag from wind-tunnel 
tests, or otherwise, is important to the designer. Low 


scale wind-tunnel tests have formerly been almost 
worthless for drag estimates because the test Reynolds 
Numbers usually fell in the region of transition from 
laminar to turbulent flow. It is customary to estimate 
parasite drag by methods developed from the correla 
tion of flight tests of previous full-scale airplanes. In 
order to improve our technique of estimating the drag 
of airplanes from wind-tunnel data for design purposes, 
a method has been investigated by Dunlap* in which 
transition is fixed by strips of various thicknesses to 
insure having turbulent flow in the same regions as 
expected on the full-scale airplane. From tests in the 
tunnel, there can be extrapolated a value of drag with 
zero thickness of transition strip for the smooth model 
with turbulent boundary layer as shown in Fig. 3. 
After proper consideration of drag due to lift from tests 


at various lift coefficients, further extrapolation to full 


scale Reynolds Number from von Karman’s curve 
should enable making a good estimate of the skin 
friction drag of the airplane. Total drag area, 


is then obtained by adding estimated drag for cooling, 
leakage, protuberances, form, roughness (which today 
is becoming very small), ete. This method of obtaining 
a test point of the scale model essentially on the fully 
turbulent curve gives hope of making reasonable ex 


trapolation to full scale. 


THE COMPOSITION OF SUPERSONIC DRAG OF AN OPTIMAI 


DESIGN 


As pointed out in various papers of Dr. von Karman, 
linear supersonic theory is well advanced. This theory 
has shown that there are two additional types of drag 
at supersonic speeds: wave drag due to thickness and 

For thickness ratios like those 
the 


It is discouragingly large even for 


wave drag due to lift. 
used at subsonic speeds, zero-lift wave drag 1s 
prohibitively high. 
say, half the values usually en 


Still thinner 


thickness ratios of, 
countered in subsonic airplanes. wings 


require a reduction in aspect ratio for structural 


reasons, which increases the usual vortex drag due to 
lift. 
given lift decreases with increasing chord—so 


Fortunately, however, the wave drag due to a 
that the 


low aspect ratio necessary with the use of very thin 


* Unpublished investigations by R. A 


Department, Santa 


Dunlap, Aerodynamics 


Section, Engineering Monica Division, 


Douglas Aircraft Company, Inc 

















474 JOURNAL OF THE 
T 14 
Cp, VARIES WITH MACH NUMBER 
t 20.006 b 
Cog DO imax 
t/b M=0 
} 12 
O MAXIMUM LIFT 
TO DRAG RATIOS 
10 
1/20 
fn SSeS 
1/10 





aa eae 
t , 











AR,.4= 0 FOR (t/b)=0| 
IR opt OFOR(1/B)50) ss abe v4 A 
t 
op t/b AR=4b/1c My b 
be a | } 4 
1.6 ~S 1780 | 1 
Go OPTIMUM ~~ > 
ASPECT RATIOS) “~~~__ ecm tt 
1.2 + er — 2 
ee 
i ee 
0.8 | ne insiiirniemae O 
a aie 1/20 
i/10 ms 
046 rere oeeroe—— eS ———— = 
0 
! 2 3 o 
MACH NUMBER (M) 
2 Fic. 4. Aspect ratios and maximum lift to drag ratios of 


optimum elliptic plan forms versus Mach Number for constant 
ratios of root thickness to span (from reference 10 


wing sections also helps in reducing at least one part of 
the drag due to lift. 

A sensible optimum cannot be arrived at from aero 
dynamic considerations alone. The aerodynamic bene 
fits of large span and chord (required for low drag due 
to lift) and extremely thin sections (to minimize the 
drag due to thickness) must be weighed against the 
penalties imposed by the structure. An analysis of 
the problem in which structural considerations were 
introduced was made by Graham and Licher.!? They 
found optimum aspect ratios as a function of flight 
Mach Number, on the basis of chosen structural criteria, 
considering wave and vortex drags due to lift, wave 
drag due to thickness, and turbulent skin-friction drag. 
To simplify the analysis, unswept elliptical wings were 
assumed. Several simplified structural criteria were 
studied. The principal results of their study are given 
in Fig. + which shows the variation of optimum aspect 
ratio and (L/D),,,, with Mach Number for various 
ratios of ¢ b, the median criterion of those studied. 
Investigation of many designs has shown that the ratio 
of root thickness to span, ¢/b, falls in a fairly narrow 
band for most successful designs. 

The variation of the turbulent skin friction with 
Mach Number was taken for the study to be that shown 
by the solid line in Fig. 5, which is based on the skin- 
friction measurements of the cited references. Also 
shown are two other curves taken from an NACA Tech- 
nical Note!! which show variations of turbulent skin 
friction with Mach Number. One curve represents a 
calculation of von Karman’s relation for certain assumed 
conditions. The other curve represents a recent in- 
terpretation of available test data. 
on test data follow the trend indicated by von Karman 


The curves based 


but to a somewhat reduced degree. 
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To illustrate the significance of the results of th. 


analysis for optimizing wings, consider the followin 
example at a Mach Number of 2.5. At this Mack 
Number, there is a reduction in skin-friction ¢y 
coefficient of about 40 per cent which has a considera} ) 
effect upon the final L/D obtained for the optimy 
wings. Fig. 4 shows that at an assucned thickness 


4 


span ratio, ¢/b, of about '/59 the optimum L D of tj 
wing alone is about 9.7 at a Mach Number of 2.5, a 
the corresponding aspect ratio is about 1.0 he thic} 
ness ratio of the wing root is about 1.6 per cent. Th 
optimum aspect ratio decreases only slightly 


Mach Number and should be reduced to an unusual] 





low value by present standards to eifect marked red 
tion in the new drag terms with a structurally practi 
wing. 

The proportions of the various types of drag in thes 
optimized wings are shown in Fig. 6 for the attitud 
of maximum lift to drag ratio where 50 per cent of th 
drag is zero-lift drag (comparable to parasite drag 
subsonic speeds) and 50 per cent that due to lift 
Note that in this figure the abscissa can be consider 
to be roughly proportional to Mach Number at mod 


erate supersonic speeds. It is almost shocking 


ae) 


1 


in this optimum wing of the chosen example, which gives 


consideration to a structural criterion, that the thicl 


ness drag is reduced to a minor portion, about one eightl 
of the parasite drag (one sixteenth of the total 

Mach Number 2.5. Hence, skin friction has agait 
emerged as the predominant item of drag at zero lift 


As Mach Number increases above 2.5, the zero-lift 
drag can become almost entirely that of turbulent skin 
friction for which we have von Karman’s theory as ¢ 
guide for design at supersonic speeds. 

Previously it was indicated that t:vo additional types 
of drag make their appearance at supersonic speeds 
The wave drag due to thickness was found to be very 
small, and hence, parasite drag is seen to he essentially 
The second 


additional type of drag, wave drag due to lift, poses a 


skin friction for a realistic airplane design. 


problem that has emerged as the serious one for flight 


at supersonic speeds. In the optimized wing, the drag 
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Fic. 6. Percentage composition of drag for optimum elliptic 
plan-form wings at attitude for maximum ratio of lift to drag 
versus optimum reduced aspect ratio (from reference 10 


due to lift is approximately evenly divided between 
vortex and wave drag at Mach 2.5 but becomes pre- 
dominately wave drag at higher Mach Numbers. 

Let us compare these drags at a Mach Number of 
2.5 with those customary at high subsonic speeds. 
From Fig. 5 it is seen that the turbulent skin-friction 
drag coefficient is some 35 per cent less at this super- 
sonic speed than for a typical jet transport at a Mach 
Number of 0.83. Skin friction is roughly SS per cent 
of the total parasite drag coefficient. Thus, the zero- 
lift drag coefficient becomes Jess than that at high sub- 
sonic speeds by about 26 per cent. At an aspect 
ratio of unity (which gave the wing the best L/D), 
the portion of (dCp,/dC,,”) due to vortex drag is about 
seven times the subsonic value (corresponding to an as- 
pect ratio of 7.0), and the wave drag coefficient due to 
lift is of the same magnitude as the vortex drag as 
seen in Fig.6. These total fourteen times subsonic drag 
due to lift. The best L/D and the corresponding C, 
vary as the square roots of these ratios, Eqs. (5) and 
(), (with the values for subscripts 1 and 2 corresponding 
to the selected airplanes operating at Mach Numbers of 


¥.S3 and 2.5, respectively): 


l 


L/D), Cp», (dCp, ‘dC,2)1 gE 
] 27 x = 0.31 (5) 
Voz 14 


L D l - Yc... (dCp, dC,")2 


Cis oICop, (dC pi /dC,?)1 
C, No, (dCp, ac ,* 2 


(6) 


j i l i 
= V0. bx = 0.23 
14 


The low L/D, 31 per cent of normal subsonic values 


AND FLIGHT MECHANICS 175 
at a Mach Number of 2.5, results largely from the high 
value of dCp,/dC,”._ Also there is a large reduction in 
C, for optimum LD to about |, 
values. Cruise altitude and 
markedly influenced by the low C,, 
maintain these at lower values that the enormous ones 


normal subsonic 


wing loading will be 


which tends to 
that would otherwise be obtained at supersonic speeds 
by consideration only of the dynamic pressure change 
Reduction of the high dCp; dC,? at 
supersonic speeds is an area of research in which help 


due to speed. 


is greatly needed. 

The above analysis has been made for elliptical 
wings alone. In the build-up of an airplane, tail sur- 
faces will be added having about the same configura 
tions as those of the wing; hence, the L/D of the wing 
and tail combination will be approximately propor 
tional to that of the wing alone. 
an airplane intended to do a given job generally will 
have a size principally determined by the mission and 
load carried rather than the wing area. In a paper 
presented in 1932 on “Resistance of Slender Bodies 


However, a body for 


Moving with Supersonic Velocities with Special Refer- 
ence to Projectiles,’"'? Dr. von Karman (and coauthor 
Dr. N. B. Moore) presented an ogival nose shape for 
minimum pressure drag at supersonic speeds. Using 
this nose shape and assuming that the drag of the total 
closed body is twice the nose pressure drag plus 
there been con 


skin-friction drag, have 


the total drag coefficients based both on 


turbulent 
structed 


2/3 
(volume) 
Bodies of optimum proportions have 


frontal area and versus fineness ratio as 
shown in Fig. 7. 
fineness ratios from about 15 to 25, for which again it 
is found that the major portion—about *’; to */j—of 
the drag is skin friction. It appears reasonable then 
to estimate that at supersonic speeds, as at subsonic 
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speeds, skin friction can account for half, or possibly a 
greater portion, of the total drag. 

It will be shown in the following discussion that gains 
in (L/D)maz of wings alone can be almost fully trans- 
mitted into the same gains in effective (L/D) mq, of an 
entire airplane with a given power plant. This point 
is mentioned since one might be inclined to discount 
somewhat the importance of wing research in the be- 
lief that gains would be largely lost in the airplane 
asa whole. If the parasite drag other than that of the 
wing (and tail surfaces) is assumed to be constant, 
then the total parasite drag coefficient of an airplane 
can be conveniently written as 


, fs : IB ‘ fe s 
Cops - S = Copy 2 S = Copy l = (4) 


Ca 
where 
ta = drag area of the airplane 
= Cpp, X S = (total parasite drag coeffi- 
DA 5 
cient) X (wing area) 
Cop, = Cp, of wing and tail (assuming tail surface 
areas proportional to wing area) 
fr = Drag area of the body, nacelles, and other 


components 


Now, if SCp»p, is kept constant, it can be seen from 
Eq. (7) that a change in the parasite drag coefficient of 
the wing (plus tail) will result in a proportional change 
in the parasite drag coefficient of the entire airplane. 
The total parasite drag area, f4, then remains un- 
changed. An improvement in the coefficient of drag 
due to lift dCp,;/dC,” of the wing alone is directly re- 
flected in the airplane. Substituting the relations for 
Cp, and dCp,/dC,? for the airplane and wing alone 
into Eq. (5) gives for the lift to drag ratio of the airplane 


(=) 

(F) ~ (**) | Copx | dC,? u 

D/, \D aT ; ( rm (362) 
Ca 59 

Dpu + SCpp, \ dC,2) 4 


It can be seen that when fg and SCp»,, are constant 
and (dCp,/dC,”)4 is proportional to (dCp;,/dC,?),., 
then (L/D), is proportional to (L/D),, as follows: 


(8) 


CRE!) Seere 
5b) a 


Of 2; 
= (Y) 
(L  — 


Thus, if an improvement can be made in the L/D of 
the wing alone of an airplane, this improvement can 
also be made to apply in a large measure to the airplane 
as a whole. 

At a given cruising speed and altitude, the total 
parasite drag will be unchanged since D, = gf, and 
f, is kept constant. The drag due to lift at this same 
cruising condition will be unchanged if weight increases 
as (1/Cpp,)”? ~ S”? ~ 6 (assuming constant aspect 
ratio) since total drag due to lift is D,, = W4?/xgb?. 
Hence, with a given power plant, this airplane with an 
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improved wing will have the same altitude and speeq 
performance while carrying a greater weight than th, 
unimproved model and will be operating at an L/] 
improved in the same ratio as that of the wing alon 
An overall improvement in operating L/D has , 
doubly beneficial effect on range or pay load if ceiling 
or cruising altitude is limiting. In addition to th, 
direct gain from the better L/D, improved L/D per 
mits carrying a heavier total load at a given altitude 
hence, more fuel or pay load. The factors that jp 
crease range can be seen by reference to the Breguet 
equation (Eq. 12, given later). 

If, instead of increasing wing area, advantage is taken 
of improved L/D by reducing engine size, both weight 
empty and drag—and hence range or pay load—would 
also improve. It is apparent that benefits of better 
wing L/D can be imparted to the airplane as a whok 
in various ways. 


OPERATING ECONOMY AT HIGH SPEEDS 


Dr. von Karman has shown keen interest in aero 
dynamics applied to the overall efficiency of various 
methods of propulsion and transportation as can be 
seen by reference to the paper on ‘What Price 
Speed?’,!® the 1950 Thurston Lecture (coauthored 
with G. Gabrielli). In Chapter VI of his book Aero 
dynamics,'* published in 1954, he points out “man 
kind’s yearning for speed”’ and then goes on to discuss 
‘What Price Speed?” concluding generally that ‘“. . . we 
First, the 
fundamental economy of the power requirement 


have to take into account several points. 


second, the practical economy of its use in transporta 
tion; third, all the other viewpoints—psychological, 
political, and the like.” 
aerodynamicist involved in the compromises and limi- 


It is most gratifying to an 


tations of practical designs to realize that Dr. von 
Karman not only is interested in, but appreciates the 
problems, goals, and the means of practical transpor- 
tation, particularly by air. 

In connection with the fundamental economy of the 
power requirement and the practical economy of its 
use in transportation, it is of interest at this point to 
take a very brief, though very incomplete, look at the 
future of transportation by air extended to supersonic 
speeds. 

When viewed through simplified operating cost 
equations, it is possible to determine the relative im- 
portance of various elements that make up the total op 
erating cost. It will be seen that at supersonic speeds 
with present power plants, the fuel cost becomes pre- 
dominant, and the total cost can be held to a value little 
greater than that at high subsonic speeds. Unfortu 
nately, the range at supersonic speeds suffers com 
siderably. 

It is customary to evaluate an airplane design for 
commercial transportation largely by its speed, range, 
and economy. Economy is usually taken to mean the 
cost, in appropriate monetary units, of carrying a givel 


unit of load one unit of distance. In American units 
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APPLIED 


jor a passenger weight unit of 200 Ibs., the usual cost 


unit, £, 1s, 


cents 
: 10) 
200-Ib. nautical mile 


Costs are usually considered in the two categories, 

rect and indirect. Indirect costs are largely the 
usual overhead while direct costs include those of crew, 
maintenance, depreciation, insurance, and fuel. A 
detailed formula for computing the direct costs has 
been suggested by the Air Transport Association.’ 
This formula is widely used in complete form for route 
malvsis and airplane evaluation. 

By combining some terms and discarding others of 
welt magnitude, this ATA equation can be reduced, 
is shown by Johnstone,* to a very simple formula 
which enables one to visualize trends and rapidly esti- 
mate possibilities in other speed regions. The result- 
ing equation takes the form of the sum of a fixed cost 
term plus terms involving block speed, air-frame, 
engine, and fuel costs. In American units, the cost 


per hour reduces to 


Vhr.o = c, + ¢,V, + CaQUaWa + 


CUW, + oUlWy/t) (1) 


where 

c's = various dimensional constants 

ls = unit costs per Ib. of item 

I’s = weights 

V, = block velocity made good, including allow- 

ance for maneuver, climb, and acceleration 
= block time 

ubscripts 

0 = constant, independent of other factors 

v= velocity 

a = empty airplane less engines 

e = engines 


= fuel burned 


In this form, Eq. (11) is satisfactory where similar types 
of power plants are used which vary principally in size 
alone. However, where the type of power plant differs 
considerably —and, hence, cost may be expected to be 
related more reasonably to the thrust output of the 
engine rather than to its weight—the term for cost 
per hour due to power plant, c.U,W,, might better be 
replaced by a term, c,U,7., where U, is now the cost 
per unit of thrust and 7, is the total rated thrust of the 


engines. 


It is possible to express the last two terms of Eq. (11) 
in aerodynamic and power-plant parameters. An 
expression for block range, R,, follows: 


“Unpublished investigations by P. M. Johnstone, Jr., Aero- 
dynamics Section, Engineering Department, Santa Monica 
Division, De uuglas Aircraft Company, Inc. 
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i | 
K, = Vi, =, Ra. = rtin( In - - = 
, D 1— (W,/We 
L\ W; 
rll — (approx (12) 
D/ W, 
where 
r, = ratio of block range to absolute range 
R», = absolute range with design fuel load 
II = energy content of fuel (dimensions of length 


per pound of fuel 
Hn = H X 


velocity / (thrust specific fuel consumption) 


(overall power-plant efficiency) = 


Il, = gross weight 
Wa = Wa + W. + (1/2) Wy + We, 
I’,, = weight of pay load 


LD in terms of (L/D) naz 
Introducing Eq. (12) in the last, or fuel cost, term of 
Eq. (11), there is obtained a relation which will be 


and & is found from Eq. (1 


helpful for studying the influence of aerodynamic de 


sign on fuel cost, 
W, Wa’ Vi 
D) 


ty red (L 


(approx. (13 


The term in Eq. (11) containing IV’, is determined 
by that requirement which is most critical for engine 
power. This might appropriately be speed, ceiling 
at cruise speed or with an engine inoperative, take-off 
distance or climb, etc. For this analysis, only in-flight 
limitations will be considered. Of these, speed is the 
most critical. 
above the tropopause, it is convenient to use an ex- 


For turbine-powered airplanes flying 


pression for the ratio of total drag to pressure in terms 
of parasite drag area alone as follows: 


D/p = (y/2)M? f [1 + (1/R*)] (14) 
where 
y = ratio of specific heat at constant pressure to 
that at constant volume (= 1.40 approx.) 
p = ambient pressure 


In level flight, drag may be replaced by thrust. Then 
Eq. (14) specifies the engine size needed corresponding 
to the thrust pressure ratio 7p, which at a chosen 
Mach Number has approximately a constant value 
for a given engine above the tropopause (assuming 
that atmospheric temperature is constant). The re- 
quired weight of the engine can then be obtained from 
Eq. (14) by introducing 7) p and IV’, as follows: 


oy ~~ of M2 ( ') ~ ') . 
W, = -— —(1 + = -—{1 + (15) 
2 [(T/p)/W.] RB) 22 ks 


where: 
(Tp) = thrust pressure ratio at velocity, |’, and 
temperature at altitude 
Z = (T/p)/W. 


Substituting Eqs. (13) and (15) in the cost equation, 
we obtain for speed critical designs, 
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(y/2)fAP? 
Z 


l W,, Vi; 
l °U, 16) 
( r x) = ee r,dIn( L/D) 


The unit of cost is the hourly cost divided by the 


¢/hr. = Co + €,V_p + CQUaWa + €.U. 


velocity, V’,, to give per mile cost and then by the 
number of 200-Ib. pay load units, IV’,,/200, to give 


cents e, C 
; — =200| —"— +—" + 
200-Ib. nautical mile a 


( s) l = = ( ) 
E50), : — + c¢,U, : sr 
Wri] Vs 22 kh} 


-_— | W., } 
WeiV, ' ‘n(L/D)HnWp, V, 


Xx 
= 
eile 

From this equation, the effects of L/D and speed on 
cost can be readily determined. Now the economy at 
supersonic speed compared to that at high subsonic 
speed can be estimated. The ratios of f and (L/D) ma; 
previously given for the wing alone are assumed to 
apply to the complete airplanes. The speed ratio, , 
cost factors c and U, component weights, and wing 
areas are taken to be the same. Since the block ve- 
locity enters most of the cost terms, it should be noted 
that at maximum range the cruise speed ratio of 3:1, 
for the assumed airplanes cruising at Mach Numbers 
of 2.5 and 0.83, corresponds to a lower block speed ratio 
because of allowances for maneuver, climb, and ac- 
celeration. The cruise speed ratio of 3:1 is assumed 
to reduce to a block speed ratio of 2:1 for the chosen 
airplanes. The relative cost results are shown in 
Table 1. 

Consider the individual terms of Eq. (17) as shown 
in Table 1 and the changes in each in going to the 
supersonic transport. For the subsonic jet transport, 
the first two terms are quite small and the remaining 
three terms are of nearly equal value. For the super 
sonic transport, the magnitude of the terms and their 
dependence on the pertinent variables are the following: 

(1) The first term is small and inversely proportional 
to the block velocity. 

(2) The second term is independent of velocity and 
likewise small in magnitude. 

(3) The third term, representing cost due to the air- 
frame, reduces as the block speed increases. 

(4) The fourth term, representing costs due to en- 
gines, varies inversely with V, and Z, and directly 
with f and J’. 
requirement for 7p for the supersonic transport is 
equal to 0.74 X (2.50/0.83)?, or about 6.7 times the 
Calculations for 


Being proportional to f.J/*, the 


value for the subsonic transport. 
turbojet engines without an afterburner and with 
afterburning show that it is possible to obtain a value 
of Z at a Mach Number of 2.5 with less than full after- 
burning that is 6.7 times the value at a Mach Number 
of 0.83. Fig. 8 shows variations of Z with Mach Num- 
ber based on computations using typical basic engine 
component efficiencies. Since engine weight is un- 
changed, the fourth term changes by the ratio W,/V, = 
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1.0/2.0 and becomes 50 per cent of the subsonic yaly, 

(5) The fifth—the fuel cost 
with HH, 7, L/D, and 7. 
overall power-plant efficiency for the turbojet engi 


term varies inverse] 
Fig. 9 shows the variation 


without an afterburner and with partial al terburning 
as needed to obtain the required thrust ratio. 7 
fuel cost term decreases because of about 30 per ce 
better 7, /7 being constant for one type of fuel. Hoy 
ever, the product of L/D X 7 results in the term j 
creasing in the ratio of (18/5.6) & (0.20/0.26) = 9; 
Correction for an assumed block range factor of 5 


> 


further increases the cost ratio to (6/5) & 2.5 = 3.9 

The reduction in block range is assumed to be or 
half that in block speed because time lost at low power 
does not appreciably influence the range made good 
Note that the reduced range as well as the higher spec 
of the supersonic transport is partially responsible for 
the large decreases in block speed and range.  Signif 
cant changes are the marked reduction in costs per 
200-lb. nautical mile due to air frame and engine (thir 
and fourth terms) and the large increase in cost dy 
to the fuel (fifth) term, which has become more thar 
2/3 of the total operating cost. Improvement shoul 
be directed toward this item. The total cost per 200 
Ib. nautical mile has increased from 1.40 cents to 1.77 
cents, an increase of 1 /4 for the block speed gain of 10) 
per cent. 

If the ratio of pay load to other weights which deter 
mine cost can be maintained at supersonic speeds at th 
usual subsonic values, the current low operating costs 
could be closely approached up to the lower ranges 
attainable at supersonic speeds. Many other limita 
tions have to be considered and investigated. How 
ever, this rough analysis serves to show a simple means 
of studying operating costs which indicates good po 
tentialities for successful transportation at supersoni 
speeds and focuses attention on the places where gains 
and losses may be expected to occur. 

The greatest weakness of the supersonic design as 
we now visualize it is short range because of the low 
L/Dnaz, Which at present would appear to be limited 
to about 1/3 of the subsonic values. Improved 7 par 
tially compensates for this loss, but the block rang 
factor tends to neutralize this gain. On the basis 0 
past progress in range at subsonic speeds, we can have 
confidence that range will be improved, but mam) 
hours of fundamental research and engineering desig! 
work will be required. 

Before leaving the subject of range and economy, tt 
should be pointed out that in this simplified analysis 
wing loading was assumed to be constant and only 
high altitude in-flight requirements were considered 


From the relation for level flight, 
W/pS = (7/2) MP C, Is 


it is seen that cruise altitude for constant wing loading 
is much higher for the supersonic design than for the 
subsonic airplane. The ratio of the value of MC 
for the supersonic airplane to the value for the sub 
sonic airplane is 3.02 X 0.23 = 2.1, and since (IV’ pS) 1s 
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proportional to /°C,, the supersonic airplane will 
cruise at half the pressure ratio—or at about 50,000 
ft.—compared to 35,000 ft. for the subsonic airplane. 
Should take-off and other critical conditions permit, up 
to twice the load could be carried in cruising flight 
without increasing size of engines or airplane at the 
altitude at which the subsonic speed airplane cruises. 
For typical fuel weight ratios and structural weights, 
an increase in range of about 50 per cent would be 
possible. Thus, we might hope for an improvement 
up to 1/2 the range of a subsonic transport. 

On the other hand, the take-off run and climb at low 
altitude can be expected to become serious problems. 
Because of the low L/D of the low aspect ratio wing 
would be 


much added thrust—hence, engine weight 


needed. Much of the aforementioned possible increase 
in wing loading would be used up in this manner. 

To analyze this low-level requirement would require 
substitution of the relation WV, = [W,/(L/D)] (W./T,) 
into the engine cost term. It is apparent that unless 


the ratio 7, WW is much improved, engine weight, gross 


weight, and speed would increase markedly. The 
engine cost term would increase in magnitude. Com- 


promise of the airplane in many respects would have 
to be made. This more complicated problem is left 
to those making serious design studies. It is expected 
that the final conclusions would be much the same as 
those made from the simple analysis previously pre- 
sented. 

In answer to Dr. von Karman’s question ‘“‘What 


Price Speed?” it can be said that the approximate 
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and simplified analysis made herein indicates a poss; 
bility of closely approaching, at supersonic speed, pres 
ent subsonic levels of cost at 2 to 3 times the best sut 
sonic operating speeds but at about '/; subsonic rang, 
At present, we lack practical experience in superson; 
transport aircraft, but considering past progress , 
indicative of coming events, economical transports 
tion well into the supersonic speed region can be pr 
dicted with assurance. 


BALLISTIC VEHICLES AND HYPERSONIC SPEEDS 


In much of his work of recent years, Dr. von Karmé; 
has been concerned with the higher speed regions 
flight. He has written extensively on the problems oj 
heating, flow, 
rocket and long-range ballistic flight. 


hypersonic superaerodynamics, and 
Ballistic vehicles 
are already a part of the work of design aerodynami 
cists, and there can hardly be any doubt that soon th 
many problems of flight at hypervelocities must by 
faced. 

One of the most significant changes in airplanes and 
missiles flying in the supersonic speed region is the 
enormous increase in the vehicle’s energy level. |; 
the future of flight on this planet, it appears that the 
energy level will change from principally potential t 
largely kinetic energy. A chart which has been found 
useful in visualizing this fact and determining some 
of the requirements of flight at supersonic speed is given 
in Fig. 10. 

By way of introduction to the inherent character 
istics of vehicles flying at supersonic and hypersonic 
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speeds, consider the content and distribution of the 
nergy of aircraft flying at high subsonic and moderate 
upersonic speeds. In short period maneuvers, a given 
irplane can make changes in altitude and speed ap- 
rorimately along the curves of constant energy level. 
Hence in the subsonic speed region, altitude can be 
ily converted into speed as can be seen from the 
fatness of the constant energy curves. In contrast, 
this js not practical at supersonic speeds where at alti- 
tudes practical for level flight with air-breathing engines 
tis more effective to convert a high speed into altitude 
pecause of the steepening of the energy curves. Thus, 
the importance of altitude to flexibility of operation is 
Also 
te. as can be realized by considering the lines of con- 
stant dynamic pressure, (”/C,) (W/S), that level flight 
t very high altitude will have to be performed at 


ving way to speed with its useful kinetic energy. 


supersonic speeds if reasonable wing loadings are re 
tained. 

As speed and altitude increase, factors such as the 
:riation of gravity force with altitude, greater circum- 
ferential distance with altitude, centrifugal force, and 
the weight of the additional air necessary to pressurize 
the cabin begin to reach significant proportions at 
high subsonic speeds and above. Surprisingly enough, 
corrections for these factors, while almost negligible, 
jo change pay load within the accuracy of quoted num- 
bers. Calculations for our assumed jet transport air- 
plane flying at an average weight of 200,000 Ibs. and 
high subsonic speed (Mach Number = 0.83) for which 
typical pay load, range, and altitude are 30,000 Ibs., 
000 nautical miles, and 35,000 ft., respectively, show 


the following approximate corrections: 
Effect on Range 
at Earth’s Surface 
(nautical miles) 
Distance increase with alti- 
tude (+0.17% 


tical miles —35 


= 5 nat- 


2) Gravitational variation with 


altitude (—0.34%) = 

— 700 Ibs. +10 
3) Centrifugal force effect with 

speed (—0.10%) = —200 

Ibs. +3 
1) Increased weight of cabin 

air due to pressurization 

= +500 Ibs. —s 


Items 1 through 3 result in about an 8-mile increase in 
the additional 
weight of the cabin air almost exactly cancels this net 


range capability. Consideration of 


gain. Assuming fuel burned to be half of the total 


weight, the individual pay load gains are about 2/3 
if the total weight changes shown—some being of the 
rder of several hundred pounds. 

For our assumed supersonic airplane of the preceding 
flying at a Mach Number of 2.5 at 50,000 ft. 


iltitude and 


section 
having a range of about 1,000 nautical 
miles—these factors would change to approximately 
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Effect on Range 
at Earth’s Surface 
nautical miles 
(1) Distance increase with alti 
tude (+0.24%) = +24 
nautical miles -2 
2) Gravitational variation with 


altitude (—O4AS% 

— 1,000 Ibs. +5 
(3) Centrifugal force effect with 

speed (—0.88% 1,800 

Ibs. +9 
(4) Increased weight of cabin 


air due to pressurization 
= +600 Ibs. —% 


In this case, there is a net gain in range ability of 9 
miles equivalent to about 1,200 Ibs., or 4 per cent of the 
pay load. 

The that effects 
which are generally considered only for ballistic and 


above discussion serves to show 
modified ballistic flight such as glide rockets are in 
reality already being experienced at the energy levels 
of today’s speeds even if only to a minor degree. 

It is well known that the maximum range of a drag 
free ballistic rocket of moderate speed (fired at 45° to 


a plane surface) is proportional to its kinetic energy 


R= V?2/¢ (19 
where, go is the gravitational acceleration at the earth’s 
surface. 

For ground-launched rockets of short range (less than 
25 miles), the actual range is approximately 1/2 of the 
drag-free range. This the 
Moreé.nearly exact relations for the range 


factor increases as range 
increases. 
and other trajectory characteristics of drag-free ballis 
tic rockets optimally launched to give maximum range 
with an impulsive velocity |) at an angle dom. have 
been derived in useful form by Tschirgi.* The gravi 
tational force is assumed to be centrally directed and 
to vary inversely with the square of the distance from 
the center of the earth. Rotation of the earth is not 
accounted for, but correction may be made roughly by 
consideration of resultant angles and velocity vectors 
and the net movement at the earth’s surface due to its 
rotation during the time of flight. It should be noted 
that after such correction, the trajectories no longer 
would be optimum. 

For these optimum trajectories, the various expres 


sions for range R,,,;, launching angle 6o,¢;, maximum 


altitude h,,,., and time of flight ¢,. follow 
(a) Range 
, 1 — (Vo7/goR 
R= = 2 arcsin ¥ . SS ote 
1 — (Vo? /2g0R 


(20) 


I'schirgi, Aerodynamics 
Monica 


* Unpublished investigations by J. M 


Section, Engineering Department, Santa Division 


Douglas Aircraft Company, Inc 
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assuming no atmosphere and nonrotating earth. 


where 
6 = angle subtended at the center of the earth 
between points of launching and landing 
(radians) 
Ry) = radius of earth 


(b) Launching angle 


6 = arccos \ (21) 
Omar € : 9 r9 
-~ — ( ] 0 Lo 0) 
(c) Maximum altitude 
| ee (1/2) [sin 2 domar + COS'2 Somar — 1] Ro (22) 


(d) Time of flight 


2V R, Lo 


l“fmaz = r 
V [2 — ( Vo" goR) J’ 


Vo Vo? , 1 V,2 
ids ancl 23 
Vor, (=) idinaeane v| _ 


Fig. 11 presents the variation of range, launch angle, 
maximum altitude, time, and kinetic energy per unit 
weight (corresponding to range on a flat surface) with 
impulsive velocity for optimally launched drag-free 
rockets. 

Impulsive velocity of a drag-free rocket is obtained 
from the specific impulse, 7,,, and the propellant and 
gross weights, IV’, and IV; respectively, by the relation 


I 


9. 
| — (W;/We) (24) 


Vo = £0 te In 


where 
i.» (sec.) = impulse (Ib.-sec.) per Ib. of propellant 
It is assumed in Eq. (24) that the burning time is 
negligibly small in order to establish the full velocity 
instantaneously. The 
burning can, therefore, be neglected. 


influence of gravity during 

The effect of 
staging is given by adding the velocities corresponding 
to the weight ratios for each stage, which is equivalent 


Summary of optimum drag-free ballistic trajectory 
characteristics about the earth as functions of impulsive velocity 
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to taking the logarithm of the product of the terms ;; 
parentheses for each stage. 

Eq. (20) simplifies to Eq. (19) at moderate speeds 
From Eq. (20) it is seen that, although the range of, 
ballistic rocket is primarily a function of its ener 
content, there no longer exists a simple proportionalit, 
between kinetic energy and range as the velocity js i 
creased. 
range (Eq. 19) shows that the range increases as th; 


square of the launching velocity, the more nearly exag 


result for a spherical earth shows that the range jp. 


creases with velocity faster than the square. It be 


comes infinite at the theoretical zero altitude orbita] 


(satellite) velocity of about 25,900 ft./sec. 

Also shown in Fig. 11 is the variation of orbital ye 
locity with orbital altitude, 4, obtained from the ex 
pression 


V orbital = Ro Vv ‘Lo (Ro —" h) (95 


Remarks concerning the relations between long range 
and high kinetic energy content apply equally to either 
ballistic or glide vehicles. High speed and long range 
are much desired, and they are simultaneously obtained 
by flying at hypersonic speeds. 

It is noteworthy that the ability to turn is rapidly 
being lost at high supersonic speeds. Operations may 
well be restricted to one-way trips with direction 
established early in the flight program. 

In his book Aerodynamics,'* Dr. von Karman points 
out that there are problems in reaching satellite speed, 
which, with present chemical fuels, would be solved only 
with staging. The initial velocity needed for escape 
of a vehicle from the earth’s gravitational field is 
36,600 ft./sec. and is given by the expression 


V 2g Ry 7 V 2 V satellite (26 


| escape 


Reaching escape velocity is still more difficult and may 
require some application of nuclear power. Dr. von 
Karman further suggests that ‘“‘the next decade prob- 
ably will show what can be accomplished by the use of 
nuclear reaction in the field of jet propulsion.”’ 

Lest we feel that with such flight accomplishment 
near our Earth, achievement of high speeds will finally 
end, let us consider what might be done well within the 
physiological capacity of a human being, the propul- 
sion device permitting. Let it be assumed that a net 
acceleration away from the Earth of 1g, is applied toa 
18 hours. At the Earth's surface, 
the force felt by a person in this vehicle corresponds to 
2go—that is, twice normal weight. In about 20 min. 
the vehicle would have proceeded far enough from the 
Earth’s surface so that this force would be reduced to 
a value corresponding to (5/4)g) and soon thereafter 
to 1g 
existing. 


vehicle for about 


at which, of course, man is accustomed to 

Experiments today indicate that it would be 
for a man to withstand these moderately 
If, at the 


possible 
higher accelerations for the times assumed. 
end of the 18 hours of applied 1g) acceleration, the 
approximate time history of the acceleration is Te 
versed, the vehicle could then come to rest on the 


Whereas the approximate result for shor 
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planet Venus, 22 million nautical miles distant from 
the Earth, 36 hours after take-off. The speed of the 
vehicle would have reached 1,200,000 nautical miles 
per hour or about 350 nautical miles per sec. This 
speed is about 2,000 times the speed of sound in the 
terrestrial stratosphere, or about 1/500 of the speed of 
ight (161,000 nautical miles per sec.). At its maxt- 
mum velocity, the vehicle would be traveling at about 
0 times the speed of the Earth (or Venus); hence, it 
vould be in a commanding situation for interplanetary 
travel. 

In Section A of General Theory of Iligh Speed Aero- 
jynamics entitled “‘On the Foundation of High Speed 
Aerodynamics,”’S Dr. von Karman, with characteristic 
perception of future problems of importance, reviewed 
the fundamentals of flight problems at hypersonic 
speeds. He discussed the inviscid flow of air about 
thin wings and slender bodies and pointed out that the 
properties of the flow in the hypersonic speed range are 
basically different from those in the familiar linearized 
supersonic speed range. In spite of the fact that the 
linearized supersonic theory is highly simplified and 
idealized, it does provide a very useful engineering 
approximation for the analysis of thin wings and 
bodies at small angles of attack. In the linearized 
supersonic speed range, the Mach angle yw (sin wp = 

M) is large compared with the maximum slope of 
the body. In the hypersonic speed range, the Mach 
angle is of the order of or less than the maximum slope 
of the body. In linearized supersonic flow, the shock 
waves are straight and of infinitesimal strength. The 
shock angle is equal to the Mach angle uw and inde- 
At hypersonic speeds 


pendent of the body shape. 
At hypersonic 


these simplifications cannot be made. 
speeds, the differential equations that govern the flow 
about slender configurations are necessarily nonlinear, 
and it appears that they cannot in general be solved 
analytically without other approximations. To further 
illustrate the difference, consider the compression side 
of a two-dimensional flat-plate airfoil at a small angle 
of attack a. At supersonic speeds, the pressure co- 
efficient is proportional to a and, for a given a, de- 
creases with increasing Mach Number. At very high 
hypersonic Mach Numbers, the pressure coefficient is 
proportional to a? and is independent of Mach Number; 
it is interesting to note that for this case the flow condi- 
tions are very similar to the picture visualized by 
the air particles hit the body and con- 
The design engi- 


Newton—i.e., 
tinue their paths along the surface. 
neer is just beginning to face problems in the hyper- 
sonic speed range. 

As we move into higher supersonic and hypersonic 
speeds, the greatest problem besetting the designer is 
heating in the boundary layer. In early supersonic 
design work, viscous phenomena were largely neglected 
in a prec ecupation with the problems of shock-induced 
pressure drag. The pendulum has now swung to the 
Opposite side, and it is known that the most serious 
problem pertaining to hypervelocity flight within the 


atmosphere is boundary-layer heating. The burning 
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of a meteor upon entering the earth's atmosphere is 
indicative of the seriousness of the problem. As a 
pioneer in the field of viscous flows, the heating prob- 
lem has been considered by Dr. von Karman in de 
veloping the turbulent skin-friction relation at super 
He has pointed out the effects of this 
structure 


sonic speeds. 
heating on the boundary-layer flow 
Laminar flow 


and 
located in this region. would largely 
reduce skin-friction heating, and there 
bility of the natural attainment of this smooth flow at 
any 


is some pt SSI 


quite high supersonic speeds and altitudes. In 
event, the designer involved in the design of aircraft 
flying above a Mach Number of 3 and of ballistic re- 
entry vehicles will be much concerned with structures 
made of materials having special properties at high 
temperature and with means of cooling the surface 
internally as well as externally. 

Not content with normal problems of today, Dr. von 
Karman has delved into analysis of the slip flow region 
This region is still largely untried and untested. Indic- 
ative of Dr. von Karman’s keen interest in these ad- 
vanced fields is his following observation on superaero- 
dynamics and the slip-flow region®: “ . . . the character- 
istic feature of the slip flow is that the viscous stress is 
no longer small in comparison with the ambient pres- 
sure. On the other hand, the transonic and super- 
sonic speed range is characterized by the fact that the 
momentum per unit area and unit time, pl”, is not 
small in comparison with the ambient pressure, since 
evidently pl’/p = y.j/*. In the interesting 
problems of superaerodynamics, both .W/° and ./*, Re* 
are large. In other words, both the momentum pl 
for the dynamic pressure (1/2)pl] and the viscous 
stresses are large in comparison with ambient pressure.” 
It is gratifying to know that Dr. von Karman is direct- 
ing his thoughts to the problems of these hypersonic 
Again we can confidently expect that prac 


most 


speeds. 
tical flight in this regime of speed and altitude will be 


effectively accomplished. 


CONCLUSION 


To the design aerodynamicist, who must be con 
cerned with overall aerodynamic design in its many 
aspects including those related to other fields, Dr. von 
the aviation 
He has presented theories, 


Karman’s contributions to progress of 
have been most apparent. 
methods, trends, and analyses of use in design, appear- 
ing to direct his efforts largely to those problems most 
in need of solution such as turbulent skin friction, com- 
pressibility effects, supersonic drag of various kinds, 
hypersonics, superaerodynamics, and operating effi- 
ciency. 

The importance of his contributions on skin-friction 
drag can hardly be overemphasized. This type of 
resistance now comprises the greater portion of parasite 
drag at subsonic speeds, and it will continue to do so 
at supersonic speeds. Turbulent skin friction now 
accounts for about 75 per cent of the parasite drag 


* Re = Reynolds Number 
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and 50 per cent of the total drag of an airplane in cruis- 
ing flight. There should be little, if any, reduction in 
these proportions at supersonic speeds. The _pre- 
dominance of skin friction will result from the use of 
extremely thin low aspect ratio wings. A design study 
of unswept elliptical wings taking account of structural 
as well as aerodynamic factors has shown very low 
aspect ratio wings to be most efficient. Improvements 
in lift to drag ratio of a wing can likewise be reflected 
in similar improvements of the airplane as a whole. 

The maximum lift to drag ratio at supersonic speeds 
currently appears to be limited to about '/; the normal 
subsonic values. This low (L/D),,,, results from a 
manifold increase in drag due to lift, not from increased 
zero-lift drag. The drag at zero lift should remain 
equal to or less than subsonic values as a result of the 
reduction in skin friction at supersonic speeds, in ac- 
cordance with the trend shown by Dr. von Karman’'s 
theory. 

The lower lift to drag ratio, although partially com- 
pensated for by better overall power-plant efficiency 
of turbojet engines at supersonic speeds, leads to much 
lower range for a supersonic transport. The past 
record would indicate that marked improvement in 
range can be expected with continuation of serious 
efforts in aeronautical research and design. Until 
considerable improvement in range can be made, the 
supersonic transport would be subject to the usual com- 
plications encountered when operating an airplane over 
routes requiring important flights longer than the 
maximum range of the airplane. 

By an analysis using greatly simplified operating 
cost equations, it has been shown that up to the range 
attainable, the operating economy at supersonic speeds 
may be kept close to present subsonic values. This 
result is largely due to high speed and to the high out- 
put and overall efficiency of the turbojet engines with 
afterburning. The low (L/D),,,; at supersonic speed 
causes the fuel cost term to become predominant, and 
the higher speed causes the other important cost 
terms to be markedly reduced. 

Speeds are approaching values where the kinetic 
energy is becoming predominant and especially signifi- 
cant. Since range is obtained  ballistically from 
speed, flight into the hypersonic speed region, where 
the pressure relations tend to follow more closely the 
early Newtonian idea, is readily envisioned. For space 
flight, possibly with nuclear propulsion, it is anticipated 
that speed may reach an appreciable fraction of the 


speed of light. Dr. von Karman recently has pe, 
concerned with problems of heating and the slip-f 
region (superaerodynamics of rarefied air His wor 
here, as in other speed domains, is certain to bg 
great use to the practicing aerodynamicist who, mog 
assuredly, will be designing vehicles to fly in the 
regions of very high altitude and speed. 
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Heat Transfer in Turbulent Shear Flow 


W. D. RANNIE* 
California Institute of Technology 


SUMMARY 


The problems of heat transfer in turbulent shear flow along a 
~ooth wall are discussed from the point of view of von Karman’s 
-known 1939 paper on the analogy between fluid friction and 


t transfer 
Prandt] Numbers are suggested 


SYMBOLS 


constant in turbulent core velocity profile 


27)/pun? = friction coefficient 


= qo/pcpU,(T T, 


specific heat at constant pressure 


i] 


= heat-transfer coefficient 


pipe diameter 


thermal conductivity 
constant in turbulent core velocity profile 


constant in wall layer profile 
= goD/(7 Tk = 


= heat-transfer rate per unit area in y-direction, @ 


Nusselt number 

the 
value at the wall 

= Du,,/v = Reynolds Number 

= local mean temperature, 7, at the wall, 7 pipe mean 


= local mean velocity along wall, “,, pipe mean 


= Vr 


= coordinate distance from wall 


p = friction velocity 


= yu,;/v = dimensionless distance from wall, y,* to edge 


of turbulent core, y.* to outermost distance of ap 
preciable molecular transport of heat or momentum 


= eddy viscosity 


Kk = k/ pr thermal diffusivity 
u = viscosit\ 
u/p kinematic viscosity 


fluid density 
= Prandtl Number 
at the wall 


= uc,/k 


= shearing stress, 7 


INTRODUCTION 


HE FIRST IMPORTANT STEP in the understanding of 
heat transfer in turbulent flow was made by Rey- 
nolds! in 1874 when he postulated the analogy between 
heat and momentum transfer in turbulent shear flow. 
For turbulent shear flow parallel to the x-axis, with 
velocity and temperature gradients predominant in 


the y-direction, the analogy can be expressed as 


—_ T 


= 1) 
pCdT/dy pdu/dy | 


where g is the rate of heat transfer per unit area in the 


y-direction, and 7 is the shearing stress. For laminar 
—kdT/dy and +r = 
sees that the expression (1) above holds if, and only if, 


Hence the Reynolds 


shear flow, g = udu/dy, and one 
the Prandtl Number o is unity. 
analogy is strictly correct for laminar shear flow pro- 


vided the fluid properties are such that ¢ = 1. The 


? * Robert H. Goddard Professor, Daniel and Florence Guggen 
Heim Jet Propulsion Center 


Methods for extending the analysis to higher 
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Prandtl Numbers of most are close to unity 


(¢ = 0.75), so the Reynolds analogy is approximately 


gases 


correct up to the wall even though the flow is laminar 
close to the wall. 

The first extensions of the application of Reynolds 
analogy to fluids with Prandtl Numbers differing from 
unity were made by Taylor’ in 1919 and Prandtl® in 
1926. 
the flow into two layers: a laminar layer next to the 


The extensions consisted essentially of dividing 


wall where the transport processes were assumed en 
tirely molecular, and a turbulent region beyond where 


the molecular transport processes were neglected. Al 
though these methods gave an improvement over the 
application of the Reynolds postulate for Prandtl 


Numbers differing moderately from unity, they suf 
fered from the rather arbitrary choice of the thickness 
of the laminar layer. 

In 1934, von Karman‘ made a suggestion for improv 
ing the heat-transfer theory of fluids with Prandtl 
Numbers differing from unity, and, in 1939, he carried 
out his own suggestion in detail. This second paper, 
“The Fluid Heat 
Transfer,’’ was published in the Transactions of the 
American Society of Mechanical Engineers and has be 


Analogy Between Friction and 


come a classic to those working in the field of heat 
transfer. The significant step made by von Karman 
was to introduce a buffer layer between a laminar sub- 
In the 


thin laminar sublayer, the transport processes were 


layer next to the wall and the turbulent core. 


assumed purely molecular; in the turbulent core, the 
Reynolds analogy was used; while in the buffer layer, 
both molecular and turbulent transports were assumed, 
the first decreasing and the second increasing with dis 
tance from the wall. The Reynolds analogy was ap 
plied to the turbulent components of the transport 
terms within the buffer layer. 

The importance of von Karman’s contribution con 
sisted largely of the very clear demonstration of the es 
sential transport phenomena. He confirmed the results 
of his analysis by comparison with heat-transfer meas 
urements for water. The particular choice of laminar 
sublayer thickness was intended for a range of Prandtl 
Numbers moderately larger than unity. It is rather 
surprising that the concepts introduced by von Kar 
man have had, since that time, so little extension to 
liquids with higher Prandtl Numbers. the 


problems in such extension are discussed below. 


Some of 


MOMENTUM AND ENERGY TRANSFER 


Consider plane shear flow or the flow in a pipe far 
from the center; the momentum and energy equations, 
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averaged over the turbulent fluctuations, become 
tT = —pu'v’ + u(du/dy) (2 


— qo 


The total shear stress 7), assumed constant, is the sum 
of the Reynolds stress —pu’v’ and the laminar stress 
u(du/dy); and the rate of heat transfer go, also assumed 
It is 


convenient to introduce an eddy viscosity « and to write 


constant, is the sum of analogous components. 


Eq. (2) as 


to/p = (e + v)(du/dy) (4) 


where ¢ is the turbulent counterpart of the kinematic 


viscosity v. 


fluid, whereas ¢ varies with y and must vanish at y = 0 
The energy transport equation may 


for a smooth wall. 
be written in a similar form 


—(go/pCp) = (er + x)(dT/dy) (5) 


where er is the eddy diffusivity. 

Reynolds analogy is equivalent to the assumption 
that er = 
are negligible. Following von Karman, the same as- 
sumption will be used even when »y and « are not negli- 
gible compared with e«. The Reynolds analogy does not 
hold in all types of shear flow. It is well known that 
the turbulent temperature wake behind a heated body 
spreads faster than the velocity wake; for instance, 
“turbulent Prandtl Number” 
This is to be 


Corrsin? has found a 
e/ery = 0.75 in a particular example. 
expected in a jet or wake far downstream where the u’ 
and v’ velocity components are of comparable magni- 
tude, because the momentum transport involves trans- 
port of a component of a vector and energy involves 
the transport of a scalar. Close to a wall the flow is 
confined strongly to planes parallel to the wall, and it 
seems likely that the transport of the u component of 
momentum is similar to transport of a scalar quantity. 
Measurements of heat transfer in pipes for gases, where 
the Prandtl Number correction is small, support the 
Reynolds analogy for shear flow near a wall. 

Returning to Eqs. (4) and (5) and introducing the 
friction velocity u, = ~/70/p and a dimensionless dis- 
tance from the wall y* = yu,/v, the equations can be 
rewritten as 


d(u/u,) l 
dy* (e/v) + 1 
pc,u, dT l 
qo dy* (e/v) + (1/oa) 


These equations can be integrated in principle to give 
the velocity and temperature profiles; these are 


dy* 


u {~ dy" + I. 
u, o (e/vy) + 1 yor €/D 
_ a = dy* y" dy* 
a -n~f" +f" 4 
0 (e/v) + (1/oa) Jyo* €/V 
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—pc,l’v' + k(dT/dy) (3) 


The latter is, of course, a property of the 


e for flows where the molecular components 
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where y2* is sufficiently large that 1 or 1c, whichever x 


larger, becomes negligible compared with ¢/y. 


o <1, the formulation above may not be satisfactoy 
and modifications similar to those used by Martinelj 
can be introduced. 

The upper limit y* for the second integral in the ey 
pression for #/u, can always be chosen so Um, th 


Then, with a small 


average velocity, as for a pipe. ma 
error, the temperature evaluated at the same y* is thy 
(see Appendix for a mor 


I 


With these limits for the int 


average fluid temperature 77, 
accurate evaluation). 
grals, the equations above are subtracted to give 


(pCptt,/go)(Ly — T, (4t,,/U-) F(a f 


v,\ 7 l | ] 
where F(c) = | — | dy? 
J 0 (e/v) + (1/a) é/v) +1] ° 


The friction coefficient C, and the heat-transfer coef. 


ficient (Stanton number) C, are defined by the relations 


C,y/2 = To/(pttm”) 


Ch = Go/[pCpttm(T — Tm) ] 


Multiplying Eq. (6) through by w,,/u,, the equation 


relating heat transfer and friction is 
1/C, = (2/C,) + F(a) V 2/C; 8 


where F(a) is given by Eq. (7) above. For o = 


F(a) = 0, and the Reynolds analogy holds in both 


laminar and turbulent regions giving C, = C, 2. 
> > fe) d 


THE DISTRIBUTION OF Eppy VISCOSITY 


For Prandtl Numbers differing from unity, the rela- 
tion between the heat-transfer and friction coefficients 
depends on the distribution of eddy viscosity ¢ between 
y* = Oand y* = y.*. The most direct way of deter- 
mining € is from the velocity profile since 

€ l 


yp d(u/u,)/dy* 


For y* > 30—i.e., in the fully turbulent region—the 
von Karman logarithmic formula can be used; this 
was given in the form 
ly ia 
u/u, = (1/V K) Iny* + B 9 


/ . - ~ ~ “ 
and the constants 1/V K & 2.5, B = 5.5 are well es- 


tablished by experiments on pipes. Hence 


VK y* — |] y* 5 30 10 


ejv = 


For the range 0 < y* < 30, von Karman approximated 
the measured velocity profile by w/u, = y* in the laminar 
sublayer 0 < y* < 5, and by a relation of the form of 
Eq. (9), with different constants, in the buffer layer 
5 < y* < 30. Then e/y = 0 for y* < 5, and this isa 
satisfactory approximation for moderately large Prandtl 
Numbers. 

There is no reason for believing that ¢/y should vanish 
completely except at the wall itself. The velocity 
profile near the wall would be virtually unaffected by 
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HEAT TRANSFER IN TFT 


» error in the very small value of € v in that region. 
7) shows that for 


However, an examination of Eq. 
_> ], the very small values of €/v close to the wall can 
have a profound influence on the value of the first 
integral. There is no possibility of determining ¢/y 
iccurately for y* < 5 from measurements because the 
elocity gradient is required, and it is impractical to 
attempt to find these from the measured profile. Even 
the remarkably good experiments of Reichardt,’ 
Laufer, and Skinner® are of no help in this regard. 

Since it does not seem possible to find heat-transfer 
coefficients for high Prandtl Numbers from measured 
velocity profiles, it is natural to examine the possibility 
{ finding the velocity profile from heat-transfer meas- 
urements. In principle, this is attractive because tem- 
nerature differences, flow rates, and pressure drop can 
be measured quite accurately. By heat-transfer meas- 
urements on fluids of different Prandtl Numbers, F(c) 
could be determined as a function of o, and Eq. (7) 
then is an integral equation for ¢/v. The difficulty 
with heat-transfer measurements in the past has been 
that the physical properties, particularly the viscosity, 
are sensitive functions of temperature for nonmetallic 
liquids. In order to have an appreciable amount of 
heat transferred from the wall, it is necessary to use a 
large temperature difference between the wall and the 
bulk of the fluid. Frequently, the viscosity changes 
by a factor of two or three or more from the wall to the 
edge of the turbulent core. Some attempt is usually 
made to allow for the viscosity variation by various 
averaging processes. Reported heat-transfer measure- 
ments often show “‘scatter’’ of +20 per cent; it seems 
likely that the spread is not so much an indication of 
experimental error as a gross oversimplification of the 
influence of variation of viscosity. Careful experi- 
ments of the type made by Eagle and Ferguson” on 
water, with extrapolation to zero temperature differ- 
ences, are needed for liquids with higher Prandtl Num- 


bers. 


PROPOSED VELOCITY PROFILE 


In the absence of sufficiently precise heat-transfer 
measurements, the writer attempted to find a reason- 
able velocity profile for the region close to the wall, so 
the eddy viscosity determined from the velocity led to 
satisfactory variation of heat transfer with Prandtl 


URBULENT SHEAR FLOW 187 


400; 


200 





— THEORY 
— — Nu=0023Re°%>™ 
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Cc: 


Fic. 1 Dependence of Nusselt number on Prandtl Number at 
Re = 10%. (Experimental data from Sherwood 


Number. The simplest analytical expression that fitted 


the required conditions was of the form 
u/u, = (1/V K;) tanh (V A, y* (11) 


This profile was joined to the logarithmic profile, 
Eq. (9), at a distance y,;*, so the velocity and velocity 
gradient were continuous at the junction. The con- 
stant A, and the distance y,* were determined from 


these two conditions giving 


yi" = 27.5 


1/V K; = 14.53 (12) 


Comparison of the velocity profile, Eq. (11), with ex- 
perimental results gives quite satisfactory agreement; 
of course many other analytical forms for the profile 
would be equally satisfactory, but this one is very con- 
venient. 

With the velocity profile as given by Eq. (11), the 


corresponding eddy viscosity is 
. yvalr * 2 
e/vy = sinh?(V K, y*) (13) 


and the function F(c) can be evaluated in closed form. 


F - 1(V/ f )=<2 a | 
ee ] tan Vo-—-1V K,y,*) — _ -ini wn" —; - = a> 
VWK,wWe=—1 — VK ' 2VK' VKe ‘ae 
p (1. 
0 I l 
= tanh-' (V1 —o VK; n*) —B- ee Sr g<l 
. VA -VA V Koa 


VA,;V1l-—o 


rhe asymptotic form for F(«) as ¢ becomes large is 
F(a) + 22.8Vo« — 29.1 asa —> & (15) 


and this is only 5 per cent smaller than the correct 
value at o = 10. 


In order to show that the value of F(c) isin agreement 
with experiment, a comparison is made for the Prandtl 
Number range between 1 and 100 in Fig. 1. The ex- 
perimental points are those of Sherwood as reported 


by McAdams.!! The friction coefficient was evaluated 
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from the empirical relation C; = 0.046/Re°-*. As can 
be seen, the fit is reasonably good; it must be remem- 
bered that the variations in viscosity that occurred 
near the wall in the experiments are ignored. Also 


shown is one of the well-known empirical formulas’? 
for the range 1 < o < 120. 


C, = 0.023(Re)—°-20-°-6 (16) 


The theory above implies that C, © ao as a be- 
comes very large. Few reliable measurements of heat 
transfer at very high Prandtl Numbers (o > 500) 
have been made, but those that are available!* seem to 
indicate that C, © o *”* for o very large. This result, 
if correct, would require that e/y « y** for y* very 
small. According to Eq. (13), the turbulent and 
molecular transports of heat are equal at a value of y* 
given by sinh VK; yor = I Vo: hence at o = 100 
yo* = 1.45. Then one would expect that the velocity 
profile, Eq. (11), describes the actual velocity reason- 
ably well for y* > 1.5 but not necessarily for smaller 
values of y*, unless the agreement indicated in Fig. | 
can be confirmed at higher values of the Prandtl Num- 
ber. Many other forms for the velocity profile that 
have been proposed—for instance that of Deissler' 
are not consistent with heat-transfer measurements at 
the higher Prandtl Numbers. 


*LUIDS WITH VARIABLE "SICAL PROPERTIES 
I IDS WITH VARI E PHysI % 


As was mentioned previously, heat-transfer meas- 
urements in liquids with Prandtl Numbers larger than 
unity usually involve variable viscosity. If for no 
other reason than interpretation of experiments, an 
understanding of the influence of variable physical 
properties on friction and heat transfer is desirable. An 
important simplification resulting from high Prandtl 
Numbers is that most of the temperature difference 
occurs in the layer between the wall and y* = 30, so 
the turbulent core is essentially isothermal. 

Measurements of Laufer’ and others of the magnitude 
of the velocity fluctuations near a smooth wall show 
that the maximum values occur at y* & 25 or 30 and 
decrease rapidly to zero at the wall. It seems probable 
that the wall layer within these limits is inherently 
stable and that the velocity fluctuations are responses 
of a highly damped layer to disturbances arising out- 
side. The fluctuations inside the wall layer would 
then have no direct influence on the outside flow. 

If the temperature variation is confined to the 
damped layer of fluid next to the wall, the viscosity 
variation is confined to this region as well. The turbu- 
lent core is isothermal and can be considered as having 
known velocity gradient distribution and as producing 
known disturbances at the edge of the wall layer. The 
response at any point of the wall layer can then in 
principle be determined, even if the viscosity varies 
strongly through the layer. The turbulent shear stress 
—pu'y’ will depend on the viscosity variation, but, 
with the model above, there is some hope of estimating 
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this dependence. The writer’ has attempted to ys, 
such a model for the wall layer to determine ¢/, as 

function of the viscosity variation and hence to find the 
friction coefficient and the heat-transfer coeffici, nt 
Although the results are promising, confirmation wij 
not be possible until more reliable heat-transfer an 
friction measurements are made for liquids at high 
Prandtl Numbers. 

In gases, about half the temperature difference ty 
tween the wall and the mean temperature occurs in th; 
wall layer so that the turbulent core is not isothermal 
Then the disturbances of the damped wall layer cannot 
be considered as known because the turbulent core cap 
not be identified with a similar one in isothermal floy 
Further, the density fluctuations in gases may introduc 
other complications not found in liquids. An under 
standing, or even a reliable description of the turbulent 
transport processes close to a wall for high rates of heat 
transfer, seems much farther in the future for gases 
than for liquids at high Prandtl Numbers. 


APPENDIX 


A more satisfactory derivation of Eq. (8) can be 
carried out by defining mean velocity and mean tem 
perature for pipe flow with appropriate weighting fac 


tS —€.2., 


it, ; ff" a 
= | (R y*)dy 
u Ro .g6 thy 
2 fi Uu 
I, — 1, = | (T. 1 x 
R**(Un/u,) Jo u, 
(R* — y*)dy 
where R* = Ru,/v and R is the pipe radius. If the 


evaluation of the integrands is made with terms ol 
order 1/R* and higher neglected, Eq. (8) is replaced by 


1/C, = (2/C)) + F(o)V2/C, + 5/4K 


The additional term on the right, approximately $.5, 


is an unimportant correction for most applications. 
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tional programs can ensure that such positions are 
occupied by leaders who possess a thorough grasp of 
the nature and potentialities of applied mathematics 
and are capable of making an efficient choice and use 
of facilities and personnel. In this connection it may 
be well to emphasize that in many cases it is not so 
much a question of organizing and blueprinting as it 
is one of creating a suitable climate. 

While the pragmatic viewpoint is important, cer- 
tainly the cultural aspects of mathematics should not 
be overlooked. The fundamental discoveries in pure 
mathematics must be looked upon as major contribu- 
tions to our culture. We are all familiar with the 
famous paradox of Zeno illustrated by the story of 
Achilles and the tortoise. The object since antiquity 
of endless argumentation by philosophers, this paradox 
finds its clarification in the theory of infinite series. 
That it is essential for those in the applied fields to 
be acquainted with the more academic questions and 
the discipline of rigor of pure mathematics is not only 
true because this knowledge and experience may sud- 
denly acquire unsuspected practical value, but it is 
also of importance simply for the same purpose that 


motivates the study of the liberal arts—the achieve- 
ment of an intimate communion with the great histori- 
cal currents of thought and the practice of a formative 
intellectual discipline. 

Finally, if we wish to carry this viewpoint to its 
ultimate conclusion, it is to be hoped that the teaching 
of mathematics as a purely cultural subject, stripped 
of its technicalities and the narrow viewpoint of the 
specialist, may become a requirement in our general 
curriculum. The impact of the mathematical sciences 
on our society is becoming more evident every year, 
influencing the language and concepts of our culture, 
and expanding rapidly into fields that until today 
were looked upon as the exclusive domain of those 
trained in the traditional methods of economics, law, 
and business administration. If the means of accom- 
plishment remain a question for debate, we should 
never lose sight of the fact that, in many ways, the 
final purpose is humanistic, and that intellectualism 
should never be promoted for its own sake or at the 
expense of the spiritual, the artistic, and the creative. 
Thus can we hope to meet the challenge of the future 
and fulfill its bold promise. 





Some Recent Developments in Airfoil Theory 
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SUMMARY 


Several recent developments in airfoil and wing theory have 
as their goals the extension of classical methods to account for 
characteristically viscous phenomena. Airfoil theory has always 
recognized the existence of such phenomena as explanations of 
the presence of circulation and vortex wakes; these new investi 
gations are attempts to include detailed descriptions in theo 
retical models or to extend classical models into areas of strong 
viscous effects, such as separation and stalling. Some of these 
studies follow directly from suggestions made by von Karman, 
and others are reminiscent of his earlier research 

This review is concerned with investigations in four categories: 
(1) the theory of profiles with boundary layers in steady flow, 
(2) the theory of profiles with boundary layers in unsteady flow, 
including extensions of unsteady airfoil theory, (3) the theory of 
wings with leading-edge separation, and (4) Prandtl wing theory 
applied to partially stalled wings 


INTRODUCTION 


_— THEORY of the flow of fluids past airfoils and 
wings has attracted the attention of fluid me- 
chanicists for over half a century. Many of these 
workers have been mathematically inclined, and they 
have found the field a fertile one for application of their 
Von Karman and Trefftz,' 
for example, generalized the famous Joukowski trans- 


most elegant techniques. 


formation in a most ingenious way to produce their 
families of airfoils having finite trailing-edge angles. 
The Prandtl lifting-line wing theory? and Munk's 
theory’ of thin airfoils are also examples in this cate- 
gory, as are the extensions of these two subjects by von 
Karman and his colleagues.4°*® Von Karman's 
treatment’ of the lifting surface by Fourier-integral 
techniques is another ingenious and elegant mathe- 
matical accomplishment. 

Nevertheless, airfoil theory, in spite of its consider- 
able mathematical development, has always rested 
namely, the production 
The effects of 
these complicated processes are summed up, approxi- 
mately, in the Kutta-Joukowski trailing-edge condi- 
tion. In fact, the recognition of this essentially vis- 
cous origin of circulation, lift, and induced drag might 
be said to mark the emergence of aerodynamics as a 
science and to distinguish it from the purely mathe- 
Von 


Karman has described these historic developments in a 


upon a distinctly physical base 


matical fluid mechanics of the preceding century. 


recent book.® 

One of the first attempts to describe in more detail 
the viscous phenomena that produce circulation was 
made by von Karman and Millikan,’ who calculated 
the effect of Reynolds Number on the maximum lift 


* Director, Graduate School of Aeronautical Engineering. 


coefficient of an airfoil. 


the well-known work of Howarth, ' 


It was contemporary with 
° who explained, by 
means of boundary-layer theory, the lift of a thi 
elliptic cylinder at incidence. These were investiga 
tions in which the viscous origins of lift were not onh 
recognized but became the center of attention. . 

In the present paper, it is proposed to discuss onh 
this viscous aspect of airfoil theory—4.e., its extensiot 
to problems involving strong viscous effects. This 
means to omit from the review all the modern achieve 
ments of the more classical, perfect-fluid theories oj 
airfoils and wings in steady and unsteady motion in the 
several speed regimes. This sweeping omission maj 
be the more acceptable, however, since these develop 
ments have recently been reviewed elsewhere by a num 
ber of distinguished authors.'! !? !% | 


PROFILES WITH BOUNDARY LAYERS 


STEADY FLow 


THE THEORY OF 


The first class of investigations to be mentioned in 
this broad category stems directly from the work of 
Howarth, mentioned above. These constitute at- 
tempts to estimate the boundary-layer growth on air- 
foil profiles and to account for its effects on the steady- 
state value of the circulation and pressure distribution 
Previously it had been suggested! that the profile be 
given a fictitious camber to make its circulation agree 
with the measured value, or even that the Kutta- 
Joukowski condition simply be discarded, the circula- 
tion put equal to its measured value, and the resulting 
infinite velocities simply be ignored." 

Preston” was the first successfully to employ de- 
tailed boundary-layer and wake calculations to predict 
the circulation of airfoils. A more recent investigation 
along the same line has been made by Spence, '* who has 
achieved some simplification of Preston’s technique. 
The calculation, like Howarth’s, is one of successive 
approximations. Assuming first that the boundary- 
layer thickness is known, the potential flow outside 
the boundary layer is corrected for the displacement 
thickness of the boundary layer and the viscous wake 
by distributions of sources of proper strength along the 
airfoil contour and along the approximate position of 
the wake. Actually, of course, the boundary layer 
cannot be calculated until the external flow is known, 
and the circulation, which is an essential feature of the 
external flow, cannot be determined until the boundary 
layer is known and an adequate criterion—a refine 
ment of the Kutta-Joukowski condition 

The criterion applied by Preston and Spence to de- 


is applied. 


termine the circulation is, essentially, that the pressure 
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it the trailing edge (see Fig. 1) shall have the same 
Jue when determined from the potential-flow values 
hove and below the airfoil. Preston pointed out that 
the pressure variations across the boundary layers are 
t negligible in such a singular region as that of the 
trailing edge. Thus, one does not equate the static 
pressures at points 1 and 2 in Fig. | at the edges of the 
ypper- and lower-surface boundary layers, but instead 
ne estimates the pressure increments, say Ap; and 
\, and requires that 
Ap» 
where p, and py. are static pressures at points | and 2. 
But p; and p. are simply related to the velocities q 
nd g. at the same points, since these points are out 


side the viscous layers: 


bP, + (1/2) pqi po + (1/2) pq 2 
Thus, condition (1) becomes 
q ] Fes) 
1+ Ao } 
( | a 


denotes Ap.+ 
Spence finds that Ao 


Ap, (1 2 


2)pgo", and Aw @D, — We. 


where @, denotes pPqi, Be 


is small, of the order of 0.01. It is not, of course, in- 
onsistent with boundary-layer theory to recognize the 
existence of pressure increments Ap in boundary layers 

n curved surfaces. In fact, this theory gives these 
increments but states that they are of such order as 
to be neglected in the momentum equation for the ve 
locity component along the surface. 

Howarth’s" criterion to determine the circulation, 
n the other hand, was that the total flux of vorticity 
into the wake must be zero for steady flow——a theorem 
due to G. I. 
approximations, Howarth reduced this to the state 


Taylor. By means of boundary-layer 


ment 
qi oo Q2 | 


which may not appear to be consistent with Eq. (3 

There is no conflict, however, since Howarth's calcu 
lation needs only to be revised for the curved-surface 
boundary layer considered by Preston and Spence. 


Namely, the vorticity ¢ in such a layer is given by' 


¢ = —(Ou Oy) — 


Ku » 


where u is the component of velocity along the wall, v 
is the usual boundary-layer coordinate normal to the 
wall, and x is the curvature of the wall. The vorticity 
flux, fora layer of thickness 6, is then 


7] 5 Pa) 5 
judy = — | = udy — k { 


rhe first term integrates immediately to give —(1 2)q’, 
where g is the velocity at the edge of the layer, while 
the second, according to boundary-layer theory," is 


u°dy (6 


just —(1/p (Op Oy)dy. Thus, 
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beicre, the 


Af ‘ 


where Ap 1s, as pressure rise across the 
boundary layer. 
Consequently, Howarth’s criterion of vanishing total 


vorticity flux becomes 


L/2Z i = (lp pi = 1 /2)q2 l p Ap ‘ 
which is exactly the same as Eq. (3 
It seems unnecessary to review Spence’s calculation 


] 


general outline, his method is to 


in detail here. In 
transform the profile conformally into a circle and to 
distribute sources along its surface to account fer the 
displacement effects of boundary layer and wake, as 
obtains an 


Thus he 


relating the circulation to Aa 


mentioned above. expression 
equivalent to Eq. (3 
Approximate boundary-layer methods are used to cal 
culate, for any given potential flow, the trailing-edge 
thicknesses and the pressure increments Ap; and Ap». 
Spence makes specific suggestions regarding the prac 
tical procedure of iteration. 

Spence's conclusion, based on comparison with ex 
periment, is that his method is accurate when the 
boundary-layer thicknesses are known or can be ac 
curately predicted—1.e., that the the 
theory are the limitations of boundary-layer knowl 


limitations of 


edge--such as the prediction of transition points 
This conclusion was arrived at by comparing the 


theoretical results with experimental values both for 
cases where measured boundary-layer data were used 
in the calculations and where available boundary-layer 
theories were used to predict these data. 

Reference 1S also presents pressure distributions on 
a Joukowski airfoil at several Reynolds Numbers at 
6° incidence. It is interesting that the distribution 
deviates only near the trailing edge from the inviscid 
fluid distribution for the same value of the circulation. 
Chis is, of course, another justification of the proposals 
made by Pinkerton” and Weinig,'® but the new thecry 
goes much further in that it provides a method to pre 
dict this value of the circulation. Fig. 2, taken from 
reference 1S, presents integrated results from these pres 
sure distributions; it is seen that the viseous ef-ect on 
hinge moments, particularly of a skert-chord flap, is 


large. 
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SCALE EFFECT ON LIFT AND MOMENTS 
SYMMETRICAL JOUKOWSKI 
AEROFOIL (~ = 6°) 


Fic. 2. Calculated scale effect on lift and moments. R dc 
notes Reynolds Number based on chord, C the coefficient of lift, 
moment, and hinge moment, respectively, and C) the corre 
sponding ideal-fluid value. E represents the ratio of flap chord 
to airfoil chord, and ‘‘§ = O” indicates that the flap is unbalanced 
(from reference 18). 


Thus, two-dimensional steady airfoil theory has 
successfully been extended into the realm of fluids of 
small viscosity and it may be predicted that Spence’s 
techniques will become tools for routine engineering 
investigations. Their extension to subsonic compres- 
sible flows seems to be straightforward. 

Substantially the same procedures should handle 
problems where separation takes place forward of the 
trailing edge on the upper surface, as will certainly occur 
at higher angles of incidence. The complication intro- 
duced in this situation is that the separation point will 
be unknown as the calculation begins, and will have 
to be determined by successive trials, as in Howarth’s 
problem. The accuracy of the method must decrease 
when the region of separated flow becomes large enough 
to affect the potential flow field appreciably, as Spence 
points out. Research on this interaction problem would 
seem highly desirable. 


THE THEORY OF PROFILES WITH BOUNDARY LAYERS: 
UNSTEADY FLow 


Extension of these considerations to unsteady flow 
would have even greater practical value, since it would 
shed light on important unanswered questions. Such 
questions arise especially in the interpretation of classi- 
cal unsteady airfoil theory and experiment and in 
assessing their validity at extreme values of frequency, 
Reynolds Number, and angle of attack. Unfortu- 
nately, this extension involves some formidable com- 
plications. To begin with, the criterion to determine 
the value of the instantaneous circulation requires 
some modification. The Taylor-Howarth criterion 
is surely not applicable without change, since the net 
rate of vorticity transport into the wake should not 
be zero but should correspond to the rate of change of 
the circulation about the profile. The Preston- 
Spence criterion regarding the trailing-edge pressure, 


on the other hand, must apply as well in unsteady ag 
in steady flow, if separation does not occur forward 
of the trailing edge. Once again, these two criterig 
turn out to be identical. 

Consider first the revised Taylor-Howarth criterion 
for the case sketched in Fig. 1, one would require 


Rate of vorticity flux into wake = dT di q 


where [(¢) is the circulation at time ¢. From th, 
earlier calculation [Eq. (7) ], then, 
(1/2) (q1? — qe?) — (1/p) (Api — Ape) = dT ‘dt (10 
instead of Eq. (8). 

The Preston-Spence criterion, for this case, would 
still be stated by Eq. (1), but, instead of Eq. (2), one 


has 


2 g,- = yo > Qo- (]] 
y Fat 5 om y ve 9 a: 1] 


where ¢ denotes the velocity potential of the exterior 
flow. Eq. (1) now becomes 


5 (a = ge) = * (api — Ap.) = 
Og Od 
=] 7 & | 
2 (12 
= ry (1 — > 
a ar 
+ dt 


as stated in Eq. (10). 

Thus, if the instantaneous boundary-layer thick 
ness and wake configuration were known, the process of 
calculating the potential flow and circulation should 
proceed by analogy with the steady flow case. The 
effect on the potential flow of the vortical wake would 
have to be calculated, as is done approximately in the 
classical theory of airivils in unsteady motion.”” How 
ever, the problem of estimating boundary-layer prop- 
erties for given, unsteady, potential flow is consider 
ably more difficult than its steady flow counterpart 
This statement is correct for laminar layers; it is an 
understatement for the turbulent case. In the first 
place, one would not know where to put the transition 
point in unsteady flow; moreover, the customary 
practical procedures for estimating turbulent boundary- 
layer growth, based as they largely are on empirical 
relationships, can hardly be expected to apply without 
modification to unsteady flow. 

If boundary-layer separation in unsteady flow is 
found to occur forward of the trailing edge, there are 
more complications in the calculation. Once agaitl 
the rate of vorticity flux into the wake must be related 
to the rate of change of circulation [Eq. (9)]. But it 
is not easy to define the point (separation point), in 
unsteady flow, that divides the boundary layer from 
the wake. Certainly the usual criterion of vanishing 
shear at the body surface cannot be correct in general. 
Furthermore, the rate of motion of the separation point, 
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assuming it to be adequately defined, enters the vor- 
ticity criterion, for the pertinent flux is that across the 


é 
¢ Urel. dy (13) 


where Me}, denotes the relative boundary-layer velocity 


dividing line : 


iponent as seen by an observer moving with the 


con 


separation point. 


Elliptic Cylinder at Maximum Lift 


There has been one serious attack upon this unsteady 
jirfoil boundary-layer problem, made recently by 
Moore.2! Inspired by the problem of rotating stall in 
ixial compressors, he has extended Howarth’s calcu- 
lation for the elliptic cylinder with laminar boundary 
laver to the case where the cylinder is fixed but is blown 
upon by a stream of varying direction. 

Moore has reduced the enormous complexity of the 
general problem in two ways. First, he considers only 
small rates of change of incidence a@—periodic phe- 
nomena of low frequency, say—and therefore is en- 
titled to carry terms proportional to & while neglecting 
those proportional to & and all higher derivatives. 
Thus, his calculation is the first step in refinement of 
a purely quasi-steady theory. Second, he considers 
only the case of maximum (steady-state) lift; thus, 
the quasi-steady variations of circulation are zero. 

The combined effects of these two limitations on the 
vortex flux and circulation criterion are profound: 
since there is no net quasi-steady effect on circulation, 
the largest effect must be proportional to a; thus dT’ di 
Con- 
sequently, Moore’s circulation criterion is again that 
The complication 


can be at most of order & and can be neglected. 


the total vorticity flux must vanish. 
represented by Eq. (13) remains, however, and his cri- 
terion becomes, instead of Howarth’'s [Eq. (4) ], 


l ; ds; l ; ds» 
/ at z - dl 


where g; and g2 are, as before, the potential-flow veloci- 
ties at upper- and lower-surface separation points and 
ls, dt, ds. dt denote the rates of travel of the respec- 
tive separation I oints. 

The difficulty of defining the separation point in un- 
steady flow has been mentioned above. Moore uses 
the same criterion as in steady flow—.e., vanishing of 
the wall shear—but advances it 
To be sure, this is the definition usually 
nevertheless, Moore’s doubts 


“without complete 
confidence.”’ 
used in unsteady flow; 
seem to be legitimate. In fact, the present author 
Suggests that the correct definition must be different; 
namely, the appearance of a stagnation point and a 
dividing flow trajectory between boundary-layer and 
wake fluids in the flow seen by an observer moving with 
point. The behind — this 
Suggestion is simply that ‘‘separation’’ is presumed to 


he separation reasoning 
mean the breaking away of the boundary layer from the 
surlace, invalidating the boundary-layer approxima- 
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tions, and that (by analogy with the steady case) this 
will be caused by wake fluid thrusting itself under the 
boundary layer and deflecting it away. Thus the ap- 
pearance of a dividing streamline (trajectory) between 
wake fluid and boundary-layer fluid should be a neces 
sary feature of separation, and this can surely have 
meaning only when viewed from the moving frame of 
reference. Certainly the local, instantaneous vanishing 
of wall shear has no such significance. 

If this proposal for a redefinition of unsteady sep- 
aration is correct, Moores results cannot be precise, 
although it is easily possible, as he suggests, that they 
may be correct to the order (@) that concerns him. 

To finish the description of Moore’s work, the follow 
ing brief outline of his procedure is offered: 

(a) Howarth’s flow pattern and boundary layer for 
the elliptic cylinder at maximum lift (a = 7°) con 
stitute the basic flow, which is perturbed by variations 
of the direction of the oncoming stream. 

(b) The perturbation of the potential flow is deter 
mined by classical methods. A perturbation of the 
circulation about the cylinder is assumed to occur. 

(c) The accompanying small perturbations of the 
boundary layer are of two types—dquasi-steady and 
unsteady. Both of these are calculated from momen 
tum-integral formulas. The appropriate formulas for 
unsteady perturbations were provided by Moore in an 
earlier note.” 

(d) These calculations relate the positions and ve 
locities of the separation points to the circulation per 
turbation. The vorticity condition (14) is then applied, 
and this perturbation is determined. 

The principal result of this investigation is the lift- 
hysteresis that occurs when the cylinder is exposed to 
an oscillatory airflow at its maximum-lift attitude. 
Moore's particular result, for the unsteady increment 
of lift coefficient is 


U (15 


30 a 
where / is the chord (major axis) of the cylinder and / 
the stream speed, so that d/ LU is the dimensionless rate 
of change of incidence. 

Moore seems to be surprised by the sign of this result, 
which, he says, is contrary to some experimental ob 
servations. To be sure, his result denotes counter- 
clockwise hysteresis in the curve of lift versus angle of 
attack, whereas clockwise hysteresis at the stall is a 
familiar phenomenon in wind-tunnel experiments. 
To the present reviewer, this discrepancy is not sur- 
prising, since the commonly observed hysteresis arises 
from delays in separation and reattachment of the 
boundary layer which must be difficult to reproduce in 
a small-perturbation theory. In fact, the dominant 
effect in this hysteresis may arise from quasi-steady 
terms that Moore eliminated by considering small 
perturbations from maximum lift. 


doubt, correct for sufficiently small oscillations about 


His result is, no 


maximum lift, but these mey be so sm» Il 2s to miss the 


phenomenon of clockwise hysteresis. In other words, 


the linearization achieved by the small-perturbation 
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hypothesis may be very restrictive when applied right 
at the point of maximum lift. 

The result expressed in Eq. (15) obviously can be 
interpreted as a lagging of the lift behind the angle of 
attack; in fact, at the point of maximum lift treated, 
it represents exactly 90° phase lag behind a sinusoidal 
angle of attack. Phase lag independent of frequency 
but dependent upon mean incidence was first sug 
gested as an empirical description of oscillating air- 
foil results in real fluids by Mendelson,*! and has been 
adopted as an explanation of rotating stall by the 
present writer.’ As has already been suggested above, 
investigations like Moore’s seem highly desirable in 
view of the importance of the viscous phenomena in 
rotating stall, stall flutter, and many other problems, 
and in view of the difficulty of performing meaningful 
experiments in this field before the governing phe 
nomena have been predicted theoretically. 


Extensions of Unsteady Airfoil Theory 


Prior to Moore's more ambitious investigation, 1t had 
occurred to other aerodynamicists”* to carry over to air 
foils in unsteady motion the simple ideas of ‘“‘reduced 
circulation’’—1.e., the the Kutta-Jou 
kowski condition that had been found useful in steady 


relaxation of 
flow theory. It was suggested, for example, that the 
degree of departure from the Kutta-Joukowski value 

the might be 


carried over from steady flow observations. 


“efficiency” of circulation production 
Such an 
assumption, of course, would amount to by-passing the 
whole procedure of boundary-layer estimation and 


circulation determination which has been described 
above and carried out, under rather special assump 
tions, by Moore. The difficult question, however, is 
just how to carry over the steady flow data. Sup 
posing the circulation is known as a function of angle of 
attack in steady flow, just what is the equivalent or 
appropriate angle of attack in unsteady flow? 

An answer to this question has been proposed by 
Woods,”’ who takes the slope of the circulation curve 
to be a function of only the instantaneous, local angle 
of attack at the trailing edge. 


this assumption is hard to understand; it is presumably 


The justification of 


based on ideal-fluid considerations rather than on any 


argument concerning the boundary layer. 





x 











x= a 





x =-a 


Diagram showing definitions of terms in Rott-George 
theory 


Fic. 3. 
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Another proposal has been advanced by Rott a 
George.** They point out that, in general, a th; 


airfoil with arbitrary circulation, in either steady 


unsteady motion, has a pressure coeflicient distr 
tion of the form 
S S 
Cy (x 
Vx a V ( 
where x is measured along the chord line from the 


point (Fig. 3), the chord length is 2a, is regular 
both leading and trailing edges, and SS, and S, are ¢ 
stants determined by the motion, camber, and 
dence of the airfoil and its circulation. Thus, in ge] 
eral, there are singularities at both leading and trailing 
edges, whose strengths are given by S, and S, respx 
The Kutta-Joukowski 


4 


while the value of S 


tively. liypothesis is § 


iding-edg 


is not restricted; the le 
singularity is only a simplified representation 
strong, but finite, peak of the pressure distributio 
near a rounded leading edge. 

To relax the Kutta-Joukowski condition means t 
permit S, to assume a nonvanishing value. It 
Rott’s and George's basic assumption that the appr 
priate value of S, in a real fluid depends on the valu 
of S,. 
The maguitude of S,, being a measure of the deviatior 


The basis of th 


is assumption is the following 
from the Kutta-Joukowski circulation, is actually 

measure of the boundary-layer thickness at the trailing 
The 
would make it proportional to the pressure rise betwee 
hence, to S;. 


edge. crudest approximation to this thickness 


leading and trailing edges; In unsteady 


flow, however, there must be a time lag between the 


value S; and the value .S, that it determines—1.e., 

S(t + 7 F[S,(t) | i 

As their first attempt to apply this idea, Rott ar 
George adopt the linear relationship 

S(t + or - AS, \ 


where .\/ is constant, since this is the familiar ¢ 


linear relation between lift coefficient and incidence 


in steady flow. They carry over this relation to un 
steady flow problems, such as oscillations of airioils 
determining .1/ from the slope of the lift curve in stead) 
st.te tests at the oscillatiot 
They assume reasonable values for the time lag 7 bé 


mean incidence of the 


twee 0 and 2a ‘U. 


a complete theory ol ul 


Phe re 


George*’ has worked out 
steady two-dimensional airfoils on this basis. 
sults are at least qualitatively encouraging, since the 
show trends quite similar to those of experiment lt 
sults, in comperison with classical thin airfoil thecr) 


One can suggest a possible generalization of the Rott 


George idea to airfoils with hinged flaps. For such al 
airfoil, the form analogous to Eq. (16) 1s 
7 S 
Cx) = 
Vxc+a YY 2 a 
S, In (x \ \ 7 
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ere the logarithmic term represents the singularity 
- the hinge line (4 v) A fitting generalization of 


would then be 
b # | i >) 


ere the symbols denoting appropriate time lags are 
itted for simplicity). In this case, two empirical 
lationships would be carried over from steady airfoil 
sts, such as the slopes of the curves of lift coefficient 
inst angle of attack and flap angle, to determine the 
tion Fin Eq. (20 
It will be interesting to see whether approximations 
the Woods or Rott-George type will be adequate to 
stall flutter, 
To ascertain this, it might be pos 


Jain and predict the phenomena of 
tating stall, ete. 
ble to carry out more elaborate calculations, lik« 
ore’s, and to interpret their results approximately 


terms of these simpler assumptions. 


fue THEORY OF WINGS WITH LEADING-Epc! 


SEPARATION 


It has been observed that wings with highly swept 


k, sharp leading edges produce a kind of flow 
ttern, at moderate and large angles of attack, 
t differs considerably from the ones assumed in 


rfect-fluid, small-perturbation treatments according 
classical wing theory. Specifically, the flow does 

t negotiate the sharp edge, but instead forms a vortex 
sheet there, which rolis up and is carried downstream, 
somewhat as sketched in Fig. } This 1s a typical case 
component flow separation”’ in the sense of three 


imensional boundary-layer theory; it is not actual 


y separation because the component of flow along 
leading edge is not disturbed, and it 1s not, ordi- 
rily, accompanied by large drag, buffeting, or other 
mmon manifestations of separation. In fact, as will 

¢ inentioned below, the phenomenon causes an in 
ise, rather than decrease, of lift. 

effects 
This 


flow ce micept 


rhis is another case where strong viscous 


uire that classical wing theory be modified. 
vas done semiempirically, using the cross 


the Munk-Jones wing theory, by Flax and Law- 


rence First to notice that an explicit theoretical re 
sult might be obtained for certain supersonic wings 
Adams and Brown‘ 


were Legendre*®” in France and 


Langley Field. The theory was improved essen- 
tially by Michael 
} } 


is been applied bv Cheng*® to the side edges of rec- 


Brown and and Edwards. It 
tangular wings. 

The cases that permit explicit solution are those 
that have the conical character. By the usual argu- 
ent, in these cases all velocity components are con- 
stant along rays from the vertex; thus the strength 
of the vortex sheet shed at the leading edge and the 
rate of vorticity production are constant and the entire 
flow pattern, including the spiral vortex sheets, is simi 
1 


y 


r at all chordwise stations. 
rhe basic idea of Legendre, Adams, Brown, et al. 
is the familiar and powerful one of by-possing the de 
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Fic. 4 Schematic drawing 


edge eparation fron reference 34 


tails of vorticity production and treating the fluid as 
They all 


had the further idea of approximating to the rolled-up 


inviscid, with the vortex spiral present 


sheet as a single vortex filament whose strength varies 
linearly downstream from the vertex Chen, by anal 


ogy with the classical theory of airfoils in unsteady 
flow, they replaced the complicated processes of vortex 
production by applying the Kutta-Joukowsk1 condi 
tion at the leading edge. 

In principle, these assumptions are sufficient to de 
termine the strength and position of the vortex fila 
ment and thus to permit a complete solution of the 
wing problem, for these are three unknowns (strength 
of the vortex and two coordinates of its position) and 
one has three conditions the Kutta-Joukowski condi 
tion and the statement that the vortex must drift in a 
with the flow 


It was in the application of this last condi 


manner consistent velocity (two com 
ponents 
tion that complication ensued and the various investi 
gators followed somewhat different paths. 

Che reason for the differences of opinion is basically 
that the replacement of the vortex sheet by a single vor 
tex of nonconstant strength violates the laws of vortex 
conservation. The vortex must be fed vorticity from 
the leading edge and must therefore be connected to 
In the single-vortex model, 


it by an ‘umbilical cord. 


the details of this “cord,” which appears simply as a 


barrier (in the mathematical sense) drawn between the 


leading edge and the vortex, are not important, but 


there is, nevertheless, a force acting upon it Legendre 


and Adams-Brown neglected this force and assumed 
that the vortex filament itself was force-free and must 
therefore drift with the local flow velocity As a con 


sequence, they are confronted by the force on the 


barrier in their results, and this amounts to an appre 


ciable ambiguity. For example, different values of 


lift are obtained by integration of surface pressures on 
the wing and by use of momentum principles, since 
one includes the barrier force and one does not 

The improvement due to Brown-Michael and Ed 
wards was to recognize that the correct analog to the 
force-free character of the vortex sheet in the real flow 
is to require vanishing total force on vortex and barrie? 
together, in the single-vortex model 

The results of these investigations are very encour 
finds, for example, the following 
a flat delta wing at 


aging. Edwards 


formula for the lift coefficient of 


angle of attack a 


C; 12)Aa+ 7A a 21 
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Fic. 5. Comparison of measured and calculated lift results 


for delta wings. e¢ denotes the vertex half-angle. The solid 
curve is the theoretical result of Brown and Michael*! discussed 
here; ‘‘Jones’ results’’ denotes the usual slender-wing approxima- 
tion. Tests were made with 1° wedge section wings at a Mach 
Number of 1.9 (from reference 34 by permission of NACA 


where A is the aspect ratio, assumed to be small. The 
first term is the familiar result of Jones’ slender wing 
theory, while the second is the correction for leading- 
edge vortex separation. Clearly, it represents an in- 
crease of lift compared to the classical case. Flax 
and Lawrence*! and others have suggested a quadratic 
term for this correction; the Edwards result suggests 
that this may actually be an approximation to the 5/3- 
power term, for narrow conical wings. The results of 
Brown and Michael*! are the same and they have also 
provided the subsequent term, which is proportional 
to a’/*, Adams** also found that the increment in 
lift due to vortex separation varies as a*/*, but there is 
an ambiguity in the constant of proportionality, as 


mentioned above. Legendre’s results*? for lift coeffi- 
cient are wrong because of a mathematical error noticed 
by Adams.** In addition to the lift curve, Brown and 
Michael calculated some pressure distributions showing 
the effects of leading-edge vortices. These, too, exhibit 
at least qualitative agreement with experimental re- 
sults. 

Unfortunately, careful comparisons between ex- 
periment and theory disclose that quantitative agree- 
ment actually occurs only for very narrow wings, 
with vertex half-angles of 5°, for example.** A com- 
parison of lift-coeflicient variation with angle of attack 
is shown in Fig. 5. Further research by Michael* has 
cast light on the probable reasons for the discrepancy. 
His experiments show that for wider delta wings the 
leading-edge separation results in vortical flow regions 
over the upper surface but not the rolled-up vortex 
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sheets. Even for the narrow wings, the rolled . 
vortices seem to assume positions not in complete on 
ment with theoretical results. In some cases ther 
appear to be numerous vortices, instead of the ty 
assumed in the theory. 

Rott* has studied the matter of vortex-sheet sepa 
ration from the edges of plates and wedges and has com 
to the conclusion that the Kutta-Joukowski conditio; 
may be too rough an approximation, especially whe; 
the separation occurs at the edge of a wedge, rathe 
than a plate. He also believes that a similar difficyly 
occurs when there is a general flow tending to carry th, 
vortex sheet back over the edge from which it sepa 
rates. This is what occurs in the case of the delta Wing 
Thus, by analogy, one may speculate that a mop 
complicated leading-edge condition might be require 
for delta wings. 

Thus, this new idea in wing theory cannot be said t 


be completely successful yet. The basic concept oj 


recognizing vortex-sheet production at leading edges 
and treating it in the perfect-fluid approximation seems 
to be an important one, and one that may be useful in 
explaining a number of important phenomena. Its 
limitations, both as to geometrical shapes and Reynolds 
Numbers, will have to be determined by systemati 


experimental research. 


PRANDTL WING THEORY APPLIED TO PARTIALLY 
STALLED WINGS 


In this final section, it is proposed to report on an 
other extension of wing theory into a realm of strong 
viscous effects, namely into the region of stalling 
The investigation upon which these remarks are based 
is not actually a new one; it was carried out 10 years 
ago but has never been reported in published form 
It stems directly from a suggestion made by Professor 
von Karman at the California Institute of Technology 
), that the 


Von Karman noticed, some years ag 
familiar integro-differential equation of Prandtl lifting 


line wing theory, 


r(y) = 3 f © Pa ay 
; \ 


Rtas 
Uc(y)m(y J ay) _ 
y ' bar n 


has nonunique solutions when the lift-curve slope m() 
(Here T'(y) denotes the spanwise dis 
the speed of flight, ¢(: 


is negative. 
tribution of circulation, l’ 


the chord, and a(y) the geometrical absolute angle ol 


attack. The wing tips are at y = +6/2 and the m 
tegral is the Cauchy principal value.) In fact, 
a(y) = Oand m < 0, there are infinitely many “eigen 


distributions of circulation I'(y), both symmetrical and 
antisymmetrical, for any plan form c(y). The meaning 
of these is clear: they are the distributions whose 
accompanying downwash distributions exactly provide 
the induced angles to support them. Obviously, for 
a(y) # 0 these distributions can be added to a pat 
ticular distribution, so that the solution is again ambig 
uous. For m/(y) > 0 there are no such solutions. These 


facts were pointed out (some years after von Karman 


s 
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covery of them) in reference 39, where the “eigen” 
‘stributions were actually calculated for certain classes 
; wings and became the basis for a quick method of 
lying Prandtl’s equation for m > 0 and arbitrary 


This discovery suggested to von Karman that the 
henomenon of nonunique solutions might also occur 
r lift-versus-incidence curves having portions of 
sitive and negative slopes, or having discontinuities. 
‘this were true, the appearance of asymmetrical dis- 

‘ributions and large rolling moments near the stall 

ight be explained without postulating an initial roll 

g velocity. The usual textbook explanation, it will 
recalled, is based on an initial rolling velocity that 
stalls one side of the wing and unstalls the other. It 
jils to explain a number of well-known facts about 
symmetrical stalling, for example, the violently asym- 
metrical distributions and tremendous rolling moments 
bserved by every wind-tunnel operator who tests a 
symmetrical wing firmly fixed to a set of balances and 
brings it to the stall. 

As will be shown presently, von Karman’s surmise 
was correct. Before proceeding further, however, one 
must ask whether the Prandtl lifting-line theory, and 
Eq. (22) in particular, are valid for stalled and partly 
stalled wings. It seems clear that its accuracy will be 
substantially poorer than at small angles of attack. 
[he small-perturbation hypothesis is not so good, and 
trailing vortices are likely to be appreciably displaced 
from the stream direction. The assumption of two- 
dimensional flow at each station y may be a crude 
approximation of the facts, and, if so, the section- 


characteristic curve (lift coefficient versus angle of 



































Section lift-coefficient curve assumed for studies of 
partially stalled wings (reference 40 
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Fic. 7. Dimensionless circulation distributions for a flat 
elliptic wing of aspect ratio 10.19 having section characteristic 
shown in Fig. 6, according to Schairer.*® The two symmetrical 
(elliptical) distributions are completely unstalled (upper) and 
stalled (lower); the asymmetrical distributions represent partial 
stalling at various intermediate angles of attack 


attack) may not be transferable with complete accuracy 
from two- to three-dimensional flow. Nevertheless, 
as has already been mentioned above, the concept of 
circulation and the Kutta-Joukowski formula have 
been shown to be extensible to flows with viscous wakes, 
and numerical accuracy is not one of the goals of this 
investigation. Generally speaking, the differences 
between the validity of Prandtl’s equation at the stall 
and at low incidence are quantitative differences; nearly 
all the approximations of the theory become poorer at 
large incidence, but the qualitative relationships must 
remain the same.* 

The investigation suggested by Professor von Kar- 
man was carried out by Robert S. Schairer, under the 
writer's supervision, and is reported in his thesis.*’ 
The section characteristic assumed by Schairer is the 
discontinuous one shown in Fig. 6. He found it neces- 
sary to solve Eq. (22) by trial and error in this case, 
since the commonly used techniques failed. Most of 
the familiar methods of solution, of course, are based 
on the assumption that m(y) does not vary with I. 
Among those that avoid this restriction is the procedure 
due to Tani,*! which has been found particularly useful 
for wings flying at high subsonic speeds where m(y) 
varies with the lift coefficient. It is clear that the 
present problem is simply an extreme one in this 
category; hence Tani’s procedure should be useful. 

As a matter of fact, Schairer’s procedure was basically 
the same as Tani's, insofar as it consisted of assuming 
r'(y), calculating the induced-angle term [the integral 
in Eq. (22)], and thus the right-hand side of Eq. (22 
for given a(y), and comparing the result with the as- 
sumed I'(y). The feature of Tani’s procedure that 
failed was the successive-approximation procedure 
i.e., Schairer found that the discrepancy between the 
assumed I'(y) and the calculated right-hand side often 
gave him no clue as to the modification to be made 
in the next trial. Thus the procedure of finding solu- 
tions was a tedious one. 

Typical results of Schairer’s analysis are shown in 
Fig. 7. These are lift distributions for an untwisted 





* The Prandtl theory was applied to wings near and beyond 
the stall in an earlier investigation by Wieselsberger,‘* who con- 
sidered only symmetrical distributions of circulation 
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wing of elliptical planform, at several angles of attack. 
In these asymmetrical solutions, the wing has a con 
stant lift coefficient (equal to 1.2- cf. Fig. 6) to the 
right of a certain station and a variable lift coefficient 
over the unstalled the left of that 
Schairer found these asymmetrical solutions within 


part to station. 


only a narrow range of angle of attack near the stall. 
Only one such solution (at most) was found for any given 
angle of attack. 
the classical symmetrical one must involve a question 
of relative stabilities of the No attempt 
solve this formidable stability 


The choice between this solution and 


two flows. 
has yet been made to 
problem. 

Schairer’s typical asymmetricel solutions produce 
lerge rolling-moment coefficients, reaching maximum 
0.03 
made calculations for 


velues of the same order e.g., as are obtained 
by full aileron deflections. He 
straight-tapered and twisted wings as well as the case 
of Fig. 7, but his results fail to show important quanti 
tative differences between the behavior of these wings. 
He did not find larger rolling moments, for example, on 
a wing tapered 5:1 than on one tapered 3:1. In 
flight, as is well known, more highly tapered wings are 
more likely to exhibit tip stalling and violent wing 
dropping at the stall. 

The present writer has verified that this phenome 
the solutions to 
Frandtl's equation 
lineer lift-versus-incidence curves having discontinuities 


non appearance of asymmetrical 


occurs for a large variety of non- 


and or negative slopes, in addition to the perticular 
that this 
especially in 


one studied by Schairer. It is suggested 


characteristic of Prandtl’s equation, 
view of its cleer physical meaning, may be of consider- 
able thecretical significance. It has already suggested 


to two diferent investigators,” by analogy, the 
possibility cf asymmetric flow patterns occurring in 
another symmetrical geometrical situation, namely in 
an axial-flow compressor stage. There the equations 
to be satisfied ere different, but the character of solu- 
tions and also their physical meaning are much the 
same. Once again the production of lift (pressure rise) 
by any part of the annular cascade results in a distribu- 
tion of induced all the annulus. 


Asymmetric solutions appear when the induced-velocity 


velocities around 
distribution provides just the induced angles necessary 
to support the distribution of pressure rise. As in the 
wing problem, this occurs only when the blade-char- 
acteristic curve has a discontinuity or negative slope. 
There are various opinions on how to describe this blade 
characteristic, especially for cascades of high solidity; 
nevertheless, the basic idea described here is common 
to all the theoretical studies.*° Marble,** for example, 
has used a discontinuous characteristic curve analogous 


to the curve of Fig. 6. 
CONCLUSION 
Several recent investigations have succeeded in ex- 


tending the scope of wing theory beyond the restrictions 
of classical, small-perturbation, ideal-fluid approxima- 
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tions. Those discussed here are essentially 


Ol tw 
categories: (a describe in 


the flow of a real fluid about a wing, including vise, 


attempts to some det 
phenomena, and (b) extensions of inviscid-fluid theo, 
by consideration of some gross effect of \ iscosity, SU 
as vortex separation and partial stalling. A number 
pressing problems of practical aerodynamics seem ; 
require such advances in wing theory Progress + 
date along these lines is far from adequate; it is, never 
theless, encouraging and indicative of possible fruit 
methods of attack to be used from here on 
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Inelastic Buckling—From a Designer’s 
Viewpoint 


E. E. SECHLER* 
California Institute of Technology 


INTRODUCTION 


[ HAS BEEN nearly 70 years since the first analysis 
was made of a stability problem in which the com- 
pressive stress was greater than the proportional limit 
of the material. The 
Considére, von Karman, and Southwell,'!~*} published 
between I1SS9 and 1912, extended the column theory of 
By ration- 


classical papers of Engesser, 


Euler into the inelastic or plastic range. 
alizing the short column theory, these authors also 
strengthened the Euler presentation which was in some 
disrepute due to a lack of agreement with experiments 
in the short column range. 

Although some papers continued to be published in 
this field after 1912, it was not until approximately 
1940 that a new major attack was made on the problem. 
This was largely due to the increased efforts of the air- 
craft designer to achieve lighter and more efficient 
structures for the air frame. Still more recently a new 
parameter has been added to the problem, that of ele- 
vated temperature and the creep associated with high 
temperatures in structural materials. These tempera- 
tures arise from the aerodynamic heating that, in turn, 
is caused by the ever-increasing flight velocities of air- 
craft and missiles. 

The problem of plasticity and plastic buckling is 
many-faceted, and the literature on it is extensive. 
Prager’ has indicated that the field can be roughly 
divided into three major parts—namely, (1) the physical 
theory of plasticity, which is based on the general 
concepts of the structure of matter; (2) the mathemat- 
ical theory of plasticity, which is concerned with a 
critical discussion of the fundamental stress-strain laws 
in the plastic range; and (3) the solution of concrete 
problemis of stress and strain in the plastic range. 

It is the third of the above fields of interest that will 
be discussed here. The questions that will be posed, 
and to which partial answers have been found, are the 
following: from an engineering design standpoint, 
what stability problems concerning stresses above the 
proportional limit have been solved to such an extent 
that design equations are available to the stress analyst; 
what are the orders of accuracy of these equations; 
and what areas need further experimental and ‘or 
theoretical investigation? The hypothetical engineer 
asking these questions is not, in general, concerned with 


* Professor of Aeronautics. 
+ The reference list at the end of this paper is necessarily very 
are 


incomplete. Only those papers directly quoted in the text 


shown, 
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the finer points involved in the physical or mathemati 

theories of plasticity but is primarily interested in fin 
ing analysis methods and techniques for determining 
stresses and deformations in the plastic range whic! 
will lead to conservative (but not excessively g 


structural analyses. 


INELASTIC BUCKLING WITH NO CREEP 


Structural materials, when subjected to stress aboy: 
the proportional limit, will tend to have a continuoush 
increasing deformation even though the load remains 
constant. This phenomenon, known as creep, normally 
takes place very slowly at room temperatures except 
for certain stress ranges in the irons and low carbo 
steels) and, for loading times of a few tens or ever 
As the 
temperature of the material is increased, not only does 


hundreds of hours, can generally be neglected. 


the modulus of elasticity and proportional limit dé 
crease in value but the creep rate becomes accelerated 
until, at high temperatures, a material may fail under a 
constant, relatively low stress in a matter of a few 
minutes or even seconds. The term ‘high tempera 
ture’’ must be redefined for each material since what 
may be “high” for an aluminum alloy may be relatively 
“low” for a different material such as stainless steel 


This section will only treat those cases where the cree 


rate is either so low, due to low temperatures and or | 


stresses, or where the loading time is so short that th 
maximum load is reached before creep has had time t 
appreciably affect the deformation of the structural 


element. 


Stable Cross-Section Columns 


(a) 

For an initially straight column, with a cross section 
which is not subject to local plate or shell buckling, 
axially loaded to a stress below the proportional limt 
the value of the critical load is given by the Euler equa 


tion 


P, = crEl/L P; 


where c is a constant dependent upon the end restraiit 
FE. the modulus of elasticity, J the moment of inertia 
the cross section, and Z the length of the colum 
(where A is th 


cross-sectional area) is greater than the compressive 


When the stress, given by o = P,/A 


proportional limit of the material, the Euler equate! 
gives too high a value for P, as compared with exper 
ments in the short column range. One can, howevel 


obtain satisfactory agreement with experiment 1 00 
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Iters Eq. (1) to read 


Po = 9 (eri /i* (2) 


~ 


shere 7 is generally dependent upon the stress-strain 


urve of the material and the applied P,’A stress. 
Numerous theoretical or semiempirical models have 
ven studied to obtain a value for 7 and a number of 
shese are discussed in detail in reference 8. Although 
he various theories presented by such authors as Os- 
rood,’ Wang," Shanley,'! Drucker and Onat,’* and 
thers are of considerable scientific interest and are 
secessary for a complete understanding of the problem, 
tis generally found satisfactory for design purposes to 
et» = Er E where Fy is the tangent modulus of the 
material at the P,/A stress level. Thus the design 
uation becomes 


P = cr°E7l L? = Pr (3) 


rall stress values since Ey = E at stresses below the 
proportional limit. This equation will generally give 
jightly conservative values which will tend to com- 
ensate for small initial lacks of straightness or concen- 
tricity of loading of actual columns. 

If any appreciable eccentricity of loading or lack of 
straightness is present, the P, will only asymptotically 





ipproach the values given by Eq. (3) and the problem 
is more suitably treated as a beam column which ts not 
in instability problem since the member is stable at all 
leflected positions under the proper loading. The 
behavior of an inelastic column with eccentric loading 
in be physically shown by considering the load deflec- 
tion curve of an eccentric elastic column (See Fig. 1 
In a long slender column, as the load increases [Fig. 
l(a)] the deflection continues to increase until the sum 
i the direct compressive stress and the bending stress 
reaches the proportional limit of the material after 


| which the load tends to decrease for an increase in de- 
res and or 


flection (dotted portion of the curves). For a shorter 
olumn with a higher value of Pz, the point where the 
ombined stress reaches the proportional limit occurs at 
smaller value of the deflection [Fig. 1(b)], and when 
the applied stress is in the inelastic range, there is a 
tendency for the load-deflection curve to take the form 
shown in Fig. 1(c). In both the elastic and inelastic 
olumns the critical load of an initially straight column 
is given by the limiting case of an initially curved or 
eccentrically loaded column, however, the value of 
Pra for the elastic column asymptotically approaches 
P. (at least until bending becomes important) while 
this is not true for the inelastic column. It is therefore 
seen that the effect of initial eccentricities is more im- 
portant for the inelastic column problem. One method 
f calculating the load deflection curve for inelastic 
lumns is given by Lin.!* The effect of initial curva- 
ture is also treated in detail by Wilder, Brooks, and 
Mathauser, 


(b) Plates Under Compression 


The elastic buckling equation of an initially flat plate 


Snhiecte 7 . . 
udjected to a uniform compression along two edges 1s 
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Fic. 1 
given by 
Ocr = [Rw*2E/12(1 — pw?) ](t/8)? (4 


where k is a constant dependent upon the edge restraints 
of the plate, u is Poisson’s ratio, ¢ the plate thickness, 
and b the plate width. To make this equation ap- 
plicable in the inelastic range it is multiplied by a factor 
which is dependent upon the properties of the material 
throughout the stress range under consideration, or 


Ocr = nlkw?E/12(1 — pw?) ](t/b (5 


Again, as was the case for inelastic columns, a number 
of attempts have been made to determine the proper 
value of 7 to use in Eq. (5). The most commonly 
known are those of Bijlaard,’'® Ilyushkin,’ Gerard," 
and Stowell,'? all of which are essentially based on the 
deformation theory of plasticity. In addition one 
value based on a flow theory by Handelman and 
Prager” has been proposed. Fig. 2 taken from 
reference 21 shows the agreement between the various 
theories and a set of experiments carried out on thin- 
walled square tubes tested in compression in the in- 
elastic range. It is interesting to note that the flow 
theory of reference 20 gives much poorer agreement 
with experiment than the deformation theories of the 
other authors. A possible explanation has been made 
on the basis of initial imperfections in the plate by 
Onat and Drucker in reference 22. 
It is believed that Stowell’s value for »—-namely, 


= Ea ( | l 3 =4 Fe 
7" Ee SA 4 


(where E, is the secant modulus at o,,) will give 
reasonably good agreement with experiments for long, 
simply supported plates loaded beyond the proportional 
limit and can, therefore, be used for design purposes. 
Bijlaard’s paper'® gives more general equations and 
these have been put into chart form by Krivetsky.** 
Preliminary work on effective widths of stiffened 
plates in the inelastic region as carried out at the 
National Luchtvaartlaboratorium in Amsterdam*** 
indicate that the theoretical effective width in the elas- 
tic region can be used safely in the plastic region at 


least for ranges of V «.,’€ between 0.28 and 0.75 for 
5 
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materials comparable to 2024S aluminum alloys 
(€:r = Oc, Hs, € = o/E,). More testing in other alloys 
and materials is needed so as to check the generality of 
the methods proposed. 


(c) Plates Under Shear 


As was the case for plates in compression, the elastic 
equation for the critical stress of a plate subjected to 
shearing stress can be modified to take into account 
stresses above the proportional limit. The resulting 
equation is 


Tor = nk rE /12(1 — pw?) |(t/b)? (7 


where &, is a coefticient based on the edge restraint and 
aspect ratio of the plate. Stowell’® proposes a general 
expression for 7 as a function of the shear stress-strain 
curve of the material, the angle of the shear waves, and 
the edge restraint. Gerard proposes” that 7 be given 
by 


ns = G,/G (S) 


and justifies his assumption on tests on 245-O sheet 


tested in shear (see Fig. 3). Other authors have 
proposed that 


n = Erp E (9) 


which in general gives lower values than either Stowell 
or Gerard. Krivetsky”*® gives charts of Bijlaard’s re 
sults'® which may also be useful for designers. Since 
the experimental data is very limited, it is tentatively 


suggested that Eq. (9) be used until further expert- 
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mental tests are available on different materials 
different types of edge support which my lead t 
justification of one or more of the other values oj ij 
Use of Eq. (9) will generally give conservative rr sult e 


for all common structural materials. 


(d) Thin-Walled Columns 


Columns which are made up of plate or shell eleme; 
which, by themselves, are subject to local buckling 
pose a considerably more difficult problem. Stow 
and Pride*® have considered the problem of a colyuy 


cross section made up of a web plate and » outstandiy 





















flanges (7 = 2 for Z and channel sections, n = 4 for] 
sections) and, by using the plate buckling theory PF 
Stowell,'* are able to set up an analysis method for th | 
type of structure which is in good agreement with e nst 
perimental tests. Fig. 4 shows the agreement of thei ie 
method with tests on an extruded //-section column « 
79S-T aluminum alloy in which the buckling stress js he 
carried nearly to the ultimate compressive stress of th he 
material. The method proposed is one of trial ar Ilo 
error but convergence is comparatively rapid if reaso1 low 
able care is used in choosing the first approximations pre 
Another approach to the problem is given by Nee | 
ham in reference 29. In this he establishes crippling 
values of plate columns by considering them as being 
built up of angles having two types of edge support r 
For example a channel section would consist of tw 
angles, each having one edge free and one edge elasti sig! 
cally restrained (the elastic restraint being the connec the 
tion of the two angles in the center of the channel 
web), whereas a rectangular tube would be made up oi 1 
four angles, each of which would have both edges elasti sul 
cally restrained. Curves of allowable loads for such 
angles are presented and good agreement is shown with str 
experimental data. For intermediate column lengths loa 
she 
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ium alloy 


the crippling stress, ¢,-, could be used in some inter 


»ediate column formula—such as the Johnson para- 
lic equation to obtain column allowables up to the 
Euler curve 

e) Other Inelastic Buckling Problems 
Rijlaard and Krivetsky also give equations for 
nd plots of the plastic coefficient » for cylindrical shells 
inder axial compressive loads and spherical shells under 





miform external pressure. The value of the critical 


stress (or pressure) in the inelastic region is given by 
oC = NO cre ros 10 


n eae h case. 

In reference 30 Wittrick treats the case of the lateral 
ustability of a deep but thin rectangular beam when 
the stresses in the beam are above the proportional 
limit. This paper points out the effect of the shape of 
the stress-strain curve on the problem by comparing 
the lateral buckling of a material like an aluminum 
lloy which does not have a yield point with one like a 
low carbon steel in which a definite yield point is 
present. 

Bijlaard 
elastic buckling of sandwich plates based on the theory 


presents a discussion of the elastic and in- 
of split rigidities. In this paper, plastic coefficients 7 
re plotted for various cases of sandwich construction, 
ind these will be found to be of great value to the de- 
signer considering the use of sandwich construction in 
the inelastic region. 

A note by Klein** proposes a rapid means of deter- 
mining the elastic-plastic buckling of tapered columns 
subjected to a distributed axial load along their length 
in addition to axial end loads. This corresponds to a 
stringer attached to a sheet structure which feeds axial 
loads into the stringer by means of a shear field in the 
sheet. The method proposed is semiempirical in na- 
ture but appears to give good agreement with limiting 
ases where exact solutions are known. It essentially 
uses a weighted P E7/ diagram for the tapered column 
utilizing only three cross sections of the column as 
ontrols. Accuracies of the order of a few per cent are 


indicated. 


INELASTIC BUCKLING WITH CREEP 


When columus and plates are loaded in compression 
and, at the same time, are subjected to elevated 
temperatures, One must consider the possibility of 
reep entering the problem. Therefore new parame- 


ters which need attention are: (1) the rate of 
loading 


that the rete of 
] 


oa : a 
loading 1s slow enough so that dynamic impact stresses 


all discussion will assume 
ire negligible); (2) the time during which the member 
is to be subjected to the applied load; (3) the creep 
rates (compressive) of the material as a function of 
une, stress, and temperature; and (4) a decision as to 
the deformation magnitudes that will be considered as 
having caused failure of the structural element. An 


excellent review of the influence of creep in structural 
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Hoff in reference 33 and 


should be recommended reading for all designers and 


problems is presented by 


stress analysts working with materials at elevated 
temperatures. In the sections of this paper which 
follow, only the major conclusions concerning specific 
problems will be discussed, again from the viewpoint 
cf the stress analyst who needs design information for 


structural analysis purposes. 


(a) Stable Cross-Section Columns 


If a column is assumed to have initially a small ec 


centricity, upon loading the following deformation 


history occurs: Immediately upon application of the 
load, the 
value by an amount corresponding to the elastic de- 


deformation is increased from its initial 
formation plus the deformation caused by the primary 


creep of the material. These deformations will, in 
general, be relatively small unless the actual applied 
load is nearly equal to the inelastic buckling load of 
the column. If the load is then held constant, the de 
formation will increase at a rate dependent upon the 
creep rate of the material at the given temperature and 
stress level. Since increased deformation alters the 
stress in the column, there is a dependency of creep 
rate and deformation to be considered. At some time 
after load application the column deflections will either 


increase until they are no longer tolerable in the struc 








504 JOURNAL OF THE 


9 es | —— T T 




















Fs 
+ 
4 
& 
< 
~) 
w 
\ 
z 
+ 
3 
| | | | NACA-TNNO3I36 
°6 200 400 600 800 1000_-=— [200 
t, hr 
Fic. 5. Creep deflections of a simply supported initially curved 


column (linear viscoelasticity). 


ture (deformation limiting) or they may rapidly ap- 
proach infinity giving rise to what might be called a 
critical time. The time for the column to reach a critical 
or excessive value of deformation may be as long as a 
number of years (corresponding to concrete columns) 
or may only be a matter of a few seconds (which may be 
permissible for missile structural elements whose in- 
tegrity is only required for very short times). 

Kempner and Libove*!~* indicate that where the 
material can be considered to be linearly viscoelastic 
the deformation of the column continues to increase at a 
reasonable rate with time and never tends to infinity at 
finite small times. See Fig. 5. On the other hand, if 
the material’s viscoelasticity is nonlinear, there will be a 
finite time for each loading condition at which the 
column deflection will approach infinity. See Fig. 6. 
Experimental data of references 36, 38, and 59 would 
indicate that most aircraft structural materials will fall 
in the nonlinear class and that there will be a finite 
critical time at which very large deflections of a buckling 
type will occur and that curves of the form of Fig. 6 
can be expected. 

Higgins® presents a method of calculation of column 
creep curves which, while lengthy, is adaptable to 
machine calculation and which agrees quite well with 
experimental tests carried out on 75S-T aluminum-alloy 
columns tested at 600°F. The experimental results 
quoted in reference 39 show qualitative agreement 
with the curves obtained theoretically in reference 40 


by Kempner and Patel. If additional experimentation 
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proves the validity of this last reference, then the curyes 
therein will offer a rapid means of determining th, 
critical times for inelastic columns at high tempera 
tures where creep is important. 

In all of the above, it is seen that an accurate deter 
mination of the initial straightness of any column sub 
jected to creep will be of great importance since th, 
critical time to failure is vitally affected by the amoun 
of initial eccentricity. For example, in the tests oj 
Higgins® two columns carrying the same P ‘A stress oj 
2,500 psi at 600°F arrived at the same lateral deflection 
in times of 40 min. and 1,000 min., respectively. The 
one deflecting more slowly had an initial center defle; 
tion of 0.002 in. while the one that moved more rapidly 
had an initial deflection of 0.0068 in. 
ference in initial deflection of less than five-thousandths 


Thus, a dif 


of an inch in a column '/; by */s in. in cross section gaye 
a life difference of 25 times. 

It must also be pointed out that even small changes 
in applied stress (all other variables being held con 
stant) will give large changes in time to a critical de 


flection. Hoff** shows that for aluminum alloy at 





600°F a change in average stress of 10 per cent (from 
$1,000 psi to 4,400 psi) may lower the critical time from 
110 min. to 50 min. In view of the above two condi 
tions, it is evident that either extreme accuracy or large 
margins of safety are required in the analysis of columns 


subjected to creep. 


(b) Cylinders 


In reference 41, Baer has discussed the plastic creep 
buckling of relatively thin-walled cylinders at high 
temperatures. The cylinders, which were analyzed 
and then checked experimentally, had an R’¢ ratio of | 
80, were made of magnesium alloy, and were tested at 
temperatures up to 600°F. The analysis is based upon 
six general assumptions—namely, 

(1) That the tension and compression isochronous 
stress-strain curves are the same at all temperatures. 


(2) The creep relationship is of the form 
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vhere the unknown terms in the equation can be found 
from tension creep tests. 

The buckling follows the principle of inelastic 
ction as formulated by Shanley." 

1) The tangent modulus at a given stress is an ex- 
plicit, even if unknown, function of the time at the 
given stress 

5) If a buckling equation containing the tangent 
modulus exists, a time-dependent tangent modulus may 
be substituted to transform the buckling relation into a 
creep-buckling relation. 

6) For the cylinder, it is assumed that the buckling 
equation can be written as 
O0.3Fr(t R) (12 


Orr 


c 


Carrying out the analysis and comparing the pre 
dicted buckling values. with test data indicates that the 
predicted buckling values are conservative by relatively 
high percentages at the higher temperatures but that 
they agree very well at the lower temperatures. In 
seneral, however, the agreement is quite satisfactory 
for the times considered (1 to 60 sec.). 

In addition, this report gives strain-time data on six 
magnesium, three aluminum, two titanium, and two 
steel alloys which may be of considerable value to the 


stress analyst. 


DISCUSSION AND CONCLUSIONS 


As a result of this survey of the problems of inelastic 
buckling, the writer is impressed by the great amount 
of work that has been done in the field since the work 
of the pioneers Considére, von Karman, and Engesser 
who, it must be realized, actually came very close to the 
heart of the problem in The 
bibliography attached to this article contains only a 
small fraction of the papers that have been written, 


their early papers. 


and, if the author has missed any of major importance 
to the designer, he can only state that the slight was not 
intentional. 

For the problem of inelastic buckling of columns 
without creep, the designer has available theoretical 
ind experimental information which is sufficient to 
enable him to make a satisfactory analysis of structures 
containing such elements. For plates under compres- 
sion and shear there is also available a considerable 
store of information, although, particularly for shear 
buckling, additional test data covering a wide range 
of materials would be of considerable value. 

One area in which both theoretical and especially ex 
perimental data appears to be lacking is that of the thin- 
walled cylinder subjected to axial loads beyond the 
proportional limit. Bijlaard'® has proposed an_ in- 
elastic coefficient, », for this case but no experimental 
data checking this coefficient has been found. This 
statement is not to be taken as offering doubt to any 
theoretical study of such a problem but actual test 
specimens and structures may deviate in important 
manners from the structures assumed for analysis pur- 


pe ses. 


The effects of these deviations must be known 
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to the stress analyst and can, in general, only be found 
by testing. 

The state of knowledge concerning inelastic buckling 
with creep is not nearly so comprehensive nor com 
plete. This is to be expected since the problems of 
major structural elements operating at high tempera 
tures is relatively new—at least in structures where the 
weight is as important as it is in aircraft and missiles. 
3asic concepts have been established for simple, stable 
cross-section columns, and one case of a thin-walled 
Plates 


sion, shear, and combined loads need attention as do 


cylinder has been analyzed. under compres 
columns made up of plate and shell elements since such 
structural elements comprise a large part of most air 
craft The the 
cylinder problem to the case of a thin-walled cylinder 


and missile air frames. extension of 
subjected to axial load, internal pressure, bending, 
and torsion while, at the same time, being subjected to 
elevated temperature is becoming an even more press 
ing problem to the aircraft designer as airplanes and 
missiles approach higher and higher velocities with the 
heating rates from aerodynamic 


resulting greater 


causes. The next few years, therefore, should prove 
extremely fruitful for those research workers who are 
seeking difficult and, at the same time, useful problems 
which will utilize the highest possible skills in mathe 


matics, applied physics, and the engineering sciences. 
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A Review of Source Superposition and 
Conical Flow Methods in Supersonic Wing 
Theory 


H. J. STEWART* 
California Institute of Technology 


INTRODUCTION 


tT the end of World War II the developments in 
A aircraft power plants reached the point where it 
became feasible to construct vehicles—first rockets and 
cuided missiles and, later, manned aircraft—which were 
capable of flight at supersonic speeds. At that time it 
became essential for the aerodynamicist to apply in 
design practice the seemingly much more complex 
theory of a compressible fluid medium rather than the 
classical theory of an incompressible fluid which had 
been sufficiently accurate for almost all problems only 
a decade earlier. The engineering application of the 
techniques of analysis which had been developed in the 
transition decade suddenly disclosed the unexpected 
result that many practical engineering problems that 
had been extremely difficult and impractical to solve 
in the incompressible fluid theory were relatively simple 
for supersonic speeds. Under these fortunate circum- 
stances the aerodynamicist has been able to keep pace 
with the revolution of technology which has been re- 
quired for the achievement of supersonic flight. 

It is of interest to note that the comprehensive review 
of the aerodynamics of a compressible fluid by G. I. 
Taylor and J. W. Maccoll,' which was published in 
1935, presents the one- and two-dimensional nonviscous 
theory of supersonic motion in a form which is essen- 
tially unchanged today. In particular they discussed 
Ackeret’s’ linearized two-dimensional theory, the two- 
dimensional application by Prandtl,’ Ackeret,‘ and 
Busemann*® of the method of characteristics for the in- 
tegration of a hyperbolic partial differential equation 
by use of the hodograph transformation. They also 
treated the simplest flow with a degenerate hodograph, 


following Prandtl's’ and Meyer's’ solution of the 
expansion around a two-dimensional corner. The cor- 


responding solution for the flow past a circular cone, 
which had been treated by Taylor and Maccoll,’ was 
the only three-dimensional example considered. 

Since supersonic aerodynamic configurations gener- 
ally involve slender bodies and relatively low aspect 
ratio wings, three-dimensional effects are of primary 
importance in practical engineering problems. Several 
were the time that 


relerence 1 was being written lead to the additional 


concepts which introduced at 


* Professor of Aeronautics and Section Chief, Jet Propulsion 
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which most of the current engineering 


First, von Karman and Moore’ ap- 


methods on 
theory is based. 
plied the linearized theory to axially symmetric bodies 
and solved the problem by the superposition of super- 
sonic sources. Second, Busemann'’ introduced the 
concept of a conical flow, which is a three-dimensional 
generalization of the Taylor and Maccoll cone solution 
since the degenerate hodograph is a function of two 
variables instead of one. Finally, von Karman, in a 
paper presented at the Fifth Volta Congress which had 
the problems of high-speed flight as its general theme, 
developed a general theory of the drag of slender axially 
symmetric bodies and considered the solutions for a 
family of bodies related by a simple affine transforma- 
tion in Cartesian to obtain a similarity 
theory for the linearized equations of motion. The 


combinations of these various concepts and their logical 


coordinates 


extensions form the basis of most of the current aero- 


is the purpose of the 


dynamic design methods. It 
present paper to review some of the phases of super- 
sonic aerodynamic theory which have developed from 
these origins. Many of the problems discussed here 
have also been treated in his recent, much more exten- 
sive, review of linearized theory by G. N. Ward." 
It is hoped that this simple treatment, written from a 


different viewpoint, will be a useful supplement. 


BASIC RELATIONS 


Consider the irrotational, inviscid, isentropic flow of a 
perfect gas which has a uniform stagnation enthalpy. 
a velocity potential ® will 


Under these conditions 


exist such that the velocity vector u, is given byt 
u OP Ox (1 


Suppose in addition that there is a region at infinity 
where the flow is a uniform flow of velocity U’ in the 


direction of the positive x axis. In this region let 


Om Of = 0. Under these conditions the exact equation 
satisfied by the velocity potential (neglecting body 
force field effects) is 

O-®P = On O° OPOh O-P : O°? . 


or? Lat Ox; Ox,OF 7 Ox; Ox; OX ;OX Ox Ox 


where a is the local speed of sound. If ¢ is the speed of 


+ A Cartesian coordinate system (x, y, ) is assumed initially 


In addition a Cartesian tensor subscript notation, with the 


summation convention, is used 
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sound in the undisturbed flow, g=1% 
ee I ( = Of Of » Of a Since the coordinate 7 is imaginary except in the for 
( = = YY = ) _—_— — Z (.> ss ee: - AUIC 
2 Ox; OX Or and aft Mach cones, the solution may be considered | 
; — - be zero except in the aft Mach cone (x > 0). It thy 
where y is the ratio of the specific heats. J t eal ‘cinati : — 
f Ae epresents a disturbance originating at the orioy This 1: 
If the perturbation added to the uniform flow at a Mia 6 ~ Ong 
eee fr ; i [his is the simple supersonic source solution. The place 
infinity is represented by the perturbation potential ¢, ge : nee = 
s - : solution in the fore Mach cone, if it were used. woul solutio 
len : ae : bes 
represent a disturbance originating at infinity which js the co! 
@= Ux+e (4) cancelled by the singularity at the origin. 
: : ; A set of solutions for the nonstationary case can by 
If only first-order terms in the perturbation potential are Sas ; ner 
4G ; : : i ; developed in a similar manner. _ If the space coordinates 
retained, the differential equation which it must bina 8) by Ea. (7 1th es , 
ji ; are Changed to (7, un, Vv Eq. (7) anc le time variab| : 
satisfy is thus ' Ras eee € variabl 
~ is transformed to 
07¢ _ Wy .. Wy 07 The ge 
‘i age (5) r= Bct — Mx ; 
Of? Oxot Ox? Ox Ox; in arbi 
ee . ; . 2 ; Then Eq. (5) becomes e 
This is the linearized equation for nonstationary per- 
turbations. If the perturbation is not time-dependent, 2 Oe 0c Pe) or) 
. . ae aa . / <1, . , 2a r? = = r? ; 4 Yr jon ( ] a Pag ss 
this reduces to the simpler Prandtl-Glauert equation, or? or? or Ou du | rhe ois 
cs O0*¢ 0° O0*¢ oe I 
(lJ? — 1) see ale ee (6) ~ (14 
Ox? = Oy? Oz? l — p? oF? 
where Vf = LU’ cis the Mach Number in the undisturbed This is identical to the classical wave equation in 
flow. spherical coordinates. The solutions obtained by 
° 7 : ° ° r ynere 
In order to develop a suitable set of elementary solu- separation of variables are 
tions of the Prandtl-Glauert equation, it is convenient ie 
: . a ; : fcos(m8)| | P,”"(u)t 
to introduce a transformed set of coordinates which g= 2 Amn. ° A 
Nei . tsin(m) 1 (Q,""(u)4 
are appropriate if 17 >1. Let = V Jf — 1 and 5 
jr-"?T_p_ajy (Ir) | es 
° 2/..9 9 ’ ; , , e=" 5) 
r = [x? — B7(y? + 27) }}/* (7-2 Jaszaj(lr) § 
w= {1 — B[(y? + 2*)/x*]} - (7) a : 
ee + ay \ The solution which corresponds to the supersonic 
. source is obtained by m = n = 0,/] = v 8°c, Aimy = adie 
In these coordinates the Prandtl-Glauert equation be- V al /2, ice., eprese 
comes and (1. 
7 iE vr ivr /B used t 
, o¢ Ov a) » O¢ a ia Jip = | aii lo basic s 
v? — = Or + =e | 2r Bc ‘ 
or? Or Ou mM Ward 
| Po or, if the Bessel function is replaced by its trigono- to bodi 
= ae OP 8) : : : . 
1 — p? oe? 0 | metrical equivalent, tion inc 
first gin 
{t may be noted that this equation is identical to the — LY soft —(atx/ 8% a f the 
. ¢g2 = — cos — ae (1i I ule 
usual representation of the Laplace equation in polar r Bc legree 
coordinates. The harmonic solutions, obtained by the ey a Sarl Sok i , ; tion is | 
: : : i Again, if this solution is to represent a source, it must ; 
separation of variables, are thus : be shor 
be taken to be zero except in the aft Mach cone. but 
~ - solutio! 
TA jr” tp P,’"(u) | fcos(mé) | 9 It may be seen that both Eqs. (12) and (17) were ob- - 
p= ye, ae 5a : (9) : ee n : 
m,n a eae 10" (u) § (sin (28) | tained with » = O (or nm = —1), and that the cor- 
4 , . ‘ responding solution of Eq. (11) which was used was | : 
For any fixed value of the separation parameter 1, : ‘ : RW: 
; Seo s ; ‘ ; fo = 1. It is apparent that both of these solutions can 
this solution is a homogeneous function of order in , eae : rr 
; é : be generalized by multiplying by any function fo(4, 
the Cartesian variables. If : ape ‘ ; ‘ i ; 
which satisfies Eq. (11). For = 0, Eq. (11) 1s Follo 
¢ = r"fn(u, 9) (10) - | Congre 
| er ae ee 
' ; , — ad (1 — p?) (1 — p?) a = } of sour 
the differential equation satisfied by /,, is Ou r Ou oe? | of th 
: t thre 
2) ) (] . af Of 4 If the conical variable u is transformed to H stret 
(1 — pw? - £) : then 
Ou Ou O06? : | then tl 
i s= V (np — 1)/(w + 1) It z>0.: 
n(n + 1)(1 — w?)fp = O (11) 
= . op . BVy?+ 2 
The most elementary solution of Eq. (9) (with m = or ens a, 20 io 


n = 0) is s+ Vx? — By? + 2 
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SOURCE SUPER POSITION AND 


IS bec« mes 


: ( 7) ss 
Ss a = 0) 21 
Os Os O6- 


his is the standard form of the two-dimensional La- 
The general 


lution can thus be written most simply in terms of 


polar coordinates. 


the comple x Vv ariable 


t = se” (22 
B(zs + 1yv 
r gy = : 93 
xt Vx? — By* + 8 


The general solution of Eq. (21) is thus the real part of 
n arbitrary analytic function of the complex variable 


1.€., 


[he simplest solutions are given by the various powers 


fc. Thus a family of solutions is given by 
TB js” | Jcos(mé)| ios 
_ m ~ ° . (<0 
-y bs" 4 Usin(m) | 


” 


where, by Eq. (20), 








c— Vs = wy TS 
a SV ry +s | 
a 26 
[x + Vx? — By? + 2%) |” 
BV y* + 2° 4 


It is apparent that Eq. (26) is merely the explicit 
representation of the Legendre functions of Eqs. (9 


If the functions of Eq. (25) are 


15) for 2 = 0. 
used to generalize the source solution of Eq. (12), the 
basic set of solutions is obtained which were used by 
Ward 
to bodies of arbitrary cross section. 
tion indicated by Eq. (24) is essentially that which was 


to extend von Karman’s slender body theory 
The general solu 


first given by Donkin in 1857 for the general solution 
f the Laplace equation which is homogeneous and of 
This solu- 
It will also 


legree zero in the Cartesian coordinates. 
tion is the basis of the conical flow theory. 
be shown that this solution can be used to construct 
solutions of Eq. (11) for any positive integral value of 
n. The conical flow theory provides the example for 


>= |} 
) 


SOURCE SUPERPOSITION METHODS 


Following von Karman's suggestion in his Volta 
Congress paper, Puckett'* used a planar distribution 
f sources to solve several of the fundamental problems 
f three-dimensional wings. 

f strength A(£, n) are distributed over the plane z = 0, 
then the velocity potential at a point (x, ¥, 2), where 


> (0), 1s 


If sources [see Eq. (12)] 


- [ [ A(&, n)didn on 


e « 


V (x — €? — By — 9)? — Be 





where the area S (see Fig. 1 
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z 
j 
¥,7 
(x,y,2) 
S z 
y 
x = x6 
Fic. 1. Influence zone for a planar distribution of sources 


over which the integration 
must be performed is bounded by the intersection of 
the forward Mach cone from the given point and the 
plane z = 0—.e., 


B-2- (OR 


If these limits are introduced into Eq. (27), it becomes 


ex—£t py+(sé/s 
Oo = | aé x 
x J 4 6/8 


A \S, 7 dn 29 

Vv (x — &)* — Bly — 9)* — Os 

where x, is the (finite) upstream limit of the distur- 
bances and 


(30 


In order to determine the boundary condition satisfied 
by this velocity potential, it is convenient to transform 


the variable in the inner integral. Let 
B(v — n) = —6 sin 6 (31 
Then Eq. (29) becomes 
] ex ps er /2 = 
g = dé Aléyvt+ sin 6} dé (32 
] J x e w/2 p o 
Since 06 0s = — 872 6 
O¢ ex— ps dt ‘ati 
= —wA(x — 62,y) — Bz : x 
Oz eo x 0 « x2 


ra) . .. 7 
-1|Aléy + — sin 6 | dé = (33) 
06 3 


From this, if A(x, y) is bounded, 


lim (O¢ 0s) = —7A(x, y (34 


z— + 


Thus any planar problem which specifies the normal 
velocity over a region R of the plane z = 0 determines 
the velocity potential at every point for which the re- 
gion S [see Eq. (28)] is in R. 

Puckett used this solution to check the two-dimen- 
sional theory and to calculate the symmetrical conical 
distributions which correspond to triangular wedges, 
and he applied these results to compute the lift and 
drag characteristics of several families of delta wings. 
If the procedure is applied to more complex shapes, the 
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Supersonic wing plan form. 


Fic. 2 


integration procedures become very complex, even 
though it is only necessary to determine the velocity 
potential in the plane zs = + O, and other procedures 
are usually employed. 

This method breaks down if any of the edges of the 
wing are subsonic. The procedure for using the source 
superposition method in this case was developed by 
Evvard. Consider a general wing plan form as 
shown in Fig. 2 where the diagonal lines are the Mach 
lines through the various points of tangency and the 
points 7 and 7” are the wing tips. Then OO’ is a 
supersonic leading edge, O7' and O’7” are subsonic 
7’P’ are subsonic trailing 
The pro- 


leading edges, 7P and 
edges, and PP’ is a supersonic trailing edge. 
cedure used by Puckett will determine the solution in 
Region I. In Regions V and VI there will exist up- 
wash fields which are initially unknown so the method 
cannot be directly applied to Regions II, III, or IV. 
In addition trailing vortex sheets will be shed at the 
trailing edges, and these sheets must be accounted for 
in determining the flow in Regions VII and VIII. 
Evvard's original solution applied to Regions II, III, 
and IV. The modifications necessary for Regions VII 
and VIII were developed by Ward.'® The analysis 
for a point in Region II only will be presented here. 

Consider a point Q in Region II (see Fig. 3). The 
characteristic net is also introduced as a set of generally 
nonorthogonal coordinates. As a matter of conveni- 
ence, it will be supposed that the wing has zero thick- 
ness.* The boundary conditions which must then be 
applied are 


Og /0z = —U a(x, y) in Region IT{ 


: é 35 
in Region V { —) 


¢=0 


where a(x,y) is the local angle of attack. The second 
condition must be modified for a point in Region VII. 
By Eqs. (27) and (34), the velocity potential at the 


point Q is 


* The effects of lift and thickness can be separated because of 
the linear approximation. For the thickness problem the normal 


velocity in Region V is zero because of symmetry. 
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U {f a(t, n)dédn 
c= ‘ 
TIS Si+S: V ite. é )2 — Br Va n)? " 


where 5S; is the portion of the wing in the forward Mac} 
cone and 5S, is the portion of Region V in the forwar 
Mach cone. The flow downwash angle a(x,y) is yp 
known in Region V and must be determined from th, 
second boundary condition. Let D be 


Region V on the Mach line through Q. 


— a(é, n)dédn 
ites {| = 37 
ei Si/+S2" V (Xp — &)* — B*(yp — 79)? 


where 5,’ and 5,’ are the corresponding areas for th; 
point D. 
must determine a(x,y) for Region V so that this cond; 


a point 
Then 


Eq. (37) is thus an integral equation an 


tion can hold for any point D. 
To solve this problem, introduce the characteristi 
coordinates (“, v) where 


u = (M/28)(x — By)t 
v = (\7/28)(x + By) | 


In characteristic coordinates Eq. (37) becomes 


el | ‘ks du i” a(u, v)dv ) 
MJo Vup—u UJ niu Wo of ’ 


where v = 7,(u) is the equation of the leading edge 
OO’. The outer integral is of Abel's type; conse. 
quently the inner integral must vanish identically—ie 


»D alu, v)dv 
= 0 (40 
vilu Vv Up == 


If the equation of the wing tip is v = v.21), 
may be separated into two parts, 


2%) a(u, v)dv > alu, v)dv 
~ = (41 
Jun) V v5 — 9 Jou) WV Va =~ 2 


where the left-hand side is a known function from the 





boundary condition for Region II. Eq. (41) is then an 
Abel-type integral equation for the determination 0! 
a(u,v) in Region V. The result can readily be written 
down; however, it is not necessary to do so in this case 


Eq. (40) supplies the required result. 
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Fic. 3. Supersonic wing tip with characteristic coordinates. 
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Fic. 4 Contour for unit-step integral 


If Eq. (36) is also written in characteristic co- 


dinates, it becomes 


l [ @ du j [ « alu, vidv| 
¢ = . (42 
rM ) V Ug = \ n(u) © va —_ a 


« 


Since tg = Up, Eq. (40) shows that the inner integral 
vanishes for all values of u less than «, where the point 
Ais on the wing leading edge—t.e., v2(w%4) = vg. If 
the lower limit of the outer integral is thus increased to 
u,, Eq. (42) is then seen to be the usual source super- 
position integral; however, only the sources in the 
shaded region S of Fig. 3 are considered. The upwash 
in S, of Region V thus compensates exactly for the re 
maining sources in 5S; of Region II. This result is 
generally referred to as the “‘Equivalent Area Theo 
rem.” 

Source superposition methods have also been used to 
letermine the solution to nonstationary flow problems. 
[he analysis follows parallel lines except that the os- 
Eq. (17)] must be used in place of the 
The velocity poten- 





cillating source | 


steady-state source |Eq. (12)]. 
tial, corresponding to Eq. (27), for a distribution of 





strength A(£,n) is then 


‘ if (2 j iv.M i 
¢=e A\é, 7) exp \,— i = = < 
JJS ’ | B°c f 
vr \ dédn 
co. — (43 
Bc r 
where, as before, 
f= Ve — 2° — fy ~—*)" — ee (44) 


and the region of integration S is given again by Fig. 
and Eq. (28). The same procedure can then be fol- 
lowed to show that the boundary condition satisfied 


on the plane z = +0 is 


lim (0¢/0z) = —7A(x, ye” (45) 


No special restrictions on the nature of the separation 
parameter vy have yet been placed although it has gen- 
erally been applied for real values of the parameter. 
siice it could be complex, a Fourier superposition can 
be used to obtain a solution suitable for “unit-step” 


AND 
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boundary conditions. The “‘unit-step’’ function //(t 


lift>0O 
(ft) = 6 
"v Etta - 


can be represented by the complex integral 


] P ., dp 
[e i 
2at J v 


indented below at 


where 


Hit = 


where the contour C is the real axis, 


the origin, as shown in Fig. 4. <A “‘unit-step’’ source 


can thus be constructed from Eq. (17) as follows: 


l ° vr : ly 
v3; = cos e a 
Zar J B*¢ y 


Since the cosine term in Eq. (48) can be written in ex 
ponential form, Eq. (48) can be evaluated in terms of 


the function //(/). Thus 


bo Mx r 
¢3 = H\t- + + 
Dr | B-¢ D~« 
Mx r \) 
HT\t- (49 
D~¢ D-¢ f 


The factor which multiplies 1 7 in Eq. (49) has a very 
simple geometrical interpretation. Draw a sphere of 
radius ct with its center a distance .\/ct Ut down 
This sphere is tangent 


Then 


stream from the source point. 
to the Mach cone at x = 6*ct AM (see Fig. 5). 
the multiplier has the value 1 ahead of the sphere 
(Region I), the value | » in the sphere (Region II), and 
the value zero behind the sphere (Region III If the 
same superposition of Eq. (47) is performed on Eq. 
(45), it is thus seen that a superposition of these “unit 








step’ sources of strength A(x, y) in the plane zs = 0 
satisfies the boundary condition 

lim (O0¢/0z) = —7A(x, w(t (50) 
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These methods yield especially simple solutions for 

two-dimensional problems. For example, suppose a 

two-dimensional wing has its leading edge at x = 0 

and that the boundary condition on the wing is 

O¢ t 


lim = Wo(x)e” (51) 


Then by Eqs. (43) and (45) the velocity potential at a 
point (x, 0, +0) is 


iw 


a x j 
a Wis) exp {— —; 
T f ; \ Bc 


The inner integral is readily seen to be a Bessel func- 
tion, and 


I ivt [ ¢ ] Vv x 
p= —-e Wo(E) Jo (x — &) 
a B J0 : B*c 6s 


(3a) 


This is the general formula given by Temple and 
Jahn," Miles,'* and others. 

This solution obviously applies not only to the two- 
dimensional case, but also to a family of wings which 
have straight leading edges and no subsonic edges. 
The result can also be generalized to determine the lift 
of those wings, such as the high aspect ratio delta wing, 
which have a supersonic leading edge and a straight 
trailing edge. In order to develop this result, it is 
necessary to consider a simple plunging motion of a 


two-dimensional wing for which wy is a_ constant. 
For this case, Eq. (53) becomes 
Bc vx/ BX 
y v Mi - 
g= — u— e” Jo(uye "du (54) 
v v7) 


According to the linearized theory, the pressure at any 
point on the wing is given by 


p = Po = pl(O¢ Or) + U(d¢e Ox) | (D0) 


Define a new function g(x) in terms of the local lift per 
unit of area as follows: 


— 2(p — po) = wog(x)e™” (56) 
The function g(x) then gives the spatial lift distribution 
for a unit wp. This function can be readily computed 
from Eqs. (54) and (55); however, its explicit represen- 
tation is not required for the present purpose. 

Next consider a two-dimensional wing, Wing A, 
which has a chord d and the vertical velocity distribu- 
tion 
0 10<x<a 
wifa<x<atda 
0 ifa+da<x<d 


W(x) = 


where wy and a are constants (a < d) and da 1s a first- 
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order infinitesimal. The zero downwash region at th 
front of the wing obviously has no effect on the fly 
problem and can be ignored. On the other hand, th 
aft portion does have an influence since it can support 
lift induced by the disturbance at x = a. It is obvioy 
that the flow pattern of Wing A can be produced }y 
superposition by subtracting the solutions of two wings 
each having a uniform wp, with the first having a chor 
It thus 
follows from Eq. (56) that the total lift per unit spar 


d-a and the second having a chord d-a-da 


a first-order infinitesimal, of Wing A is 


dL = 


we(d — a)e™da 57 


The function g(d-a) thus can be considered to be th 
influence function giving the total lift for a unit distur 


ance at the point a. If a two-dimensional wing has 


an arbitrary distribution wy(£), it is possible to repr 
sent this by an infinite sum of wings like Wing A, an 


the total lift is 
L= & | wy(E)g(d — E)dE 58 


1.e., the influence function for the lift at station £ is 
the same as the local lift per unit area at station { 
if the wing were in a reversed flow with a flat plat. 
plunging motion duplicating that at station &. 

Now Wing A can also be constructed by superimpos 
ing two three-dimensional wings, Wing B and Wing C 
where Wing B has the wy distribution of Wing A for 
y > Oand has w = 0 for y <0. The distribution for 
Wing C is the reflection in the plane y = 0 of the dis- 
tribution for Wing B. 
the same lift characteristics; so, for each one, the total 


The two wings obviously have 


lift per unit span of the portion with wy # O, even in the 
region near y = ( where the flow is three-dimensional 
is still given by Eq. (57). 

Furthermore, if the solution for Wing B is modifie 
by shifting the coordinate system parallel to the y axis 
and if this resulting flow pattern is subtracted fron 
that of Wing B, it is seen that the lift per unit area 
dL da, is still properly expressed by Eq. (57), even i 
There have 


there are variations 1n Wp. 


been no restrictions placed on the distribution of « 


spanwise 


so any finite wing which can be converted to an infinite 
span wing of constant chord without changing the flow 
pattern by adding plates with w) = 0 can be treated m 
this manner. Thus for any wing having a straight 
trailing edge and no subsonic edges (as, for example 
the wide delta wing of Fig. 6), the total lift is given by 


Lime i wo(&, n)g(d — E)dédn a9 


Jd 


where the area S is the total wing plan form. It must 
be remembered that while Eq. (59) gives the total lift 
it gives no information regarding the lift distribution 
If the wing is a flat plate so that wy is a constant, Eqs 
(56) and (59) show the interesting result that the lit 
of the wing is the same for a reversed flow as it is for 
the direct flow. These results, summarized by Eq 
(59), are special examples of the ‘reverse flow”’ theorems 
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Z10N at th, which have been developed by von Karman,'* Flax,” 
Mm the floy and others. 
hand, th The problem of applying oscillating source superposi- y MACH LINE 
aN Support tions to lifting surfaces with subsonic edges, following P 
is Obvioy Evvard’s treatment of the steady state problem, has 
oduced by been investigated by Li and Stewart.*' In order to 
two wings simplify the treatment, the analysis will be given, in 
ng a chord part, for a point in Region II of Fig. 2 for a wing of zero — x € 
It thus thickness. In this case the boundary conditions, cor- 
unit spar responding to Eq. (35), are 
de 02 = —Ua(x, ye in Region II ; 
7 ¢g =0 in Region V if (09) Ly 
to be th The velocity potential at any point in the plane z = + 0 MACH LINE 
it disturh is given [see Eqs. (43) and (45)] by 
wing has 
to repr — l e lf alg, n) X 
ng A, an Ls JIS A+S d 
tv.M : Z ( = | didn : Fic. 6. Delta wing with supersonic leading edges 
ve (s —- 2) 1008 rs (61) 
B-c °C r 
OA 
where S; and S: are, the same as in the steady Cr the be duplicated here. The analysis was applied to the 
tion £ js areas in the forward Mach cone on the wing and in problem of the rectangular wing, which had been first 
station { Region V, respectively, and r is given by Eq. (44). solved by a different method by Miles.*? The com- 
fat plate | The function a(x,y) is known on the wing but is not plete theory, including the correction terms, gave results 
known in Region V. On the other hand for a point D in agreement with those obtained by Miles; however, it 
erimpos. | in Region V (see Fig. 3), the second boundary condition was noted that the correction terms were of a very small 
Wing C can be applied, and, corresponding to Eq. (37), magnitude. Since most supersonic problems involve 
ng A for | ° i la vrp\ dédn relatively low reduced frequencies, it should be neces 
ution for f 9 = [| aE, ae en Cos (" ) P sary to compute only a small number of the correction 
* the dis- sii eal sis in terms. For very low frequencies, such as occur in 
sly have dynamic stability problems, the ‘equivalent area’”’ rule 
the total This expression is, again, an integral equation for deter- can be applied directly. 
en in the mining a(f, 7) in Region V. 
ensional If characteristic coordinates [see Eq. (38)] are in- CONICAL FLOW METHODS 


troduced, Eq. (62) can be written 
Busemann observed that if the forward portion of a 


modified | sh detianiiitibies . 
wD € b —_ - 

1€ Y axis = f de J | a(u,v) X body is of a conical shape, then a change of scale in 
ed from | J0 Vup — u UJ x(a) Cartesian coordinates transforms that part of the body 
tare, | gM )Keo~s Qy into itself. On the other hand, the expressions for the 
even if "2 pe saad PTT V (Up — U)(Up — 2B) dv boundary conditions, expressed in terms of the velocity 
‘e have » components, is unchanged by the transformation if the 
n of w | (633) flow is supersonic. This requires [see Eq. (10)] that 
infinite | From Eq. (63), it is apparent that, if the cosine term the velocity potential be a homogeneous function of 
the flow in the inner integral is replaced by unity, the equation order | in Cartesian coordinates. He introduced the 
atedin | can only be satisfied if the inner integral is identically term ‘‘conical flow’ to designate flows having this de 
straight — zero for all values of u in the range of integration. gree of homogeneity. In his original paper, Buse 
xampl The vanishing of the inner integral for any point D in mann"? studied the conical solutions of the exact 
en by Region V is the condition that justifies Evvard's equation. Later, he applied the same concepts to the 
| “equivalent area’’ rule in the iieit.scon The linearized equations of motion** and obtained the first 

59 | same conclusion can be drawn here; namely if Evvard’s correct solution of the steady-state flow near the tip of a 


rectangular flat plate wing. The method of analysis 


“equivalent area’’ rule is applied to the oscillating case, 
used here is essentially the modification of Busemann’'s 


t must the resulting velocity potential is correct for terms of 
analysis which was presented by Stewart.** 


tal lift, | order 0 and 1 in ». Explicit formulas have been 
bution. | Worked out for the corrections to the higher order If the linearized velocity potential is a homogeneous 
t, Eas terms;* however, the analysis is tedious and will not function of order 1, it must be expressible [see Eqs. 
the lift (10) and (11)] in the form 
is for ‘Ty ; : - 

‘ rough an error in analysis, Li and Stewart in earlier g = rii(u, O 64 
Af Eq Papers had concluded that the result was also correct for the 
2orems higher order terms (see reference 21 for details) While a simple family of solutions of Eq. (11) for = 1 
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can be obtained by separation of variables—as in Eq. 
(9)—these solutions can be superimposed only with 
great difficulty to solve most of the practical problems. 
On the other hand, the Cartesian velocity components 
must be homogeneous functions of order zero which 
satisfy a simpler equation, Eq. (21 Since this is the 
Laplace equation in two dimensions, the well-known 
methods of conformal transformation can be used to 
determine the appropriate solutions. It thus appears 
desirable in the study of conical flows to approach the 
problem directly in terms of the velocity components 
rather than in terms of the velocity potential. 

If some portion of the conical geometry being con- 
sidered projects outside the Mach cone from the origin 

e.g., the supersonic leading edges of a wide delta 
wing—it is then necessary [see Eq. (20)] to consider 
solutions in a region where the radial coordinate s of 
Eq. (21) 

It is possible to carry out this analysis directly (see, 
for example, reference 12). Eq. (21) can be reduced 
to the one-dimensional wave equation in the outer 


is complex. 


region. In many important problems, the boundary 
conditions in the outer region correspond to flat plate 
wings. In this case the outer region is a swept two- 
dimensional flow, and the solution is most simply ob- 
tained by the sweep-back concept introduced by Buse- 
mann” in his Volta Congress paper. The solution in 
the outer region can then be used to determine the 
conditions at the Mach cone through the origin and 
thus to determine the boundary conditions for the inner 
region where s is real and conformal transformation 
methods can be used. For this reason, only the inner 
region where the solution is governed by an elliptic 
type differential equation will be considered here. 
Since each of the three Cartesian components of the 
velocity vector in a conical flow must be homogeneous 
functions of order 0 and must satisfy the Prandtl 
Glauert equation, each can be written as the real part 


of an analytic function of the complex variable. Thus, 


u= RIVU(G)} v= RIVE) w= RUWE)} 
The three analytic functions are not independent, for 
the velocity components must satisfy the vorticity re 


lations, 


Ou Ov OW Ov Ou Ow 
= = = (65 
Oy Ox Oy Oz O82 Ox 
and the continuity equation, 
, Ou Ov Ow 
3 = (66 


Ov oy Oz 
Since wu, v, and w are functions of only the two 
conical variables uw and @, Eqs. (65) and (66) can be 
If the Cauchy- 
Riemann equations which relate the real and imaginary 


transformed to these two variables. 


parts of an analytic function are used, it can be shown* 


* The analysis is straightforward but lengthy and is not re 
peated here. For details, see reference 24 where the analysis 
is used to obtain Eqs. (69) and (70) directly 
ment then follows directly from this result 


The given state 
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that the imaginary parts of the complex functions 
I'(¢), and IW(¢), and thus the complex functions them 
selves, also satisfy Eqs. (65) and (66). From this, th, 


first of the vorticity relations can be written 


dU o¢ dV o¢ 
dé Ov dé Ox m 
From Eq. (23), 
o¢ Sa Sy 
-3 
Ox rix+r 
or Te} 2(23 + 1y 
= = e — B yi | 
Ov rix +r) t r+r | 


If Eqs. (6S) and (23) are substituted in Eq. (67), it is 
thus seen that 

dU 21¢ dV’ 

d¢é B(1 — ¢7) df 
Similarly the second vorticity relation can be used t 
show that 


dV’ .1-¢ dw 


= % 70 
‘ 


dé l + "he dé 
The third vorticity relation gives the same result as 


eliminating |” between Eqs. (69) and (70). These 
equations are the compatibility equations for conical 
flow. 


in the more symmetrical form, 


The compatibility equations can also be written 


dU dé = —(2¢/8)F(¢) | 
dV dé = 11 — €*)F(€) 7 
dW/dé = (1 + &°)F(C 


where the analytic function F(¢) is common to all three 
derivatives. 

If a planar wing, near the plane z = O, has straight 
edges and the boundary conditions have—either in 
terms of the normal velocity w (the wing shape) or in 
terms of the streamwise velocity u (the perturbation 
pressure——a conical distribution with respect to a corner 
where the wing edges intersect, the flow will be conical 
in the neighborhood of the corner unless the corner 1s in 
the zone of influence of other parts of the wing. Ii 
the wing shape is given, the function I1’(¢) can then be 
function 


conformal mapping. The 


can then be deter- 


determined by 
U(¢) (and thus the lift and drag 
If the perturbation pressures are 
Most of the important 


mined from Eq. (71). 
given, the process is reversed. 
steady-state problems of supersonic wings have been 
most easily solved by these procedures. A few, such as 
the lift of a delta wing with subsonic leading edges,” 
can be solved by other methods only with great difli- 
culty. A conical flow 
methods which contains many examples has been pre- 
A special problem arises in the 


comprehensive summary of 


pared by Lagerstrom.*' 
calculation of drag due to lift if subsonic leading edges 
are involved since, as in the case of a two-dimensional 
flat plate wing in an incompressible flow, the solution 
shows a local singularity corresponding to a finite 


This 


leading-edge suction which decreases the drag. 
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«oblem has been treated by von Karman and by 


Pyckett and Stewart.*’ A similar difficulty in the 


culation of drag due to the thickness if the leading 


res are rounded has been treated by Jones. 
Suce the velocity potenti 1 in iv co lical flow 1s a 


eous function of order | in the Cartesian co 


mogel 


Or O t v(O¢g Oy) + 2(O¢, Oz 2 


1 
I 


the boundary conditions make it possible to deter 


of the velocity components by a conformal 


1¢€ ) ( 
apping procedure, then Eqs. (71) and (72) determine 
the complete flow. These two relations thus replace 


formal integration which otherwise would be re 
uired. In effect, these two relations make it possible 
construct the appropriate function /i(u, @) [see Eq. 
1} 


[he same procedure can be used to construct the ap 


propriate solution when 7 is any positive integer. As 
n example, consider the case for 1 2. In this case, 


the condition of homogeneity requires that 


ke = x(O¢/On) + V(Oe/Oy) + 2(O¢/ Oz 73 


[he first derivatives are homogeneous functions of 


rder 1, and the condition of homogeneity may be ap 


plied again. Thus 


O-¢ ,o¢ O-¢ 
On ‘ Oy Oz 
O-¢ O-¢ Ory 


2x4 + 2x + 22 i4 


~ OxOY OxOZ ~  QvOs 
he second derivatives are now homogeneous func 
ions of degree O which satisfy the Prandtl-Glauert 
uation. They can thus {see Eq. (24)] be written 
is the real part of an analytic function of the complex 


variable ¢. Let 
O°, Ox,ON RI) F;(©)% (795 


Now any first derivative is a homogeneous function of 
rder one (like the conical flow \ elocity potential ; SO 
the three complex functions which determine its three 
Cartesian Cerivatives must satisfy the compatibility 
1). Thus, for the derivatives ob 


equations, Eq. 
tanned from O¢ Ox, 


smilarly for the other two sets of derivatives, 


4 @ 


| +} ° ° 
‘He Ulree compatibility functions are not independent 


since F,; = F rhus 


Fy = * 18 20)(1 — ¢ F, { = 
F; = — (8 iD 
[he three sets of equations, Eqs. (76), (77), and (78 


can therefore be written as a single set 
dF ac ¢ e) Fii 
dF» dé 271¢ B)(1 C)F(¢ 
dF\3 dé 2t B)(1 + C7) F(¢ 


ae ; , SU 
AF» dt l c*)2F(¢ 
dF dé C4) FC 
dF, d¢ r¢ F C 
where F(¢ B/260) File S1 


is the compatibility function for 2 The integra 
tion procedure then parallels the conical flow case. If 
one of the complex functions is determined from the 
boundary conditions, the rest are found from Eq 
SO), and the various integrals are given by the condi 
tion of homogeneity. The procedure can obviously 
be applied directly for higher values of ”; however, 
the degree of complexity increases rapidly. For 


example, if 7 3, a family of ten analytic functions 
must be determined to define the velocity potential 
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